CHAPTER 1V

REGULAR GENERALIZED CONTINUOUS FUNCTIONS FROM ANY
TOPOLOGICAL SPACES INTO A PRODUCT SPACE

In this chapter, we study g-open, g-closed, r-g-open and r-g-closed sets in
a product space. Moreover we also study g-continuous, r-g-continuous, ge-irresolute

and r-g-irresolute functions from any topological spaces into a product space.

4.1 Generalized Open Sets, Generalized Closed Sets, Regular Generalized

Open Sets and Regular Generalized Closed Sets

Theorem 4.1.1 Let {Xala el } be a family of topological spaces and
G,cX, for each ael. IfG, is g-open in X, for eacha el and G, =X for

all but finitely manya €I, then HGa is g-open in HXa.

acl ael

Proof . Let Fbe a closed set in [JX, such that Fc[]G,. For each

ael ael

Fdaer € FL [ T =] [0} =)ee J € F=F <TG, . Terefore {x,}c G, for

ael ael aef

each ¢ € I . Since {a is closed and G, is g-openin X,, by Theorem 2.6.4,
.} Int(G,) for each @ e 1. Then [[{x,} < []/n(G,). Hence F [14G,).

ael aesi ael
But since HInt(Ga) = Int(HGa), so we have Fc Int(n G,). Therefore, by
ael ael ael
Theorem 2.6.4, HGQ 1s g-open inHX o
ael ael

Theorem 4.1.2 Let {X a 'a el } be a family of T,-spaces and G_, a nonempty
subset of X, for eachaecl. If HGa is g-open in l_[X(z . then G, is g-open

aec/ ael

in X, for each ael.



24

Proof. Casel. Int(]|G,)#@. Then there exists a finite subset J of / such

ael

that G, =X, for all ael—-J. Let g, el and F, be a closed subset ofX,
such that ¥, <G, . For each aeJ ~{a,}, choose x, €G,. Since X, 18

T, - space, {x,} is closed in X, . Therefore F, x HXa xH{xa} closed in

ael-J aed

arag a=ay)

HXG. Since HGa is g-open In HX,I, we have, by Theorem 2.6.4,

ael aed ael

F, x [TX. x][{x} c (] [G) =] ] (G,).

- ael-J ae) ael ac!
aeaq a%xay

This implies that F, < Inf(G, ). 1t follows by Theorem 2.6.4 that G, is

oy
g-open in X, . Since ¢, is arbitary, we obtain that G, is g-open in X, .

Case 2. Int(H G,)=9. Let a, €I and F, be aclosed subset of X, such

ael

that F, <G, . For each ae/ ~{a,}, choose x, €G,. It is obvious that

F, % H{xa} c I_{Gt2 . Since X, is 7, —space,{x,} is closed in X . for each

aza, el
ael. Therefore F, x H{xa} is closed in HX «+ By Theorem 2.64 we
ara, ael
have F, x H{xa} c Int(HGa) =, so F, =&, bence F, c (G, ). By
arq, ael

Theorem 2.6.4, we get that G, is g-open in X .

Theorem 4.1.3 Let {X a|aeI } be a family of T, —spaces, G, a nonempty

a

subset of X, for each ael and Int(H G )= . Then HGa is g-open in

ael ael

HXa if and only if G, is g-open in X, for each cel and G, =X, for all

ael

but finitely many ae I .
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Proof. (=) By Theorem 4.1.2 Case I.

(<) By Theorem 4.1.1.

Theorem 4.1.4 Let {X aia el } be a family of topological spaces and let
o, el be fixed If F, isg-closedin X, , then HX « X F, is g-closed in HX .-

aray ael

Proof. Since X, —F, is g-openin X, . By Theorem 4.1.1, HX XX, —F,)

azay

is g-open in [[X,. But [[X,x(X, —F,)=]]X.-]]X.xF,, . Therefore

@y

ael aray, ael aray
HXa - HXa x F, is g-open inH X, . Hence HXa x F, is g-closed in HXa .
ael aray, ael azay ael

Theorem 4.1.5 Let {Xa|aef } be a family of topological spaces and
F,cX, for each ael. Then HFa is g-closed in HXa if and only if F,

ael ael

is g-closed in X, for eachael.

Proof. (=) Let ael and G, be open in X, such that F, cG,. Since

Focl | X, xG,, X, xG, is open in X, and F; 1s g-closed in
B g s A B

pel fra Bra Pel pel
HX/H , we obtain that HFﬂ ‘;HXﬁ xG,. But HFﬁ =HF_, it follows
pel Bel Bra el Bef

that F_ac_:Ga. Hence F, is g-closed in X .

