CHAPTER 3

MAIN RESULTS

In this chapter, the analysis of the solving methods as mentioned in chapter

1, and the numerical results will be presented.

3.1 The direct solution method combined with the

series solution method

3.1.1 Analysis of the method

Consider the population growth model characterized by the nonlinear Volterra-
Fredholmn integro-differential equation

]
m‘;i: = uft) — u?(t) — u(t) fﬂ{m]ﬁ — Cu(t) f. w(z)de, w(0)=u. (3.1)
Assume that

= [ r u(z)dz, (3-2)

L1

where & is a constant.

This assumption carries the Eq.(3.1) into

t
= La-a0u@ - - v [ vz}, wO)=w @)

Assume that the solution u(t) is represented as a power series of the form

u(t) = iaﬂzﬂ. (3.4)

n=0
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The main concern is to formally determine the coefficients a,,n 2 0. To achieve
this goal we substitute Eq.(3.4) into both sides of Eq.(3.3)

[s 4] _ 1 oo n o0 [==] ==} n
S et = 241~ a0) (3 ant) = (V) = (3 aut”) [ (O ana®da}
n=1 n=0 n=0 : n=0 0 n=0
(3.5)
by this substitution, the difficult integral in the right-hand side of Eq.(3.3) will be
transformed into a more readily solvable integral. Evaluating the integral at the
right-hand side, equating the coefficients of similar powers of £ from both sides,
and using the initial condition lead to
an =Y bncd, (3.6)
§=0
where b;,, is the coefficients of &/ which depend on ao, &, or C.
Substitute (3.6) into (3.4), we obtain
u(t) = E[Z binad}i™. (3.7)
g,
Substituting u(z) of (3.7) into the integral of (3.2). With this substitution, the
unsolvable integral (3.2) will be transformed into

o [ 15 o o0

a more readily solvable integral that formally determines a numerical value for
the constant ¢. Having established a, the approximation solution u(t) follows
immediately upon substituting the value of a obtained from (3.8) into (3.7). This
completes the technique. '

.
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3.1.2 Numerical results

In this section, the nonlinear Volterra-Fredholm integro-differential equation will
be tested by using the proposed algorithm discussed above.

Consider the population growth model characterized by the nonlinear
Yolterra-Fredholm integro-differential equation

t 10
%‘ = 10u(t) - 10u7(t) — 10u(e) f u(z)dz — u(f) f w(z)dz,  w(0)=0.1,
0 0.8
(3.9)
where the initial condition u(0) = 0.1 and the nondimensional parameter x = 0.1,
C = 0.1, and the interval time t; = 0.9, {2 = 1.0.
Let
1.0
a= f u(z)ds, (3.10)
0 .

9
and substitute into (3.9) gives

i—’; = (10 — o)u(t) — 1062 () — 10u(t) f u(z)dz. (3.11)
0
Assume that the solution u(t) is represented as a power series of the form
u(t) = a.t™. (3.12)
n=0

To determine the coefficients a,,n > 0, we substitute Eq.(3.12) into both sides of
Eq.(3.11) to find

= aa == o0 ¢ oQ
Y nant™? = (10— a)(>_ ant™) — 100D _ aat™)* = 10(} | ant™) jﬂ O anz™)dz.
n=1 =0 n=>0 n={0 =i (313}
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Expanding the power series, evaluating the integral at the right-hand side lead to

ay + 2apt + 3ast® + dayt® + Sast* + 6agt® + Tart® + Bagt” + - - -
= (10 — a)(ag + a1t + aat® + agt® + aqt* +--+)

— 10({ag + a1t + a2t? + agt® + agt* + - -+ )?
ﬂf‘

— 10(a0 + @it + 0ot + agt + agt® + ) X (aot + S + Tt + =

= ((10 = a)ap — 10a2)) + ((10 — @)a, — 20aqa; — 10a2)t
((10 — @)az — 20apa2 — 10a] — 15aga, )E*
+ ((10 — @)as — 20asa, — 20agas — 5a? — 13.33333333aga, )t
+ ((10 — a)ay — 20agay — 20aza; — 10a2 — 8.33333333aza, — 12.5a00,)t!
+ - {3.14)

+}

Equating the coefficients of similar powers of ¢ from both sides, and using the
initial condition leads to

