CHAPTER 3
MAIN RESULTS

In this chapter we consider controlling chaos and synchronization of per-

turbed Chen chaotic dynamical system.

3.1 Chen Chaotic Dynamical System

In this section, we give some sufficient conditions of parameters which
ensure that the equilibrium points of Chen chaotic dynamical system are asymp-

totically stable.

Consider,
T = aly—x)
y = (c—a)r—xz+cy (3.1)
z = xy—bz

where

x, y and z are the state variables.
a, b and C' are positive real constants.

The equilibrium points of the system (3.1) are
El = (07070)7 E2 = (Oé,OZ,’}/), E3 = (—Oé, _0577)
where o = /by and v = 2¢ — a.

Theorem 3.1.1 The equilibrium point £y = (0,0,0) is asymptotically stable if

a > 2c¢ and ac < b < 2ac.

Proof The Jacobian matrix of the system (3.1) at the equilibrium point £y =
(0,0,0) is given by
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—a a 0
Ji=|lc—a ¢ 0
0 0 —b

The characteristic equation of the Jacobian J; has the form
N+ a N +a)+as =0
where

ap = a+b—c
as = bla—-c)+ala—2c)
a3z = abla— 2c)

ajay —az = (ab+a*)(a—2c) + a(b? — ac) + c(2ac — b*) + b

We see that when a > 2¢ > ¢ and ac < b? < 2ac then a; and ajay — as
satisfy the Routh-Hurwitz criteria. Therefore the equilibrium point £; = (0,0, 0)
is asymptotically stable.

Theorem 3.1.2 The equilibrium point Ey = (\/by, /b7, 7) is asymptotically stable

if 2a > 3c and b > c.

Proof The Jacobian matrix of the system (3.1) at the equilibrium point E, =

(Vby, vby,7) is given by

—a a 0
o= —c ¢ —by
Voby Vby o b

The characteristic equation of the Jacobian J, has the form

N+ +a)+a3=0
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where

ag = a+b—c
ay, = be
az = 2ab(2c —a)
ajay —az = be(b—c) + ab(2a — 3c)

We see that when 2a > 3c and b > ¢ then a > %c > ¢, a; and ajay —

as satisfy the Routh-Hurwitz criteria. Therefore the equilibrium point Fy =

(vOv,/by,7) is asymptotically stable.

Theorem 3.1.3 The equilibrium point Es = (—+/by, —/by,7) is asymptotically

stable if 2a > 3c and b > c.

Proof The Jacobian matrix of the system (3.1) at the equilibrium point E5 =

(—\/b_7 _\/ﬁ> ,7) 18 given by

by —vby b

The characteristic equation of the Jacobian J3 has the form
N+ a 4 a4 a3 =0
where

ag = a+b—c
ay = be
a3z = 2ab(2c—a)
ajay —az = be(b—c)+ ab(2a — 3c)

We see that when 2a > 3¢ and b > ¢ then a > %c > ¢, a; and ajay —

ag satisfy the Routh-Hurwitz criteria. Therefore, the equilibrium point F3 =

(—vby, —V/b,7) is asymptotically stable.



13

3.1.1 Numerical Simulations

Numerical experiments are carried out to investigate Chen chaotic dynam-
ical system by using fourth-order Runge-Kutta method with time step 0.001. The
parameters a, b and ¢ are chosen as a = 35, b = 3 and ¢ = 28. The initial states
are taken as x = 0.5, y = 1 and z = 5. Fig. 3.1 shows the behavior of the states
x, y and z of the system (3.1) with time in zy-plane. Fig. 3.2 shows the behavior
of the states x, y and z of the system (3.1) with time in zz-plane. Fig. 3.3 shows
the behavior of the states x, y and z of the system (3.1) with time in yz-plane.
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Figure 3.1: The chaotic attractor of Chen chaotic dynamical system (3.1) in the

xy-plane.
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Figure 3.2: The chaotic attractor of Chen chaotic dynamical system (3.1) in the
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Figure 3.3: The chaotic attractor of Chen chaotic dynamical system (3.1) in the

yz-plane.
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3.2 The Perturbed Chen Chaotic Dynamical System

We will study the perturbed Chen chaotic dynamical system that is de-

scribed by system of ordinary differential equations.

