Chapter 4

On the Nonlinear Diamond Operator
Related to the Wave Equation

In this chapter, we shall give a solution of the equation (4.1) with boundary
condition (4.3) under some assumptions. This solution relates to the wave

equation.
Theorem 4.1 Consider nonlinear equation
OFulz) = f(z, AP 10%u(x)), (4.1)
with the boundary condition
ARI0Fy(z) = U for all T € 09, (4.2)

where OF is the Diamond operator iterated k-times defined by (1.1), AF1 is
the Laplacian operator iterated k — 1-times defined by(1.8) and OF is the ultra-
hyperbolic operator iterated k-times defined by (1.4). Let f be defined and have
continuous first derivatives for all z € QU 082, § is an open subset of R* and
90 denotes the boundary of @ and n is even with n > 4. If f be a bounded
function, that is, there ezists an N > 0 such that

|f (@, AF'OFu(2))| < N forall z € Q, (4.3)
then there ezists unique continuous function W(x) such that
u(z) = (~1)* "Ry (2) * Rii(z) * W(3) (4.4)

as o solution of ({.1) with the boundary condition (4.2) or

u(z) = RE(x) * (~1)*2 (Rhg_py(2) ™
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forz € 8Q, m=(n—4)/2, k=2,3,4,..., Rg(k__z)(:c) and R (z) are given by
(2.25) and (2.21) respectively, with § = 2(k — 2) and o = 2k. Moreover, for

k =1 we obtain
u(z) = Ry (z) * W(z)
as a solution of (4.1) with the boundary condition
u(z) = §N(U)  for all z € 60

where U = 32+ ...+ 22— g2, ~ ... — 22, 60™(U) is the Dirac-delta function
with m derivative and m = (n —4)/2. Also, ifk=1,p=1andg=n—1, we
obtain u(z) = Ma(s)* W (z) as a solution of the nonhomogeneous wave equation

O*u(z) = W(z) (4.5)

with the boundary condition u(z) = 8™ (s) for z € 8Q, where

ot o i
~ 0z 82 T 82k
and My (s) is defined by (2.24) witha =2 and s = 25 — 2§ — ... — 22,
Proof. We have |
OFu(z) = AN 10Ru(z)) = fz, AF0Fu(z)). (4.6)
Since u(z) has coﬁtinuous derivatives up to order 4k for k = 1,2,3,..., we can
assume
AF10ky(z) = W(z) forallz € Q. (4.7)
Thus, (4.6) can be written in the form
OFu(z) = AW(z) = f(z, W(z)). (4.8)
Since by (4.3),
|f(z, W(z))| <N forallz € (4.9)

and by (4.2), W(z) =0or
AF-1OFy(z) =0, (4.10)

for z € 852, by Proposition 2.3.3 with ¢ = 1 there exists unique solution W (x)
of (4.8) which is continuous and satisfies (4.10). Now consider the equation
(4.7), we have AF~1(~1)*"'Rf, (z) = & and OfRE (z) = & where § is the
Dirac-delta function, that is, R (z) and (—=1)*"'Rf, ,\(z) are the elementary
solutions of the operators 0% and AF~! respectively, see Proposition 2.3.14 and
2.3.15 with ¢; = 1. The functions Rf(z) and Rj, ,(z) are defined by (2.21)
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and (2.25) respectively with & = 2k and 8 = 2(k — 1). Thus, convolving both
sides of (4.7) by (—1)F" R, _y (@) * RE (z), we obtain

(—1)* LRy (@) Ri (@)} AF D u(z) = [(—1)* 7 Rl _yy (@) * R ()W ().

By Proposition 2.2.15, we obtain

(857 (1) Ry () (ORI ) su(a) = (D Ry (@) R ()WY (o),

8% 6+ u(z) = (~1)* " Ryy_y)(2) * Ry (z) = W(z).
Thus
u(z) = (1" Ry (2) * Rat(z) * W (z) (4.11)
as required. Consider A*=10Fy(z) = 0 for z € Q. By Proposition 2.3.16 with

¢ = 1, we have
Obu(z) = (—1)¥ Rz (2)) ™.

Convoluting both sides of the above equation by R (x), we obtain
RJj(z) » Ou(z) = Rj(z) * (- 1)* (R _p) ()™

or OFRE (z) xu(z) = REL(z) * (—1)F (R, _y(2))™. It follows that d xu(z) =
u(z) = RE(z) * (1) 2(R5;_y (@ z))™ for z € 0Q and k = 2,3,4,.
Now, for &k = 1 by (4.11) and Proposition 2.3.17, we obtain

u(z) = Bi(z) * A (z) + W ()
=% RI (z) + W(x)
= R¥ () + W(x). (4.12)
Now consider the boundary condition (4.10) for k£ = 1, we have Du(z) = 0 for

z € 9Q. Thus by Proposition 2.3.8 with ¥ = 1 and by Proposition 2.3.10, we
obtain

w(z) = §™(U) for z € 8%, (4.13)
where U = 22+ ...+ 22 — 22, —... — x5, . Now consider the case k = 1,
=landg=n— 1 thus from (4. 12) RI (x) reduces to Ms(s) where My(s) is
deﬁned by (2.24) with @ = 2 and 5 = 73 — 72 — ... — z2 and also the operator
O defined by (1.4) reduces to the wave operator
o o d?

Thus, the solution u(z) in (4.12) reduces to u(z) = My(s) * W (z) which is the
solution of the wave equation O*u(z) = W(z) with the boundary condition
O*u(z) = 0 for z € 8Q or u(z) = 6™ (s) for z € O by (4.13). This completes
the proof. : O
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