ag = 0.1
a1 = ({10 — @)ao — 10a7)
= ({10 = a){0.1) = 10(0.1)?)
=09-0le,
az = ((10 — a)a; — 20aga; — 10a2)/2
= ((10 — @)(0.9 — @) — 20(0.1)(0.9 — ) — 10(0.1)?)/2
= 3.55 — 0.85¢ + 0.05¢7,
ag = ((10 — a)ay — 20agay — 10a3 — 15a9a;)/3
= 6.316666667 — 2.8 + 0.38333333330” — 0.01666666667a°,
as = ((10 — a)as — 20aza, — 20apas — 5af — 13.33333333a0a2)/4,
= —5.537499997 — 1.070833334c + 0.7875a” — 0.1041666667c’
-+ 0.004166666667a",
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as = ((10 — a)ay — 20agay — 20a3a; — 10a; — 8.33333333a4a; — 12.5a9as)/5,
= —63.70916666 + 26.63750 — 3.493333333a” 4 0.071666666630°
+ 0.01583333333a" — 0.000833333333¢°,
as = ((10 — a)as — 20a¢as — 20a1a4 — 200203 — 12a0a4 — 7.50,05 — 3.33333333342) /6,
= —156.0804167 + 106.0386111cx — 26.87638889a° + 3.1375a°
—0.15347222220* — 0.0004166666660° + 0.00013888888890°,
a7 = {{10 — a)as — 20apas — 20az0, — 206,05 — 1083 — Ta;04 — 5.833333333a005
— 11.66666667aoas)/7,
= —18.47323422 + 113.4596231c — 60.8001190602 + 13.330357140°
— 1.4394246030* + 0.07357142857a° — 0.001130952381a° — 0.000019841269844”,
- ag = ((10 — a)ar — 20agar — 20a3a4 — 20azas — 200,96 — 2.5a3 — 6.666666667aas
— 5.333333333a,0, — 11.42857143aqa6) /8,
= 1056.288569 — 585.4652901c + 95.375557990? + 4.3878174680°
— 3.276068949a" + 0.41979414690° — 0.02293402778a° + 0.0004340277778a”

+ 0.2480158730 x 10~%a® (3.15)
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By using the first few terms of each expansion in Eq.(3.12), we obtain

u(t) = 0.1+ (0.9 — 0.1a)¢ + (3.55 — 0.85a + 0.0502)t2
+ (6.316666667 — 2.8 + 0.38333333330” — 0.01666666667a°)t>
+ (—5.537499997 — 1.070833334a + 0.78750% — 0.10416666674
+ 0.004166666667a*)t* + (—63.70916666 + 26.6375x — 3.4933333330°
+ 0.07166666663a° + 0.01583333333a* — 0.0008333333334°)¢5
+ (—156.0804167 + 106.0386111c — 26.87638889a2 + 3.1375a°
— 0.15347222220" — 0.000416666666a° + 0.00013888888894°)¢°
+ (—18.47323422 + 113.4596231c — 60.800119060° + 13.330357140°
— 1.439424603a" + 0.073571428570° ~ 0.001130952381a°
— 0.00001984126984a" )" + (1056.288569 — 585.4652901Lc
+95.375557990” + 4.387817468a" — 3.276068949a* + 0.41979414690°
— 0.02293402778c" + 0.0004340277778a” + 0.2480158730 x 10~ a°)t®
+ O(27). (3.16)

Substituting (3.16) into (3.10) yields the integrable integral

1.0
a= [0.1 + (0.9 — 0.1a)z + (3.55 — 0.85a + 0.05a7)z”
0.9

+ (6.316666667 — 2.8 + 0.38333333330 — 0.01666666667a%)z*
+ (—5.537409997 — 1.070833334a + 0.7875a% — 0.10416666670°
+ 0.004166666667a)z* + - - - + O(z)}dz. (3.17)

Solving for positive real a, we obtain
a = 3.693452238, 14.16054255 (3.18)
With a = 3.693452238 ,the approximation of 4(f) given by

u(t) = 0.1 + 0.5306547762¢ + 1.092645070¢* + 0.364533692¢* — 3.222824317¢*
— 6.99485762t5=0.9081106895¢° -+ 22.46202251t7 + 40.869780301
+ O(t?). (3.19)
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It is interest to point out that eight steps were employed to determine the ap-
proximation (3.19)with o in (3.18), and further terms can be obtained to increase
the degree of accuracy.

Since we are interested in the small perturbation in the system, then we

use only small a.

3.2 The direct solution method combined with the de-
composition method

In this section, the direct solution method and the decomposition method
will be implemented to the model of Eq.(3.1).

3.2.1 Analysis of the method
Recall the population growth model in section 3.1

o = ) - 20 - ole) [ " u(a)ds ~ Cult) / Y ue)ds, (0= . (320)
The assumption

a= ‘/'*# u(z)dz, (3.21)

31
carries the Eq.(3.20) into

& a0 -0 -u) [ szl w0 =w (322
Rewrite the Volterra-Fredholm’s population model (3.22) in an operator form
1
Lu(t) = {0 - aC)ut) - @) - ) [ u(adds),  w0)=w, (329

where the differential operator L is defined by

d
L=-. (3.24)

It is clear that L is invertible so that the integral operator is defined by

o= [ O (3.25)
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Applying L™ to both sides of Eq.{3.23] and using the initial condition lead to
u(t) =uy + L“{%{(I — aC)ult) — u?(t) —-u(t} j: u(z)dz}). (3.26)
We usually represent u(¢) in Eq.(3.26) by the decomposition series

wft) = 3 un(t) (3:27)

n=0
Accordingly, the main concern here is to formally determine the components
u,(t),n > 0. To do, we substitute Eq.(3.27) into both sides of Eq.(3.26) to obtain

oa oo o £ oo
Y tn(®) = o+ L1 = 00) Y tn®) = Y An(8) ~ [ D Bulz,1aa)),
n=f _ =0 n=0 n=l