&= aly -7
y = (c—a)r—xz+cy (3.2)

3 = xy—bz+ dz?

where
x, y and z are the state variables.
a, b, c and d are positive real constants.

The equilibrium points of the system (3.2) are

=(0,0,0), E> = (B,6,7), E3=(=5,-6,7)

where § = \/ and7—2c—a

Theorem 3.2.1 The equilibrium point £y = (0,0,0) is
(i) asymptotically stable if a > 2¢ and ac < b* < 2ac.
(i1) unstable if 2¢ > a.

Proof The Jacobian matrix of the system (3.2) at the equilibrium point E; =
(0,0,0) is given by

—a a 0
v < Id@hd &0
0 0 —b

The characteristic equation of the Jacobian J; has the form

A+ A2+ a)+a3=0
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where

aqg = a+b—c
ay = bla—c)+ala—2c)
a3 = ab(a— 2c)

ajay —az = (ab+a®)(a— 2c)+a(b? — ac) + c(2ac — b*) + b

We see that a; and ayas—as satisty the Routh-Hurwitz criteria when a > 2¢
and ac < b* < 2ae, thus the equilibrium point £, = (0,0,0) is asymptotically
stable.

The solution of characteristic equation are

R

N = —(a—c)+ /(a—c)? —da(a — 2c)
2

N = —(CL—C)—\/(CL;C)2—4G(CL—20)

We see that A\ < 0 and when 2¢ > a we have either Ay or A3 has negative

real part. Therefore the equilibrium point E; = (0,0, 0) is unstable.

Theorem 3.2.2 The equilibrium point Es = (3, 3,7) s
: : 3 1
(i) asymptotically stable if 5¢ < a < 2¢, b > 6¢c and 3 <d < 1.

(i) unstable if b < ¢ < a and a < 3c.

Proof The Jacobian matrix of the system (3.2) at the equilibrium point Ey =
(8,/9,7) is given by

—a a 0
Jo = —c c —0
G+2d3 [ —b

The characteristic equation of the Jacobian J, has the form

N+ A2+ a)+a3=0
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where

ag = a+b—c
a; = bla—c)+ B
a3 = 2ab(2c—a)
abd(b — 6¢) + ab(2a — 3¢) +b(3a*d — ¢*) 4+ b*c(1 — d) + bc*d

a1 — a3 —

(1+d)
_abd(3a — 4e) + abd(b — ¢) + bed(c — a) + be(b —¢) + ab(2a — 3¢) — bPed
B (L4 d)

We see that a; and ajas — az satisfy the Routh-Hurwitz criteria when
%c < a < 2c¢ b> 6¢c and % < d < 1, thus the equilibrium point Es = (53, 3,7) is
asymptotically stable.

But when b < ¢ < a and a < %c, we have ajas — a3 < 0 which does not
satisfy the Routh-Hurwitz criteria and so the equilibrium point Ey = (3, 3,7) is

unstable.

Theorem 3.2.3 The equilibrium point Es = (=3, —f,) is
(i) asymptotically stable if %c <a<2cb>6¢and % <d<1.

(it) unstable if b < ¢ < a and a < 3c.

Proof The Jacobian matrix of the system (3.2) at the equilibrium point E3 =
(=B, —p,7) is given by

—a a 0
J3 = 1g c B
—3—=2d6 —p —b

The characteristic equation of the Jacobian J3 has the form

N+ a2+ a)+a3=0



where
a1
a2
as
109 — Qg
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a+b—c
bla — c) + B
2ab(2c — a)
abd(b — 6¢) + ab(2a — 3¢) +b(3a*d — ¢*) 4+ b*c(1 — d) + bc*d
(1+4d)
abd(3a — 4¢) + abd(b — ¢) + bed(c — a) + be(b — ¢) + ab(2a — 3¢) — b*cd
(1+4d)

We see that ay and ajas — ag satisfy the Routh-Hurwitz criteria when

%c < a < 2c b>6cand % < d < 1, thus the equilibrium point E3 = (=3, —3,7)

is asymptotically stable.

