CHAPTER 3
MaIN RESULTS

Theorem Given the equation

ty ™ (&) + kty ™D (1) = £(2) (3.1)

where t € R, f(t) and y(t) are functions in space D' of dislribution and k is any
real number. Then we obtain the solution y(t) of (3.1) as the following cases
(1) If f(t) is a locally integrable, then

P o -2
y(t) = __-—-(SL’“_*;;) [ /0 T (= r)dr+

>0

® - ki1 (—r)f
/0 T 2f(t_r)§(n+i—2)(n+i—3)---(n—1)dr]'

(2) If f(t) is a singular distribution of the form f(t) = 3 a;6%) where 6@ is a

2=1

Dirac-delta with i-derivatives
(i) for m =0 and n > 2,then
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(it) for 0 <m < n—2, then
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(iii) form>n—2, m=n—1+1 (I=0,1,2,...), then
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Proof:Now we consider the Green’s function for (3.1), that is consider the equation
™ (@) + kty ™D (1) = (2. (32)

Take the Laplace Transform to (3.2), we obtain

d n d n— —
-9 Y(s) — k:a;s Y(s) =1
s+ K)Y'(5) + (s + K)m — K)¥ (5) = .

By separating variables,
&
ds
Thus Y(s)s"~'(s+ k) = —s+ C where C is any constant or

Y (s)s" s+ k)] = 1.

-s+C

YO = oGy ay
By applying the binomial expansion

1 k+C K +4+Ck Kk +CK
Y(s) = S'ﬂ-—l + sn - 3n+1 8"’+1 -

Take the inverse Laplace Transform directly to Y (s) and use formula of example
2.3.1, we obtain

t"2H(t)  (k+ O} YH(t)  k(k+ O)"H(t)
m=2 " m-1t !
k*(k+ Ot~ (t)
(n+1)!
_ —(k+ O 2H(t) 1
B (n—2)! [k +C

y(t) = —

3 B (=)
Z('n+z'—2)(n+i—3)...(n_1)]-

=1

dr dr—1
Since L(y(t)) = &, where L = ta'; + ktm, y(t) is called Green’s function

and we replace it by G(%) then

L(G®) = (). (3.3)

From (3.1) we write again by

L(y(t)) = f(¥). (3.4)
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Convolving both sides of (3.4) by G(t), we obtain

G(t) * L(y(8)) = G{) » f(2)- (3.5)
By operating L of a convolution, we obtain

L(G(1)) * y(£) = G(t) * f(2).
From (3.3), we get §(t) * y(t) = G(t) * f(¢). Thus

y(t) = G(®) * f(2).
Now, for the case (1), if f(t) is a locally integrable function, then
(&) * £(2) = f_ : G(r) (& — r)dr
_ /°° —(k+C)y"2H(r) 1

—oo (n—2)! [k+C

o

ki—l(__r)i
+~;§ FrimTisg mo

k+C), [® 2
=—En-{—-2))![/o pro/ et

= = ki=1(—r)i
/0 r 2f(t“r);(n+i—2)(n+z’—3)---(n—1)dr]'

Since f(t) is locally integrable and G(t) is an integrable function, so the integral

of right hand-side converges.
Hence y(t) = (G * f)(t) exists and unique.
Case (2), if f(t) is a singular distribution.
Consider m
HOED IR0
r=0

where a, is a constant for allr =0,1,2,...,m
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Then

(k+Cy" 2H(t), 1 = ki-1(—t)?
G IO =g vt L G m i 8 D)

* ) a5 ()
r=0
_(UTHE | (k+ O TIH( k(e O)NH(E)
=1 (n — 2)! (n—1)! nl
k2(k + O HLH(t) TN ol
Ermy iR D DL
° r=0
n—2
= ——% * [a06 + 0:16(1) 4+ 4 am(s(m)}
n—1
. +(Z)i 1)1H(t) * [a08 + 16D + -+ + an8™]
_ Rkt C;)'th(t) * [agb + a6 .. 4 amé(m)]
2 n+l
k*(k -IEnC_‘)_t]_)q H(t) * [a.05 + a6V ..+ amﬁ(m)] — ..
1 -
= *"'('n__—z), [afo(tn_zH(t) *8) + a1 (t" ZH(t) * ‘5(1))
oo am (BT 2H (L) * 5™
k+C
+ ey o H (D)« 8) +ar (T H() # 6)
U am(tn-IH(t) * 6(m))]
k(k + C)

oy [ao(th(t) * 5) + a; (th(t) * 6(1))

+ et A (P H(E) * 5(m))j|
k*(k + C)
+ o, (EMTTH(2) * 5(*ﬂ))]

a0 (" H(8) * 8) + ax ("L H (t)  6D)
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G(t) * f(t) = w[ao(t“‘2H( )) + ay (¢*2H ()

2)
ot e (T2 H(E)) ™
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(n—1)
ot am(TEH(E))™]
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+ (
+ Jag(t" T H (1) + aa (¢ H(2))M)
+ (
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e[S e m]
r=0 =0

(1) if m =0 for n > 2, then
y(t) = G(t) « f(t)
= G(t) * aoé(t)
= agG(t).
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(il If 0 < m < n—2, then

(?._1___,)_ [ao(t“—2H(t)) + al(tn—-2H(t))(1)
+ e (T QH(t))(m)]

k+C’

G(t) = f(t) = —
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_k(k+C)
nl
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k+C . _

+ m [ao(t” H(t)) + a1({(n — 1)t" 2H(t)) +

+am((n—1)(n—2)-+ (n —m)t" ™D H(1))]

—kaCM%WWUn+MmW”Hm%%~

+ am(n(n —1)(n — 2)t"""‘H(t))]

+ e

T - 2)| [Za, G 2)(')H(t)}

=0
+ (k+C) [Z (n_'_r_ 1)' Zaz(tn+r 1)( )H(t)]

(iii) Form>n—2,letm=n+1-1 ({=0,1,2,..). By computing directly

the same as belore we obtain

~2
G(t)* f(t) = '(';_12')7 [2 ai(t"_z)(i)H(t)}

=0
i n-(!-_rk)r (ni a; (1) “)H(t))]

r= 0 =0

- li Gnpi-16) (t)]
=0
o

r=0
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