CHAPTER III

REGULAR GENERALIZED CONTINUOUS FUNCTIONS

In this chapter, we study relations among continuous, g-continuous, gec-

irresolute, r-g-continuous and r-g-irresolute functions.

3.1 Continuous Functions and Generalized Continuous Functions

Definition 3.1.1 A map f:X — 1 froma topological space X into a topological

space Y 1s called g-continuous if the inverse image of closed set in Y is g-closed in X .

Theorem 3.1.2 Let X and Y be topological spaces and f : X — Yis g-continuous
if and only if the inverse image of every open in Y is g-open in X

Proof. (=) Let G be any open set in Y. Then Y -G is closed in Y. Since f is
g-continuous, f _](Y —-G) is gclosed in X. But f ”I(Y -G)y=X-f 'I(G) .
This implies that f~'(G) is g-openin X.

(<)Let F be any closed set in Y. Then Y —F is open in Y. By assumption,
f N ¥-F)is gopen in X. But /'Y —F)=X-~f7Y(F). This implies that

~1(F) is g-closed in X, Hence f is g-continuous.
g g

Theorem 3.1.3 Let X and Y be topological spaces. If f:X — Y is continuous,
then f is g-continuous but not conversely.

Proof. Let F be a closed set in Y. Since f is continuous, f~'(F) is closed in
X which implies that f _I(F } is g-closed in X. Hence f is g-continuous. The

converse need not be true as seen by the following example.
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Example 3.1.4 LetX={a.b,c}, 3={®,{a},X},Y= {p,q} and S'={®.{q},¥}.
Let /:(X,3)— (¥Y,3') be defined by f(a)=f(c)=g and f(b)=p It is easy
to see that f is g-continuous but it is not continuous. Since {q} is open in Y

but f7'( {q}) = {a,c} is not open in X

Definition 3.1.5 A topological space X is called T, —space if every g-closed

set in X is closed in X.

Proposition 3.1.6 4 topological space X is a T% —space if and only if each
singleton subset of X is closed or open.

Proof. (=) Let xe X. Suppose that {x} is not closed. Therefore X —{x} is
not open. Since X ~{x}c X, X -{x}c X, it implies that X —{x} is g-closed.
But X is a T% —space, so X —{x} 1s closed, {x} is open.

(<) Let A bea g-closed in X and let xed. If {x} is open, we have that
K}nA=2D, so xed. If {x} is closed. We shall shows that EmA#@.
Suppose that {J_c}mA=® , we have that Ac X —{;}. Since A4 is g-closed,
therefore EgX—m. But X—Q,C_X—{x}. Hence {x}nA=@, so xg¢4,
which is a contradiction. Therefore {Hﬁfl#@ , x}nA4# @, xecA. Hence
2(._?.4. But A_C_Z, A:Z, it implies that 4 is closed. Therefore X is a
T, —space.

)

Theorem 3.1.7 Let X be a T, —space and Y be a topological space. Then

[ X =Y is continuous if and only if f is g-continuous.
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Proof. (=) By Theorem 3.1.3.
(«<=) Let F bea closed set in Y. Since f is g-continuous, f_l(F } 1s g-closed in X.

Since X is a T, - space, we have [ "I(F ) isclosed in X. Hence f is continuous.

Theorem 3.1.8 Let X, Y and Z be topological spaces. If f:X — Y is g-continuous
and g:Y — Z is continuous, then the composition go f: X — Zis g-continuous.
Proof. Let F be any closed set in Z. Since g is continuous, g'[(F ) is closed
in Y. Since f is g-continuous, we have f _l(g_l(F }) 1s g-closed in X. Hence

geo f is g-continuous.

In general, the composition of g-continuous need not be g-continuous as

we will see in the next example.

Example 3.1.9 Let X=Y=Z={abc},3={2.{ab} X} 5 ={3,{a}.{bc}.¥}
and 3"={@{ac},Z}. Let f:(X,3)>(¥,3) be defined by f(a)=c,
S@)=b and f(c)=c . Let g:(¥,3") > (Z,3") be the identity map. It is casy
to see that bothf and g are g-continuous but go f is not g-continuous because

(g°f)_l({b})={b} is not g-closed in X.