But when b < ¢ < aand a < %c, aias —az < 0 does not satisfy the Routh-

Hurwitz criteria, and so the equilibrium point E3 = (—f3, —f3,7) is unstable.

3.2.1 Numerical Simulations

Numerical experiments are carried out to investigate perturbed Chen

chaotic dynamical system by using fourth-order Runge-Kutta method with time

step 0.001. The parameters a, b, ¢ and d are chosen as a = 35, b = 3, ¢ = 28 and

d = 2. The initial states are taken as x = 0.5, y = 1 and z = 5. Fig. 3.4 shows

the behavior of the states x, y and z of the system (3.2) with time in zy-plane.

Fig. 3.5 shows the behavior of the states x, y and z of the system (3.2) with time

in zz-plane. Fig. 3.6 shows the behavior of the states x, y and z of the system

(3.2) with time in yz-plane.
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Figure 3.4: The chaotic attractor of perturbed Chen chaotic dynamical system

(3.2) in the zy-plane.
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Figure 3.5: The chaotic attractor of perturbed Chen chaotic dynamical system

(3.2) in the zz-plane.
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Figure 3.6: The chaotic attractor of perturbed Chen chaotic dynamical system
(3.2) in the yz-plane.

3.3 Controlling Chaos of Perturbed Chen System to
Equilibrium Point

In this section, the chaos of system (3.2) is controlled trajectory to one of
three equilibrium points of the system. Feedback and bounded feedback control
are applied to achieve this goal. We shall study in the case that equilibrium points

of (3.2) are unstable, therefore b < ¢ < a and a < 3c.

3.3.1 Feedback Control Method

The goal of linear feedback control is to control the chaotic behavior of
the system (3.2) to one of three unstable equilibrium points (F;, Fy or E3). We

assume that the controlled system is given by

T = aly—x)+u
y = (c—a)r—zz+cy+ug

3 = axy— bz +dx® + us.
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where uq, us and ugz are controllers that satisfy the following control law i.e.

& = aly—x)— kn(x—7)
gy = (c—a)r —x2+cy—ka(y —9) (3:3)

2 = ay—bz+dar® — kss(z — 2).

where E = (Z,y, Z) is an equilibrium point of (3.2).

Stability of the Equilibrium Point F; = (0,0, 0)

In this case ' = Ej and the controlled system (3.3) is in the form of

T = a(y — I) - ]CHI
y = (c—a)x—xz+cy— kyy (3.4)

5 = ay—bz+de? — kg2

Theorem 3.3.1 The equilibrium point E, = (0,0,0) is asymptotically stable if
kn = O, k’33 > 0 and ]{Z22 > 3c.

Proof The Jacobian matrix of the system (3.4) at the equilibrium point £y =
(0,0,0) is given by

—a a 0
Ji=|c—a c—ky 0
0 0 —b — ka3

The characteristic equation of the Jacobian J; has the form

N4+ a N+ a)+as3=0
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where

ap = a+b—cH+ kyy+ k33
as = ala—c)+alky —c) 4+ bla— c) + bkay + (@ — ¢)ks3 + kaokss
as = ab(kyy — 2¢) + akss(kog — 2¢) + a®b + a’kss
arag —az = (a — c)(b* + 2bkgy + k35 + 2bksz) + (kpa — 3¢)(a® + aka) + 2ac(c — b)
+haz(k3y — 2ac) + a® + bc® + a®b + b’kag + haz + 2(a + b — ¢)kaokss
+-bk3y 4 Kook,
We see that when k11 =0, k33 > 0 and kqs > 3¢, a; and ajas — ag satisfy

the Routh-Hurwitz criteria. Therefore, the equilibrium point E; = (0,0,0) is
asymptotically stable.