(3.28)
where the nonlinear term u*(t) and u(z)u(t) are represented by the so-called Ado-
mian polynomials Ap(t) and By(z,t), respectively. In other words,we set

) =S Anl), (3.2)
u(zx)u(t) = ZB,,(E 7). (3.30)

The Adomian polynomials A,(t) and B, [.1:, t) are generated specifically according
to algorithms in the Preliminaries. To determine the components ug, t, tg, . . . of
u(t) we follow the recursive relationship

up(t) = up, - (3.31)
g (t) = L7 {%{(1 — aCup(t) — Ax(t) - fn By (=, t)dz}), k = 0. (3.32)

After we obtained the components u,(t) of u(¢), we find that

Z un(t) = Z[Z bjnad i, (3.33)
n=0 §=0
where bj, is the coefficients of o which depend on ag, &, or C.
~ Then

n=0 j=0

u(t) = i[i binc " (3.34)
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Substituting u(t) of (3.34) into the integral of (3.21). With this substitution, the
unsolvable integral (3.21) will be transformed into
s 00 n
a= f 3D bjaedands, (3.35)
U p=0 j=0
a more readily solvable integral that formally determines a numerical value for
the constant «. Having established @, the approximation solution u(f) follows
immediately upon substituting the value of o obtained from (3.35) into (3.34).
This completes the technique.

3.2.2 Numerical results

Consider the population growth model characterized by the nonlinear Volterra-
Fredholm integro-differential equation

du _ 10u(t) — 10u2(t) — 10u(t) f u(z)dz — u(t) f i u(z)dz,  u(0)=0.1,
] 0.9

dt
(3.36)
where the initial condition u#(0} = 0.1 and the nondimensional parameter x = 0.1,
C = 0.1, and the interval time t, = 0.9, ¢ = 1.0.

We set
1.0
o= L . u(z)dz, (3.37)
where o is & constant. Using (3.37) into (3.36) gives
%‘ = (10 — @)u(t) — 10u*(£) — 10u(2) f t u(z)de, u(0)=01.  (3.38)

Rewrite the Volterra-Fredholm’s population model (3.38) in an operator form
Lu(t) = (10 — a)u(t) — 10u*(f) — 10wu(t) ]: u(z)dz, u(0)=01, (3.39)
Applying L~? to both sides of Eq.(3.39) and using the initial condition lead to
u(t) = 0.1+ L7Y((10 — a)u(t) — 10u?(t) — 10 j: u(t)u(z)dz). (3.40)

Substitute the decomposition series

u(t) =D unlt). (3.41)
==l
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into both sides of Eq.(3.40) to obtain

iun[t] =01+ L7{(10 — &) i un(t) — 10 iﬂﬂ{t} - 10 fi i By (z,t)dz),
" = " L (3.42)
To evaluate the Adomian polynomials A,(t) and By(z, t), we follow the procedure
in the Preliminaries. The expressions for A,(t) and B.(z,t),n = 0,1,2, ... are as
follows
For An(t) : Let F(u) = u*(t), then we obtain
Ag = ug(t),
Ar = 2ug(t)uy(2),
Ay = 2ug(thus(t) + ui(t),
As = 2uq(t)us(t) + 2uq(thua(t),
Ag = Zug(t)ua(t) + 2u1 (Pug(t) + u3(2),
As = 2ug(t)us(t) + 2ur (t)ug(t) + 2up(t)us(t),
As = 2ug(t)ue(t) + 2u (t)us(t) + 2uz(t)ua(t) + ui(2),
A7 = 2ug(t)uz(t) + 2uy(t)us(t) + 2ua(t)us(t) + us(t)ua(t),...  (3.43)

For B.(z,t) : Let F(u) = u(z)u(t), then we obtain

Bo(z, 1) = uo(z)ue(t),

Bi(z, 1) = uo(@)ua(t) + w (z)uo(t),

Ba{z, t) = uo(x)ua(t) + ua (@) (£) + va(z)ue(t),

Bs(z, 1) = uo(a)ua(t) +ui(x)ug(t) + ua(zhu () + us(z)uo(t),

By(2,1) = uo(z)ua(t) + u (x)us(t) + ua(x)ua(t) + s (x)u; (£) + us(z)uo(t),

Bs(2,2) = uo(z)us(f) +u1(z)us(t) + ua(z)us(t) + us(z)ua(t) + ua(w)us(t)
+ us(z)uo(t),

B (x,1) = uo(x)us(t) + ur(z)us(£) + uz(x)us(2) + us(w)us(t) + ug(z)us(t)
+us{z)uy (t) + ug(z)ug(t),

- Bilz,t) = up(z)us(t) + m(z)ue(t) + ualz)us(t) + us(z)ua(t) + wilz)iis(t)

+ ug(z)ug(t) + us(z)uy (2) + ur(x)uo(t),. .. (3.44)

AR e e e r———— -
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To determine the components ug, u1, us, ... of u{t), we follow the recursive rela-
tionship
up(t) = 0.1, (3.45)
1
tri1(t) = L7H(10 — a)ux(t) — 104,(t) — 10 f By(z, t)dz), k> 0. (3.46)
a