Theorem 3.1.10 Let X and Z be topological spaces and Y be a T, ~space.

If f:X =Y and g:Y — Z are g-continuous, then go f: X — Z is g-continuous.
Proof. Let F be any closed set in Z. Since g is g-continuous, g'l(F ) is g-closed
in Y. But Y is 7, —space, so g_l(F ) is closed in Y. Since f is g-continuous, it

implies that f ’l(g_l(F)) 15 g-closed in X. Hence geo f is g-continuous.
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3.2 Generalized Continuous Functions and gc-irresolute Functions

Definition 3.2.1 A map f:X — Y froma topological space X into a topological
space Y is called gc-irresolute if the mmverse image of g-closed set in ¥ is

g-closed in X.

Theorem 3.2.2 Let X and Y be topological spaces and f:X —Yis gce-irresolute
if and only if the inverse image of every g-open in Y is g-open in X.

Proof. (=) Let G be any g-open set in ¥. Then Y -G is g-closed in Y. Since f
is ge-irresolute, /(¥ —-G) is g-closed in X. But fl(¥-G)=Xx-7G).
This implies that f~1(G) is g-openin X.

(<=)Let F be any g-closed set in Y. Then ¥~ F is g-open in Y. By assumption,
f"l(Y—F) is g-open in X. But f—l(Y—F)=X—f'1(F). This implies that

“1(F) is g-closed in X. Hence f is ge-irresolute.
g

Theorem 3.2.3 Let X and Y be topological spaces. If f:X — Y is gc-irresolute,
then f is g-continuous but not conversely.

Proof. Let F be aclosed set in Y. Then F isg-closed in Y. Since f is
ge-irresolute, [ _](F ) 18 g-closed m X. Hence f is g-continuous. The converse

need not be true as seen by the following example.

Example 3.2.4 Let X=Y={a,b,c}, ‘3={®,{a},{c},{a,c},X} and
3 ={@,{a},Y}. Let F:(X,3)—> (¥,3) be defined by f(a)=f(c)=a and
f(b)=>b.Then f is g-continuous. However, { a,c} is g-closed in ¥ but _1({a,c})

is not g-closed in X. Therefore f is not gc-irresolute.
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Theorem 3.2.5 Let X, Y and Z be topological spaces. If f:X — Y is gc-irresolute
and g :Y — Z is g-continuous, then the composition go f : X — Z is g-continuous.
Proof Let F be any closed set in Z. Since g is g-continuous, g_l(F ) 1s g-closed
in Y. Since f is ge-irresolute, we have f _l(g_l(F )) is g-closed in X. Hence

gof 1s g-continuous.

Theorem 3.2.6 Let X and Y be topological spaces. If f.X —Y is closed and
g-continuous, then [ is gc-irvesolute.

Proof. Let G beag-openset in Y. Let F be closed setin X such that F = f~1(G).
Then f(F)c G. Since f is closed, f(F) is closedin Y. By Theorem 2.6.4, we
have f(F)c Int(G). Hence Fcf "'(Inr(G)). Since f is g-continuous and
Int(G) 1sopenin Y, we have f _](Int(G)) is g-open in X. It follows by Theorem
2.64 that Fcln(f _I(Im‘(G)))g Int(f _I(G)). . Therefore by Theorem 2.6.4,

f _l(G) is g-open in X. Hence f is gc-irresolute.

Theorem 3.2.7 Let X Y and Z be topological spaces. If f. X —>Y and
g:Y = Z are gc-irresolute, then go f: X — Z is ge-irresolute.

Proof. It follows directly from the definition.
3.3 Continuous Functions and Regular Generalized Continuous Functions
Definition 3.3.1 A map f:X — Y from a topological space X into a topological

space Y is called r-g-continuous if the inverse image of closed set in Y is

r-g-closed in X.
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Theorem 3.3.2 Let Xand Y be topological spaces'and f:X = Yis r-g-continuous
if and only if the inverse image of every open in Y is r-g-open in X

Proof. (=) Let G be any open set in Y. Then ¥ -G is closed in Y. Since f is
r-g-continuous, f (¥ —G) is r-gclosed in X. But f N (¥-G)=Xx-F4G).
This implies that f “H(G) isr-g-open in X.