(<) Suppose that l_[Fﬂr 1s not g-closed in HXQ. There exists a open set G

ael asf

in HX . such that HFa c G but HFa /é G . Therefore there exists f I such

ac/ acsf ael

that F_ﬁ;é 7y(G). Since 74(G) is open and F, is a g-closed containing 7 5(G),

we get that Fgﬂ:ﬂ (G), this 1s a contradiction.
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The next theorem shows that with some conditions if a product of sets
in a product space is r-g-open, then each coordinate factor must also be r-g-open.

To shows this we need the following lemma.

Lemma 4.1.6 Let { Xalael } be a family of topological spaces and F, c X,
Jor each el . If F, is regular closedin X, for each a€l and F,=X_ for
all but finitely many a €1 , then HFa is regular closed inHX o

ael aef

Proof. Since F, is regular closed in X, for each ¢ e/ , F, = Int(F,) , hence

[1E =11mE) =] ]F,) . Therefore |]F, is regular closed in [ X, .

ael ael ael as!

Theorem 4.1.7 Let {X alae] } be a family of topological spaces, G, a
nonempty subset of X, such that G, contains a nonempty regular closed subset
F, of X, for each ael. If [|G, is r-g-open in][[X, and I(]G,)=@,
ael ael acs!

then G, is r-g-open in X for each ael.

Proof. Since Int(l—[Gﬂ)i J, there exists a finite subset J of [ such that

pgel
Gy=X, for all Bel~J. Let ael and E, be a regular closed in X, such
that £, cG,. Therefore E, XHFﬁ X HXﬁ QHGﬂ . By Lemm 4.1.6,
B b
E, xHF 5 X HX p 1s regular closed in HX ; and by Theorem 2.6.8, we

pet fBel-J Bel
f=a Hea

have £, x H Fyx HX 5 < ]m‘(H Gj). This implies that £, < Int(G,) . It follows

Bet fel-J E
Hea Hra

from Theorem 2.6.8 that G, is r-g-open in X .

We shows in the next theorem that the under some conditions the

product of r-g-open sets is also r-g-open.
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Theorem 4.1.8 Let {Xalae I } be a family of topological spaces and
G,c X, for each ael and G, =X, for all but finitely many acl. If = _is

a regular closed map and G, is r-g-open in X for each a €1, then HGa is

ael

r-g-open in HX .-

ael

Proof. Let F be aregular closed in HX o Such that F ¢ HGa .Then =, (F)c G, .

ae/ asf

Since 7, (F) is regular closed in X _ , it follows by Theorem 2.6.8 7z, (F) < In{(G,).
Therefore F ¢ [ [z, (F)c [ [#(G,)=nt(]G,).

aef ael ael

By Theorem 2.6.8, we get that HGa 1s r-g-open in HX -

ac! ael

The next theorem shows that if a product of sets in a product space is r-g-
closed, then each coordinate factor must also be r-g-closed. To shows this we need

the following lemma.

Lemma 4,1.9 Lef {X,, |a el } be a family of topological spaces and G, c X,
Jor each ael . If G, is regular open in X, for each acl and G, =X, for
all but finitely many a € I, then HGa is regular open in HXa .

ael ael

Proof. Since G, is regular open in X, for each ael, G, =Int(§:), hence

I_IG{Z = Hlnt(a:) = Im‘(H G,). Therefore HGa 1s regular open in HX i

aef oel acf acl aef

Theorem 4.,1.10 Let {X alae I } be a family of topological spaces and
F,cX, for each ael. If HFQ is r-g-closed in I—IX‘2 , then F, is r-g-closed

ael ael

in X, for eachael.
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Proof. let ael and G, is regular open in X, such that £, < G,. Then

[1Fs <]]X;*G.. By Lemma 4.1.9, J[1X,;xG, is regular open in []X,.

pe! Bra Bza Bel

Then [ [ F, ] X,;xG,. This implies that F, < G,. Hence F, is r-g-closed
pel pra

in X

@

4.2 Generalized Continuous, Regular Generalized Continuous, gc-irresolute

and r-g-irresolute Functions

In this section, we study g-continuous, r-g-continuous, gc-irresolute and
r-g-irresolute functions from any topological spaces into a product space. We

can completely give characterizations of some type of these continuity.

Theorem 4.2.1 Let Y be a topological space and let { X, Ia el } be a family

of topological spaces. Let f:Y ~—>HXa be a function. If [ is g-continuous,

ael

then the composite function w,o f:Y — X, is g-continuous for each ael.

Proof. Suppose that f is g-continuous. Since 7, :HX s > X, is continuous
Bel

for each @ e/ , it follows by Theorem 3.1.7 that z, o f is g-continuous for

cach ¢ el .