Stability of the Equilibrium Point E, = (5, 3,7)
In this case E = FE, and the controlled system (3.3) is in the form of
T = aly—x)—kn(r—p0)

y = (c—a)r—xz+cy—ken(y—7p) (3.5)

5 = lzy bz +dr® —kss(z — 7).

Theorem 3.3.2 The equilibrium point Ey = (3,3,7) is asymptotically stable if

kll, ksz > 0 and koy > 2c.

Proof The Jacobian matrix of the system (3.5) at the equilibrium point Ey =
(8, ,7) is given by

—a — ]{ZH a 0
J2 = —C Cc— k?gg —5
G+ 2dp B —b — k33

The characteristic equation of the Jacobian J, has the form

)\3+a1)\2+a2)\—|—a3:0
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where

a; = a+b—c+ ki + koo + ka3

ay = B*+bla—c)+ kii(ka — ) + ksz(koy — ) + bkyy + (a + b)kay + akss
+hr1kss

a3 = (kog —)(bkyy + kyikss) + abkyy + akaokss + 2ab(2¢ — a) + 3*k1

aay —az = (a—c)(3ab+b* + 2bky; + 2bkas + akagy + 2bksz + k33) + a(k3y — 2bc)

+(k5§2 = CLC) (b + kll) + ]4333(]{332 N 2(16) + k’%l(kgg — C) + b62 -+ (b2 + Cz)k‘ll

+(CL + b — C) (52 —I— 2]{711]{322 + 2]{311]{733 + 2]622]{?33) —|— (52 + b2)k22 —I— bk’%l

+(CL2 + 02 =+ 52)]{333 + 2]€11/{722]€33 —+ k11k§3 -+ k%lkgg —+ kgzk’gg.

We see that when ki1, k33 > 0 and ko > 2¢, a1 and ajas — ag satisfy
the Routh-Hurwitz criteria. Therefore, the equilibrium point Fy = (3, 5,7) is
asymptotically stable.

Stability of the Equilibrium Point F5 = (-4, —f,7)
In this case F' = Fj3 and the controlled system (3.3) is in the form of
t = aly—x)—ky(z+5)
y = (c—a)z—rz+cy—kn(y+7) (3.6)

i o= ay—bz+da® — ky(z — 7).

Theorem 3.3.3 The equilibrium point Es = (—03,—[,7) is asymptotically stable
Zf k117 k?33 >0 and k?gg > 2c.

Proof The Jacobian matrix of the system (3.6) at the equilibrium point E3 =
(_57 _ﬂa 7) is given by

—a — ki1 a 0
J3 = —c ¢ — koo 16}
—B-2d8 -8 —b— ks
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The characteristic equation of the Jacobian J3 has the form
N4 a X+ a4 a3 =0
where

a1 = a+b—c+ ki1 + koo + k33

ay = [°+bla=c)+ kii(kay — ) + ksz(kao — ¢) + bkiy + (a + b)kao + akss
+k11k33

az = (koo — ¢)(bk1y + ki1kss) + abkay + akaokss + 2ab(2¢c — a) + Bk

ajag—az = (a—c)(3ab+b®+ 2bkyy + 2bkay + akay + 2bks3 + k35) + a(k3y — 2bc)

+(k%2 — CLC) (b + kll) + kgg(k%z — QGC) + k%l (kgg B C) + b62 + (b2 + Cz)kll

—l—(a +b— C) (52 + 2k11kog + 2k11ks33 + 2k22k33) + (ﬁQ + bz)k‘zz + bk‘%l

+(a® + ¢ + %) ksg + 2k11kaokas + ki1k3s + kiykas + kagkss.

We see that when ki1, k33 > 0 and ko > 2¢, a; and ajas — ag satisfy
the Routh-Hurwitz criteria. Therefore, the equilibrium point E3 = (3, ,7) is
asymptotically stable.