With up(t) defined as shown above, we can evaluate the other components as
follows

up(t) = 0.1,
ui(t) = L7H{{10 — a)up(t) — 10A4q(t) — 10 f By(z,t)dz)

= L7((10 — a)up(t) — 10ul(t) — 10 L : ug(z)ug(t)dz)

- f (10 = 0)(0.1) — 10(0.1)2 — 10 f (0.1)(0.1))dz
= {3.9 — 0.1a)t — 0.05¢%, ’
ua(t) = L7H(10 = e)uy (t) — 104;(t) — 10 f t By(z,t)dz)
= (3.6 — 0.85a + 0.05a%)* + (- 0,533333333 + 0.066666667a)t>
+ 0.016666667.
us(t) = L7H((10 — &)ua(t) — 10Aa(t) — 10 f t By(z,1)dz)
= (6.9 — 2.86666667a + 0.333333333-&1 - 0.016666667a)t® +
(~3.154166667 + 0.7625a — 0.045833333a2) 14
+ (0.2425 — 0.028333333a)° — 0.00472222245,
wglt) = L7N(10 — a)us(t) — 1045(t) — 10 f * Bu(z, )dz)
= (—2.4 — 1.833333333c +{].8333333§3a2 — 0.104166667a° + 00041666670 )¢*
+ (—9.351666667 -+ 3.799166667c« — 0.501666667a2 + 0.021666667a°)t*
+ (1.663194444 — 0.409166667a + 0.0250%)t% (—0.082738095 + 0.00984127a)t"
+0.001230150¢%,
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ws(t) = L7710 - a)ut) ~ 1040 =10 [ Bz, )az)
= (—54.6 + 22.866666667a — 2.99166566?&’ + 0.050° + 0.015833333q*
— 0.0008333330° )t 4 (—0.338888880 + 8.208888880q — 2.11805555602
-+ 0.2180555560° — 0.0079166670:*)t® + (6.603948413 — 2.670059524c:
+ 0.3522619050 — 0.0152380950°)t7 + (—0.68844494 + 0.171760913cx
— 0.010634921a%) + O(£9),
ws(t) = L7((10 - @)ua(t) ~ 1045()) 10 [ By, )d)
= (—148.4 + 98.238888889c — 24-.?83;33333&2 + 2.9194444440°
— 0.145555560" + 0.000416667° + 0.0001388890°)£°
+ (47.534126984 — 12.496031746cx — 1.0428571430® + 0.6265476190°
— 0.068273810" + 0.0023809520°)t7 + (12.976478175 — 8.969293155a
+ 2.093980655a — 0.204553571c° + 0.007202381a*)t® + O(£%),
ur(t) = L7H((10 — a)ug(t) — 104, (t) — 10 ft Bg(z,t)dz)
= (—72.528571429 + 128.615873016cx i 60.109523810” + 12.7190476190°
—1.371150794a" + 0.071190476a° — 0.001130952a° — 0.000019841a" )¢’
+ (249.827876984 — 148.812202381« + 32.02872023807 — 2.6362003970°
— 0.02390625¢* + 0.0152306550° — u.nmﬁlzassa“jt“ + Oft?),
ug(t) = L7H((10 = a)uz(t) — 104,(t) — 10 f Bs(z,t)dz)
= (794.171428571 — 427.855555556 : 61.263402063a2 + 7.2285714290°
— 3.259365079a* + 0.404563492a° — 0.0223214294° + 0.00043402847
+ (2.48015873 x 107%)a®)£® + O(2?) (3.47)
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substitute (3.47) into {3.41} we cbtain

u(t) = 0.1+ (0.9 — 0.1a)t + (3.55 - 0.85a + 0.0507)¢?

+ (6.316666667 — 2.80: + 0.3833333333a” — 0.01666666667a°)t*
+ (—5.537499997 — 1.070833334« + 0.7875a° — 0.10416666670°
+ 0.004166666667*)t* + (—63.70916666 -+ 26.6375x — 3.493333333a°
+0.071666666630° -+ 0.01583333333a* — 0.0008333333330°)1°
+ (—156.0804167 + 106.0386111c — 26.87638889¢” + 3.13750°
— 0.15347222220* — 0.0004166666660° + 0.00013888888890°)¢°
+ (—18.47323422 + 113.4596231c — 60.80011906¢ + 13.33035714a°
— 1.439424603a* + 0.073571428570° — 0.001130952381a°
— 0.00001984126984a" )™ + (1056.288569 — 585.4652901 0
+95.375557990° + 4.3878174680° — 3.276068949a" + 0.41979414600°
— 0.02293402778a° + 0.0004340277778a" + 0.2480158730 % 10°a*)t®
+0(8%). (3.48)

Substituting (3.48) into (3.37) yields the integrable integral

L0
a= [0.1+ (0.9 - 0.1a)z + (3.55 — 0.85¢ + 0.05¢%)z*
0.9
+ (6.316666667 — 2.8¢ -+ 0.3833333333a” — 0.016666666670°)x*
+ (—5.337499097 — 1.070833334c + 0.78750% — 0.1041666667c