(<)Let F be any closed set in Y. Then Y—F 1is open in Y. By assumption,
Y ¥-F)is rgopen in X. But f (¥ —F)=X— f"}(F). This implies that

f _!(F ) is r-g-closed in X. Hence f is r-g-continuous.

Theorem 3.3.3 Let X and Y be topological spaces. If f: X — Y is continuous,
then f is r-g-continuous but not conversely.
Proof. Let F be a closed set in Y. Since f is continuous, f “Y(F) is closed in

X which implies that f _I(F ) 1s r-g-closed in X. Hence f 1is r-g-continuous.

The converse is not true as seen by the following example.

Example 3.3.4 Let X = {a,b,c}, 3= {@,{a,b},X}, Y ={p,q} and
s={@.{p}.Y}. Let f:(X.3)—(¥,3) be defined by f(a)=¢g
and f(b)= f(c)= p.1tiseasy to see that f i1sr-g-continuous but it is not continuous.

Since {p} 1s open in Y but f"'({p}) = {b,c} is not open in X.

Definition 3.3.5 A topological space X is called 7, —space if every r-g-closed

set in X is closed in X.




16

Theorem 3.3.6 Let X be a Tg—space and Y be a topological space. Then
f: X =Y is continuous if and only if [ is r-g-continuous.

Proof. (=) By Theorem 3.3.3.

(<) Let F be aclosed set in Y. Since f is r-g-continuous, f FY s r-g-closed n

X. Since X isa T, —space, we have f “1(F) isclosed in X. Hence f is continuous.

Theorem 3.3.7 Let X, Yand Z be topological spaces. If f : X — Y is r-g-continuous
and g:Y — Z is continuous, then the composition go f : X -> Z is r-g-continuous.
Proof. Let F be any closed set in Z. Since g is continuous, g_l(F )} is closed
in Y. Since f is r-g-continuous, we have f “l(g"l(F ) is r-g-closed mm X. Hence

go f is r-g-continuous.

In general the composition of r-g-continuous need not be r-g-continuous

as seen in the next example.

Example 338 Let X=Y=Z={abc}, 3={2,{a}.{p}.{ab}x},

3 ={@,{a}.¥} and 3"={@,{bc},Z}. Let f:(X,3)—> (V,T) be defined by
fl@y=a, f(B)=c and f(c)=b. Let g:(¥,3) > (Z,3") be the identity map.
Then f and g are r-g-continuous but go f is not r-g-continuous because

(gof)“'({a}) = {a} is not r-g-closed in X,

Theorem 3.3.9 Let X and Z be topological spaces and Y be a T, —space.

If f: X > Yand g:Y — Zare r-g-continuous, then the composition go [ X —> 7

is r-g-cOntinuous.
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Proof. Let F be any closed set in Z. Since g is r-g-continuous, g_l(F )} is r-g-closed
in Y. But ¥ isT, —space, so g“l(F ) is closed in Y. Since f is r-g-continuous,

it implies that f -1 (g"l(F )) 1s r-g-closed in X. Hence go f is r-g-continuous.

Theorem 3.3.10 Let X and Y be topological spaces. Let A,Bc X be g-closed
and open in X such that X =AUB and let f:4A—>Y and g:B->Y be
r-g-continuous maps such that f(x)=g(x) for every xe ANB.Let h: X > Y be
defined by h(x)=f(x) ifxed and h(x)=g(x) if xeB. Then h is
r-g-COntinuous.

Proof. Let F be a closed set in Y. Clearly Y F)Y= F Y F)Yu g (F). Since
f:A—Y and g:B—Y arer-g-continuous, we have f’l(F) and g_l(F) are
r-g-closed in 4 and B respectively. Since 4 is g-closed and open in X, we
have by Theorem 2.6.7 that f~'(F) is r-g-closed in X. Similarly, g7 () is
r-g-closed in X. By Theorem 2.6.6, f “I(F Y g_l(F ) is r-g-closed in X. Therefore,

h"l(F } is r-g-closed in X

3.4 Generalized Continuous and Regular Generalized Continuous Functions
Theorem 3.4.1 Let X and Y be topological spaces. If f:X — Y is g-continuous,
then [ is r-g-continuous but not conversely.