The converse of Theorem 4.2.1 is not true by the following example.

.Example 422 Letx={1234}, 3,={@.{1}.{2}.{12} x}, ¥, =7, = {ab},
3, ={2.{a}.% }. 5, = {@.{a}.1,}, Y=¥x¥, = {(a.0)@b)(b.a)(bb)}
and 3, = {QJ,YI xY2,{(a,a),(a,b)},{(a,a),(b,a)},{(a,a)},{(a,a),(a,b),(b,a)}}.



29

Define f:X —>Y by f()=(a,a),f(2)=(,b),f(3)=(a,b) and f(4)=(b,a).
It is easy to see that 7,0 f and =, o f are g-continuous. However, { (b,b)} is
closed in ¥ but f '1( {(b,b)}) ={2} is not g-closed in X. Therefore f is not

g-continuous.

Theorem 4.2.3 Let Y be a T, —space and let {Xalael } be a family of

topological spaces. Let f:Y —)HX . be a function. Then f is g-continuous if

ael

and only if the composite function 7z, o f:Y — X, is g-continuous for each
ael.

Proof. (=) By Theorem 4.2.1.

(<) Since Y is T, —space and by Theorem 3.1.7, 7z,of 1is continuous for

each ¢ e /. By Theorem 2.3.4, f is continuous. Hence f is g-continuous.

Corollary 4.2.4 Let {Xala el } and {Ya |a el } be family of topological
spaces. For each ael,let f,: X —Y, be a function and f:HXa ——>HYa

ael ael
be defined by [f((x,),,)=(,(x,Vae,- If f is g-continuous, then f, is

g-continuous for each ael.

Proof. Let n, and zj; be the projection of HXa and HYa onto X, and

el el

Y

s> respectively. By Theorem 4.2.1, 7o f is g-continuous for each fel.

Since 7,0 f=fyem,, we have that f, oz, is g-continuous. Let F be closed

in Y;. Then fr;(f;(F)):f;(F)xHXa is g-closed in HXa. By Theorem

ael acl

4.1.5, fﬂ" (F) is gclosed in Y,. Hence f, is g-continuous for each fel.
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Corollary 4.2.5 Let {Xafa el } be a famjly of T, —spaces and {Ya | ael }

be a family of topological spaces. For each ae€l, let f, :X_ —Y be a
Junction and f:HXa "’HYQ be defined by f((x,)pe;)=(,(x,)pe;- Then

ael asf

[ is g-continuous if and only if f, is g-continuous for each ael.
Proof. (=) By Corollary 4.2.4.

(<) Suppose that f, is g-continuous for each @ /. Since X, is a 7, —space

for each e/, it follows from Theorem 3.1.7 that f, is continuous for each

a €. Therefore by Theorem 2.3.5, f is continuous. Hence f is g-continuous .

Theorem 4.2.6 Let Y be a topological space and let {Xa |aeI } be a

Jfamily of topological spaces. Let f :Y—->HXa be a function. If f is

ael

ge-irresolute, then the composite function n, o f:Y —> X, is g-continuous for

each a e l.
Proof. Suppose [ is gc-irresolute. Since 7, :HX s —> X, 1s continuous for
gl

each a € /, we have that 7z, is g-continuous for each a¢e/. It follows from

Theorem 3.2.5 that =z, o f 1is g-continuous for each ¢ e/ .

The converse of Theorem 4.2.6 is not true as seenin Example 4.2.2.

Proposition 4.2.7 Let {Xa|a el } be a family of topological spaces. Then for

each f el , the projection mapping =, :HX « > X, Is ge-irresolute.
aef
Proof. Let el and F; is gclosed in X, . Since ﬁ;[(Fﬁ)ana x Fy and by
axfi
Theorem 4.1.5, HX « % £y 18 g-closed in HX « » We obtain that 7z, is ge-irresolute.

a=f} ae!
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Theorem 4.2.8 Let Y be a topological space and let {Xalaef } be a

family of topological spaces. Let f:Y —>HXC, be a function. If [ is

ael

gc-irresolute, then the composite function rn,of:Y — X, is gc-irresolute for

each a el .

Proof. By Proposition 4.2.7, =x, :HX g —> X, 18 ge-irresolute for each a e /.
Bel

It follows by Theorem 3.2.7 that 7, o f is gec-irresolute for each a e/ .
The converse of this Theorem 4.2.8 is not true as we have in Example 4.2.2.