+ 0.004166666667a*)z* + - - - + O(z°)]dz. (3.49)
Solving (3.49) for positive real «, gives
o = 3.603452238, 14.16054255 . (350)
For o = 3.693452238, the a.pprﬁml:imatinn of u(t) is given by

u(t) = 0.1 +0.5306547762¢ + 1.092645070¢% + 0.3645336921* — 3.222824317+
U B.994857621% = 0.9081106895¢% + 22.46202251# + 40.86978030:8
+ O(t°). (3.51)
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The approximation (3.51) is in full agreement with the approximation {3.19) ob-
tained before by using the direct solution method with the series solution method.
As the series solution method, eight iterations only were used for the derivation
of Eq.(3.51).

3.3 The direct solution method combined with the method

of converting the model to a nonlinear ODE

In this section, it will be useful to convert the Volterra-Fredholm’s popula-
tion model to an equivalent nonlinear ODE.

3.3.1 Analysis of the method

Consider the population growth model
du

K = u(t) — u(t) — u(t) /: u(z)dz — Cult) j: u(z)ds,  u(0) =up- (3.52)
with

o= f * wlw)ds, (3.53)
Fq.(3.53) becomes )

du 1

I (1— aC)u(t) — ul(t) — u(t) j:u[m)d:l.'}, w(0) = uy. (3.54)

In order to convert (3.54) to an ODE, we set

y(t) = [: u(z)dz. (3.53)

This transformation readily leads to
| v (t) = u(d), (3.56)
y'(t) = u'(2). (3.57)

Substituting Eqs.(3.55)-(3.57) into Eq.(3.54) yields the nonlinear differential equa-

....... S—

" tion

V(1) = {1 - cOW/ (1) — W)’ - w(AY @), (3.59)
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with initial conditions

yo) =0, (3.59)
y'(0) = uy, (3.60)

obtained by using Eqs.(3.55) and (3.56), respectively.

We now seek to solve the initial value problem Eqs.(3.58)-(3.60). This
can be done by using the series solution method or the Adomian decomposition
method so defined in Section 3.1 and 3.2, respectively. However, the Adomian
decomposition method will be implemented here. We rewrite the initial value
problem in an operator form by

Ly(t) = —{(1 — aC)y/(t) - ') — vy (&)}, ¥(0) =0, ¥'(0) = o, (3.61)

= | =

where the differential operator L, is defined by

d?
Li= 2o (3.62)

go that the two fold integral operator L ! is defined by

4 13
It = f f ()dtdt. (3.63)
0 Jo
Operating with L;* on both sides of Eq.(3.61) we obtain

y(t) = wo®) + L' ({(1 — a0l (1) - WO - v ®)). (369

We next represent y(t) by the decomposition series
= =}
y() = > _wlt), (3.63)
n=0
so that it remains to formally determine the components y,(£), n > 0. Substitut-
ing Eq.(3.65) into both side of Eq.(3.64) yields

=]

ns=0. .

3 4a(t) = uo(t) + L7 ({(1 - aC) S0 -3 Al 3 B0, (360
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where Ay () and By (1) are the so-called Adomian polynomials that represent the
nonlinear terms (y'(t))? and y(¢)y/(), respectively. In other words, we set

GOP =3 A, (3.67)
WY@ =3 B (3.68)

To determine the components yg, U1, ¥, . . . of y(£) we follow the recursive relation-
ship -

w(t) = u(t), (3.69)
wean(®) = L7 ({1 - a0 () ~ An(t) - Bu)}), k20.  (3.70)

After we obtained the components y,(¢) of y(2), we find that

> val®) = 3 I3 bimalen, (3.71)
n=0 n=0 j=0
where bjq is the coefficients of o/ which depend on ay, k, or C.
Then o n
y(t) = Y binallt", (3.72)
a=0 j=0
and o .
Yie) =) _nly_ bne’ (3.73)
n=1 j=0
Recall that
u(t) = ¢/(t), . (3.74)
then we obtain A n
u(t) =Y n[d  bpnadjt™ (3.75)
n=1l j=0

Substituting u(t) of (3.75) into the integral of (3.53). With this substitution, the
unsolvable integral (3.53) will be transformed into

B _.___rx.s_ff. in[zﬂ: binc|a™ " dz, . (3.76)
‘ o

1 n=1
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a more readily solvable integral that formally determines a numerical value for
the constant . Having established e, the approximation solution u(t) follows
immediately upon substituting the value of & obtained from (3.76) into (3.75).
This completes the technique.

3.3.2 Numerical results

Consider the population growth model characterized by the nonlinear Volterra-
Fredholm integro-differential equation

B du(t) — 1002() — 10u(t) / w(z)dz — ult) f P u@dz,  w(0) =01,
0

dt 0.9
(3.77)
where the initial condition u(0) = 0.1 and the nondimensional parameter x = 0.1,
C' =0.1, and the interval time ¢; = 0.9, £, = 1.0.