Proof. Let F be a closed set in Y. Since f is g-continuous, f _l(F ) 1s g-closed

in X which implies that f “1(F) isr-g-closed in X. Hence f 1s r-g-continuous.

The converse is not true as seen by the following example.
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Example3.42LetX =Y = {a,b,c}, 3= {@, {a},{a,b}X}andS' = {@,{a,c},Y}.
Let f:(X,3) = (Y,3') be the identity map. It is easy to see that [ is r-g-
continuous but f is not g-continuous because f _‘( { b}) = {b} is not g-closed

mn X

Definition 3.4.3 A topological space X is called 7,, —space if every r-g-closed

set in X 15 g-closed in X.

Theorem 344 Let X be a T, —space and Y be a topological space. Then
f:X oY is g-continuous if and only if f s r-g-continuous.

Proof. (=) By Theorem 3.4.1.

(<) Let F beaclosed set in Y. Since f 1s r-g-continuous, f —I(F ) is r-g-closed in
X. Since X is a T,, —space , we have [ F) s g-closed in X. Hence f is

g-continuous.

Theorem 3.4.5 Let X and Z be topological spaces and Y be a T% — space.
Iff : X =Y is r- g-continuous and g:Y —> Z is g-continuous, then go f : X > Z is
r-g-Continuous.

Proof. Let F be any closed set in Z. Since g is g-continuous, g_l(F ) 1is g-closed
in Y. But Y is T%—space, S0 g_l(F ) is closed in Y. Since f is r-g-continuous,

we have f “](g”I(F )} is rg-closed in X. Hence go f 1is r-g-continuous.
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3.5 Regular Generalized Continuous Functions and r-g-irresolute Functions

Definition 3.5.1 A map f:X — 7Y froma topological space X into a topological
space Y is called r-g-irresolute if the inverse image of r-g-closed set in Y is

r-g-closed in X.

Theorem 3.5.2 Let X and Y be topological spaces and f :X —Yis r-g-irresolute
if and only if the inverse image of every r-g-open in Y is r-g-open in X
Proof. (=)Let G be any r-g-open set in Y. Then ¥ —G isr-g-closed in Y. Since
f 1s r-g-irresolute, f _I(Y ~ @) isr-g-closed in X. But f "I(Y -Gy=X~f _I(G) .
This implies that f "l(G) isr-g-open in X.

(<) Let F be any r-g-closed set in Y. Then ¥ —F isr-g-open in Y. By assumption,
f_l(Y—F) is r-g-open in X. But f"I(Y—F)=X—f"l(F). This implies that

7Y (F) isrg-closed in X. Hence f is r-g-irresolute.

Theorem 3.5.3 Let X and Y be topological spaces. If f:X —Y is r-g-irresolute,
then f is r-g-continuous but not conversely.
Proof. Let F be a closed set in Y. Then F isr-g-closed in Y. Since f is

r-g-irresolute, f -1 (F) is r-g-closed in X. Hence f is r-g-continuous.

The converse need not be true as seen by the following example.
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Example 354 Let X =Y={abc}, 3={2.{a}.{6}.{ab}x} and
3 ={@.{ab}¥}. Let f:(X,3)—>(¥,3) be defined by f(a)=f(c)=c and
f(b)y=b. Then [f 1is r-g-continuous. However, {b} is r-g-closed in Y but

f “1( {b}) = {b} is not r-g-closedin X. Hence f is not r-g-irresolute.

Theorem 3.5.5 Let X, Y and Z be topological spaces. If f: X —->Y is
r-g-irresolute and g:Y — Z is r-g-continuous, then the composition go f : X — Z
is r-g-continuous.

Proof. Let F be any closedset in Z. Since g Is r-g-continuous, g_l(F ) is
r-gclosed in Y. Since [ is r-g-irresolute, we have f _l(g_l(F )) is r-g-closed

in X. Hence gof is r-g-continuous.