Corollary 4.2.9 Let {Xa|ael } and {Ya|ael } be family of topological
spaces. For each ael, let f,: X, =Y, be a function and f:l“[)(‘2 —>HYa

el as!
be defined by f(x,)pe)={lo (X, Vuer. If [ is gc-irresolute, then f, is

ge-irresolute for each ael.

Proof. Let 7, and 7z, be the projection of HXa and l_[Ya onto X, and

ael ael

Y, . respectively. By Theorem 4.2.8, 7, o f is ge-irresolute for each fel.

Since 7jof=fyom,;, we have that fyom, is gc-irresolute. Let F be

gclosed in ¥,. Then 7, (f;' (F) =/, (F)x]]X, is g-closed in HXQ. By

ael ael

Theorem 4.1.5, f, '(F) is g-closed in Y,. Hence f, is gc-irresolute for each

pel.

Theorem 4.2.10 Let Y be a topological space and let {X ala el } be a family

of topological spaces. Let f:Y —>HX . be a function. If { is r-g-continuous,

ael

then the composite function 7, o f:Y — X, is r-g-continuous for each xel.
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Proof. Suppose that f is r-g-continuous. Since 7, :HX s —> X, is continuous
Bbel

for each ¢ e/ , it follows by Theorem 3.3.7 that 7_o f is r-g-continuous for

eachael .

The converse of this theorem is not true as we will see in the following

example.

Example 4.2.11 Letx={1234}, 3,={2,{1}.{2}.{12}.x}, v, =1, = {ab},
5, ={@.{a}.1, }, 3, = {@{a}. 1}, Y=Y x¥, = {@a)ab)(ba)bb)}
and 3, = {34 x1,,{(@aah}.{(@aba}.{aa} {@a@ab)bGa}}.
Define f: X »Y by f(1)=(b,a),f(2)=(5,b), f(3)=(a,b) and f(4)=(a,a). It
is easy to see that z,0f and 7,0 are rg-continuous. However, {(b,b)} is
closed in ¥ but f7'({(Bb)})={2} is not r-g-closed in X. Therefore f is

not r-g-continuous.

Theorem 4.2.12 Let Y be a T, ~space and let {Xalaef } be a family of

topological spaces. Let .Y —->HXQ be a function. Then f is r-g-continuous if

ael

and only if the composite function w,o Y —> X, is r-g-continuous for each
ael.
Proof. (=) By Theorem 4.2.10.

(<) Since Y is I, —space and by Theorem 3.3.6, z_o f is continuous for

each ¢ € /. By Theorem 2.3.4, f is continuous. Hence f 1is r-g-continuous.
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Theorem 4.2.13 Let Y be a topological space and let {Xalaef } be a
Sfamily of topological spaces. Let f:Y —->HX « be a function. If [ s

ael

r-g-irresolute, then the composite function m,o f:Y — X is r-g-continuous for

each cce [ .

Proof. Suppose f is r-g-irresolute. Since 7z, :HX 5 —> X, is continuous for
Bel

each ¢« € /, we have that 7z, is r-g-continuous for each ae /. It follows from

Theorem 3.3.7 that 7x,¢ f is r-g-continuous for each e/ .

Corollary 4.2.14 Let {Xala € I} and {Ya Ia el } be family of topological
spaces. For each ael,let f,: X, —Y, be a function and f:HXa %HYG

ael ael
be defined by f((x,)ee)=o(Xo Ve~ If [ is r-g-continuous, then f,

is r-g-continuous for each ae€l.

Proof. Let n, and nj; be the projection of HXa and HYa onto X, and

aef aef
Y;, respectively. By Theorem 4.2.13, 7,0 f is r-g-continuous for each fe/.
Since zyof=fpor,, we have that f, oz, is r-g-continuous. Let F be

closed in ¥,. Then #;'(f;'(F))=f; (F)x][X, is rg-closed in []X,. By

aef ael

Theorem 4.1.10, fﬂ'l (£) 1is r-gclosed in Y,. Hence [f; is r-g-continuous for

each fel.

Corollary 4.2.15 Let { X, |ael } be a famjly of T, —spaces and {Ya Ia el }

be a family of topological spaces. For each ael,let f,:X,>Y be a
function and f :HXG —)HYa be defined by f((x,),;)=(f,(*V0e;- Then

ael ael

[ is r-g-continuous if and only if f, is r-g-continuous for each ael.
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Proof. (=) By Corollary 4.2.14.
(¢<=) Suppose that f, is r-g-continuous for each ¢ €. Since X_ isa 7T, —space

for each ¢ e, it follows from Theorem 3.3.6 that f, is continuous for each

o € I. Therefore by Theorem 2.3.5, f is continuous. Hence f is r-g-continuous .