We set
1.0
o= o u(z)dr, (3.78)
where « is a constant. Using (3.37) into (3.36) gives
% = (10 — a)u(t) — ].-{}u.!{t] — 10u(t) -/nt ufz)dz, u(0) = 0.1, (3.79)
We set .
v) = [ uiz)ds, (3.80)
0
This transformation readily leads to
y'(t) = u(t), (3.81)
V() = v'(0). (3.82)

Substituting Egs.(3.80)-(3.82) into Eq.(3.79) yields the nonlinear differential equa-
tion
v'() = (10 — a)y/(2) - 10(/ (1)) — 10u () (8), (3.83)
with initial conditions
e ) . S . (3.84)
¥(0) = 0.1, (3.85)

S
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obtained by using Eqs.(3.80) and (3.81), respectively.
Rewrite the initial value problem in an operator form

Ley(t) = (10 — a)y'(¢) - 10(y'(¢))” - 105()y'(2), (0) =0, ¥/(0) = 0.1, (3.86)

Operating with L;" on both sides of Eq.(3.86) we obtain

y(t) = 0.1t + L7 ((10 ~ a)y/(t) — 10(y/(£))? — 10y(2)y/(£)).- (3.87)
Representing y(t) by the decomposition series
y(E) =D ualt). (3.88)

To determine the components y,(t), n > 0 by substituting Eq.(3.88) into both
side of Eq.(3.87) we obtain

Ey.,(t} =01t + L7Y((10 - @) iy:,(t} - 10 Z An(t) =10 Eﬁn(ﬂ}, (3.89)
n=0 n=0 n=( n=0

where
> Anlt) = GO, (390)
> Balt) = s (3.1

Following the algorithmns set by Adomian for generating these polynomials, it
readily follows that
For A,(t): Let F(y) = {¥'(t))?, we find

Ao(?) = (p(1)%,

Ay (t) = ()i 2),

Aa(6) = 205(Oua(t) + (ni(8)%

As(t) = 205 ()Wh(0) + 24 (wh(0),

As(t) = 26(D¥4(0) + 20D + ()7,

As(t) = 205(1)vs(2) + 201 (O (8) + 2054 (2),

As(t) =200 )et) + 20 (D4 (1) + 205 (004(8) + (s (8))2,

Ar(t) = 205()yh(1) + 205 (e (0) + 2050 (E) + 25 (OT4(8),...  (3.92)

— S e e b — -
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For Ba(t): Let F(y) = y(t)y'(¢), we find

Bo(t) = yo(t)3o(t),

By(t) = wo()¥i(t) + 1 (t)o(2),

By(t) = wo(t)sa(t) + ni(t)wi (B) + m(tlui(t),

By(t) = yo(t)u3(t) + 91(8)va(®) + ve(t)wi (2) + ws{t)yo(t),

By(t) = yo(t)ya(t) + 11(D)ya() + v(D)s(®) + vs(O)93 (1) + va(@)y (1),

Bs(t) = uo(t)v5(2) + va(t)ua(t) + wa(t)ua(t) + ys(D)wh(2) + wa(E)wi(t) + ws(E)u(8),

Bs(t) = vo(t)ys(t) + y1(6)vs(®) +va()ya(®) + ya(O)a (1) + va(E)wa(t) + ys(t)y) (2) |
+ 1alt)vo(t), |

Br() = wo(%(8) + :()94(0) + wa(h(0) + vs(WA(t) + 1 D) + 160w (®)
+e(E)9 () + w1 (D (2), - - (3.93) 5

To determine the components yo, ¥1, ¥z, ... of y(t), we follow the recursive rela-
tionship
olt) = 0.1, (3.94)
Yepr{t) = L7 ((10 — @)yi(t) — 10A,(t) — 10B4(2)), k > 0. (8.95) |
Proceeding as before, we set
y(t) = 0.1, (3.96)

so that the successive components may be determined as

y1(t) = L7 ((10 - a)yy(t) — 10A0(t) — 105 (2))
= L71((10 — &)wa(t) — 10(wo(2))* — 10y (t)y5(2))
= L7 ((10 — a)(0.1) — 10(0.1)* — 10(0.1)(0.1)}
= (0.45 — 0.5a)¢* — 0.016666667¢>,
¥2(t) = L' ((10 — @)y (£) — 104(t) — 10B(2))
= (1.2 — 2.833333333a + 1.6666666670)t° + (—0.145833333
- = 0:1666666670)t" -+ 0.003333333¢°, i