Definition 3.5.6 A map f:X — Y from a topological space X into a topological
space Y is called regular closed if f(F') isregular closed in Y for every closed
set Fin X.

Theorem 3.5.7 Let X and Y be topological spaces. If f:X — Y is regular
closed and r-g-continuous, then f is r-g-irresolute.

Proof. Let G bear-g-open set in Y. Let F be regular closed setin X such that
Fcf _1(G). Then f(F)c G. Since f is regular closed, f(F) is regular closed
in Y. By Theorem 2.6.8, we have f(F)c Int(G). Hence Fc f _l(Im‘(G))‘
Since f is r-g-continuous and Inf(G) is openin ¥, we have f~(Int(G)) is r-g-open
in X. It follows by Theorem 2.6.8 that F o Int(f _I(Int(G)))gInt( f _l(G)).

Therefore by Theorem 2.6.8, f _I(G) isr-g-openin X. Hence f is r-g-irresolute.
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Theorem 3.58 Let X Y and Z be topological spaces. If f:X —Y and
g:Y > Z are r-g-irresolute, then go f: X — Z is r-g-irresolute.

Proof. 1t follows directly from the definition.
3.6 Regular Generalized Continuous Functions and gc-irresolute Functions

Theorem 3.6.1 Let X and Y be topological spaces. If f:X —>Y is gc-irvesolute,
then f is r-g-continuous but not conversely.

Proof. let F be a closed set in Y. Then F isg-closed in ¥. Since f is
ge-irresolute, f N(F) is g-closed in X which implies that £~ (F } is r-g-closed in X.

Hence f is r-g-continuous.

The converse need not be true as seen by the following example.

Example 3.6.2 Let X={a,b,c}, 3-—-{@,{61},X}, Y={p.q} and
3 ={@,{p}.7}. Let £:(X.3) > (V,5') be defined by f(a)=¢ and
fb)=f(c)=p. Then f isr-g-continuous but f is not gc-irresolute because

7 {q}) ={a} is not g-closed in X.

Theorem 3.6.3 Let X be a T, —space and Y be topological spaces.

If f:X =Y is bijective, open and r-g-continuous, then f is gc-irresolute.

Proof. Let F be any g-closed set in Y. Lct U be open set in X such that
fYUF)YcU. Then F < f(U) (because f is onto ). Since f(U) is open and F
is g-closed in ¥, we have Fc fU) which implies that f '(F)cU
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( because f is injective ). Since f is r-g-continuous, f '(F) is r-g-closed in X.

But X is T, —space, so f _'(f) is g-closed m X, it implies that f -t (_F-)c; U,

hence f _I(F Jc U. This shows that f is gc-irresolute.

Example 3.64 Let X=Y={a,b,c}, 5,=1{D, {a}, {b,c}, X} and
3,={@, {a}, {b, ¢}, ¥}. Let f:(X,3,)->(¥.3,) be identity map. It is
easy to see that X is T, —space and [ is bijective, open and r-g-continuous.

It is obvious that [ 1is gc-irresolute.

Theorem 3.6.5 Let X and Z be topological spaces and Y be a T% — space.

Iff : X =Y is r-g-continuous and g:Y — Z is gc-irresolute, then gof:X —>Z is
F-g-continuous.

Proof. Let F be any closed set inZ. Then F is g-closed in Z. Since g is
ge-irresolute, g_l(F) is g-closed in Y. But Y is T% —space, so g_l(F ) 1s closed
in Y. Since f is r-g-continuous, we have f _l(g_](F ) 1s r-g-closed in X. Hence

go f is r-g-continuous.

Theorem 3.6.6 Let X and Z be topological spaces and Y be a T, —space.
Iff:X —Y is gc-irresolute and g:Y — Z is r-g-contiuous, then geof:X —>Z2
is F-g-continuous.

Proof. Let F be any closed set in Z. Since g is r-g-continuous, g '(F) is
rgclosed in Y. But Y is T, —space, so g_i(F } is g-closed in Y. Since [ is
gc-irresolute, we have f _'(g_](F )) is g-closed in X which implies that

g "(F)) is r-gclosed in X. Hence gof is r-g-continuous.