32

ya(t) = Ly ((10 — a)yy(t) = 1045(t) — 10B,(2))
= (1.725 — 7.166666667c + 9.5833333330 — 4.1666666670°)t*
+ (—0.630833333 + 1.5250 — 0.91666666702)t° + (0.040416667
— 0.047222222a:)t° — 0.000674603¢7,
va(t) = Ly (10 — @)ua(t) — 10A43(t) — 10Bs(2))
= (—0.48 — 3.66666666Tc -+ 16.666666667a” — 20.833333333a°
+ 8.333333333a*)¢° + (—1.558611111 + 6.3319444440 — 8.361111111c?
+3.611111111a°)#° + (0.237599206 — 0.58452381 o« + 0.35714285702)t7
+ {—0.010342262 + 0.012301587a)t® + 0.000136684t°,
ys(t) = L7 ((10 = @)} (t) — 1044(2) — 10B4(t))
= (—9.1 4 38.111111111¢ — 49.8611111110° + 8.3333333334°
+ 26.3888888890" — 13.8888888890a°)1® + (—1.334126984
+ 11.726984127c — 30.2579365080” 4 31.1507936510°
— 11.30952381a4)¢™ + (0.825493552 — 3.337574405a
+ 4.403273810* — 1.9047619050°)¢° + (—0.076493882
+0.190845450¢ — 0.118165785a7)¢ + O(¢'°),
() = Ly ((10 — a)y5(e) — 104s5(t) — 10Bs(t))
= (—21.2 + 140.341269841cx — 354.0476190480* + 417.0634920630*
— 207.9365079370 + 5.9523809520° + 19.841269841a%)¢”
+ (5.941765873 — 15.620039683a — 13.0357142860° + 78.318452381a°
— 85.342261905a" + 29.7619047620°)t® + (1.441830908 — 9.965881283¢:
+ 23.26645172a% — 22.728174603c° + 8.002645503a)t? + O(¢'7)



yr(t) = Li7'((10 — a)ys(t) — 1045(t) — 1056(t))
= (—9.066071429 + 160.76984127a — 751.369047619¢2 + 1589,880952381a°
— 1713.9384020630* + 889.880952381a® — 141.3690476194°
— 24.801587302a" )t® + (27.758652998 — 165.346891534a
+ 355.874669312a° — 292.9111552030° — 26.5625a + 169.229497354a°
— 68.066578483a%)t” + O (™)
ys(t) = L7 ((10 — )g4(¢) — 104, () — 1054(2))
= (88.241269841 — 475.395061728a + 680.705467372a7 + 803.174603175a°
— 3621.516754850a + 4495.1499118170a" — 2480.158730159a°
+ 482.253086420 + 27.5573192240°)1° + O (1) (3.97)

substitute Eqs.(3.97) into Eq.(3.88) we obtain

y(t) = 0.1t + (0.45 — 0.5a)1* + (1.183333333 — 2.833333333cx + 1.666666667a2)t"
+ (1.579166667 — 7o + 9.5833333330° — 4.166666667a°)t*
+ (—1.1075 — 2.141666667c + 15.750 — 20.833333333a” + 8.333333333a%)8°
+ (—10.618194444 + 44.395833333cx — 58.2222222220° + 11.9444444440°
+ 26.3888888890* — 13.888R888890°)1% + (—22.297202381 + 151.48373015%«
— 383.9484126980” + 448.214285714a” — 219.246031746a" + 5.952380952¢°
+ 19.8412698410°)t" ++ (—2.309154266 + 141.82452877a — 760.0014880950>
+ 1666.2946428570° — 1799.2807539680" + 910.6428571434°
— 141.3690476190° — 24.801587302a" )#® + (117.36539655
_ 650.516980087 + 1059.7284226190% + 487.5352733690°
— 3640.0766093470* + 4664.3794091710° — 2548.2253086420°
+ 482.25308642a" + 27.5573192240°)t* + O(t'7). (3.98)
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Thus

Y(t) = 0.1+ (0.9 0.1a)t + (3.55 - 0.850 + 0.050%)%
+ (6.316666667 — 2.8 + 0.38333333330 — 0.016666666670°)1*
+ (—5.537499997 — 1.0708333340 + 0.78750% — 0.1041666667a>
+ 0.004166666667c )t + (—63.70916666 + 26.6375a ~ 3.49333333302
+0.07166666663° + 0.01583333333a* — 0.000833333333a5)£5
+ (—156.0804167 + 106.0386111c — 26.87638889a? + 3.13750°
— 0.15347222220 — 0.0004166666660° -- 0.000133888888905)°
+ (—18.47323422 + 113.4596231a — 60.8001190602 + 13.330357140°
~ 1.4394246030* + 0.07357142857a® — 0.001130952381a°
— 0.00001984126984a" )t" + (1056.288569 — 585.4652901c
+95.375557990" + 4.38781746803 — 3.27606894944 + 0419794146945
— 0.02293402778c"° + 0.00043402777780" + 0.2480158730 107%a5)®
+ O{t%). (3.99)
Since u(f) = y'(t), then substituting u() into (3.78)and solving for real positive
o yields
a = 3.693452238, 14,16054255 (3.100)

Combining (3.99) and (3.100) yields the approximation of u(t) given by
u(t) = 0.1+ 0.5306547762t + 1.092645070¢° + 0.364533692¢° — 3.22282431744

— 6.99485762t° — 0.9081106895£° + 22.4620225147 + 40.86978030¢8
+ O(t%) (3.101)

in a complete agreement with the results previously obtained in the previous

wctions,

—— e — e e e
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3.4 Analysis

The results of the present work can be employed to examine the mathe-
matical structure of u(t).

Figure 3.1: Relation between u(f) and ¢ for u(0) = 0.1, = 0.1,C = 0.1,1; =
09,82 = 1.0

From Figure 3.1, we could not predict the behavior of the population u(z),
so the Padé approximations will be used. The way of studying the mathematical
structure of u(t) is to define Padé approximants which have the advantage of
manipulating the polynomial approximation into a rational function to gain more
information about u{t). It is of interest to note that Padé approximants give
results with no greater error bounds [8] than approximation by polynomials.

By using Maple 7 software, the Padé approximation obtained for u(¢) in
Eq.(3.19) is

C 4= 1 — 2.5162370741 + 5.635649635¢2 — 4.240785533¢% + 2.760282005¢*
(3.102)

0.1 40.2790310687¢ + 0.3209568115¢” + 0.1816855009¢" + 0.043322386641*
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To analyze the behavior of u(t) we will consider two time intervals.
First interval : For 0 < ¢ < ¢; we will consider the solution of the equation

dt

Second interval : For ¢ = ¢; which is the time interval that the perturbation had
occurred in the system, we will consider the sclution of the equation

m@=u—uﬂ— uftu{a.:]d:u. (3.103)
0

m% =u—yd— u‘ﬁfﬂ(w}d:c-— Cu lau[mﬁm (3.104)

1

R

Figure 3.2: Relation between Padé's approximants [4/4] of u(t) and ¢ for u(0) =
0.1,s=01,C =014 =09,{,= 1.0

From Fig 3.2, we can observe that at the time from ¢ = 0 to ¢ = ¢, the rapid
rise occurs along the logistic curve followed by the slow exponential decay after
reaching the maximum point, when the perturbation occurs at ¢t = ¢; to t = £2 we
. will see that the population u(t) rapid decrease at ¢ =1; and exponentially decay

where £ — oo,



37

il

Figure 3.3: Relation between Padé’s approximants [4/4] of u(¢) and { for (0} =
0.1,5 = 0.1,C = 0.001,0.01,0.1,1.0, and 10,£; = 0.9, = 1.0

From Fig 3.3, for fixed «,t;, and { we can easily observe that as C in-
creases, the population u(t) decresses at the instant of time, whereas the expo-

nential decay increases.



Table 1
Error from the direct solution method combined with the series solution method
is defined by

for u{0) =01,k =01,C=01,1, =09,%{ = 1.0

Error =| K — (u(t) ~ w(t) = (2 fu ' a(@)dz — Cu()

38

i

[ s

Error

Error

Error

Error

0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0
1.1
1.2
1.3
1.4
1.5
1.6
1.7
1.8
1.9
2.0
|21
2.2

0.200000 = 109
0.161520 = 10~%
0.118274 %103

0.0046701249
0.0395501843
0.1364925872
0.2786209824
0.4138720330
0.5031515152
1.4685771510
1.3635508440
1.2521249750
1.1404276220
1.0328172340
0.9321047231
0.8398193424
0.7565238875
0.6821220692
0.6161148998
0.5577912866
0.5063573217

2.3
24
2.5
2.6
2.7
2.8
2.9
3.0

| 3.1

3.2
3.3
3.4
3.5
3.6
3.7
3.8
3.9
4.0
4.1
4.2
4.3

0.4610170448
0.4210183992

44

4.5

0.3856760772
0.3543793969
[].3265947244
0.3018558472
0.2797622157
0.2599689998
0.2421802666
0.2261421944
0.2116369922
0.1984775837
0.1865030186
0.1755745492
0.1655723012
0.1563924549
0.1479448676
0.1401510659
0.1329425540
0.1262593848
0.1200489542
0.1142649793
0.1088666330

0.1038178087

0.0990864946

4.6

47
4.8
4.9
5.0
5.1
5.2
5.3
5.4
5.5
5.6
5.7
5.8
5.9
6.0
6.1
6.2
6.3
6.4
6.5
6.6

6.7

6.8

0.0946442400
0.0904656982
0.0865282355
0.0828115953
0.0792976075
0.0759699398
0.0728138805
0.0698161504
0.0669647416
0.0642487733
0.0616583683
0.0591845447
00568191203
0.0545546288
0.0523842454
0.0503017235
0.0483013340
0.0463778187
0.0445263396
0.0427424435
0.0410220224
0.0393612840
(0.0377567221

6.9
7.0
7.1
7.2
7.3
74
7.5
7.6
7.7
7.8
7.9
8.0
8.1
8.2
8.3
8.4
8.5

8.6

8.7
8.8
8.9
9.0
9.1

0.0362050898
0.0347033788
0.0332487971
0.0318387505

0.0304708261 -

0.0291427775
0.0278525108
0.0265980720
0.0253776355

0.0241894957 |

0.0230320551
0.0219038179

0.0208033818 |
0.0197294305

0.0186807273
0.0176561105
0.0166544866
0.015674825%
0.0147161587
0.0137775695
0.0128581956
0.0119572210
0.0110738749
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Figure 3.4: Relation between error from the direct solution method combined with
the series solution method and ¢ for u(0} = 0.1,£ = 0.1,C = 0.1,¢; = 0.9, = 1.0

R L o —————