Numerical Simulations

Numerical experiments are carried out to investigate controlled systems
by using fourth-order Runge-Kutta method with time step 0.001. The parameters
a, b, c and d are chosen as a = 35, b = 3, ¢ = 28 and d = 2 to ensure the existence
of chaos in the absence of control. The initial states are taken as z = 0.1, y = 0.2
and z = 0.3. The equilibrium point £} = (0,0,0) of the system (3.2) is stabilized
for k11 = 0, kos = 85 and k33 = 5. Fig. 3.7 shows the behavior of the states x, y
and z of the controlled system (3.4) with time. The control is active at ¢ = 10.
The equilibrium point E, = (v/21,4/21,21) of the system (3.2) is stabilized for
ki1 = 1, koo = 60 and k33 = 5. Fig. 3.8 shows the behavior of the states z,y
and z of the controlled system (3.5) with time. The control is active at ¢ = 10.

The equilibrium point E3 = (—v/21, —v/21, 21) of the system (3.2) is stabilized for
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k11 = 1, koo = 60 and k33 = 5. Fig. 3.9 shows the behavior of the states x,y and
z of the controlled system (3.6) with time. The control is active at ¢t = 10.
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Figure 3.7: The time responses for the states x, y and z of the controlled system
(3.4) before and after control activation with time. The control is activated at

= 10, kfll = O, k22 = 85 and k33 =b.
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Figure 3.8: The time responses for the states x, y and z of the controlled system
(3.5) before and after control activation with time. The control is activated at

t = 10, ]{ZH = 1, k22 = 60 and k33 =35.
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Figure 3.9: The time responses for the states x, y and z of the controlled system
(3.6) before and after control activation with time. The control is activated at

t= ]_0, k?n = ]_, ]{322 = 60 and ]{?33 = 5.
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3.3.2 Bounded Feedback Control Method

In this case, we control chaos with bounded controller that vanishes after

the stabilization is achieved.

Stability of the Equilibrium Point F; = (0,0, 0)

In order to stabilize this equilibrium point by bounded feedback control,

the control is chosen for system (3.2) as follows:

i = aly—wx)
y = (c—a)x—z2+cy+u(t) (3.7)
5 = gy —bz+ dz?

where u(t) = —k(a(z +y)), k > 0.

Theorem 3.3.4 The equilibrium point E; = (0,0,0) is asymptotically stable if

2
k:>—c.
a

Proof The Jacobian matrix of the system (3.7) at the equilibrium point E; =
(0,0,0) is given by

—a a 0
Ji=|c—a—ka c—ka O
0 0 —b
The characteristic equation of the Jacobian J; has the form
X +Ha A+ agh+a3 =0
where
a; = a+b—c+ka
az = (a—c)(a+b)+ a(2ka — c)+ kab
a3 = abla—c)+ ab(2ka — ¢)
aas —az = (a—c)(2kab+ 2ka* + a® + b*) + 2ka*(ka — ¢) + a*(ka — 2c)

+2ac(c — b) + a*b(k* + 1) + kab® + bc?.
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We see that under the assumption that k& > 2¢, a; and aja, — ag satisfy the
a
Routh-Hurwitz criteria, thus the equilibrium point E; = (0,0, 0) is asymptotically
stable.

Stability of the Equilibrium Point F, = (5, 3,7)

In order to stabilize this equilibrium point by bounded feedback control,

the control is chosen for system (3.2) as follows:

& o= a(y—ux)
y = (c—a)x—xz+cy+u(t) (3.8)

i = zy— bz +da?
where u(t) = —k(a(y — z)),k > 0.

Theorem 3.3.5 The equilibrium point Eq = (3, 5,7) is asymptotically stable if

k> /2.

Proof The Jacobian matrix of the system (3.8) at the equilibrium point E, =
(8,8,7) is given by

—a a 0
Jo=| —c+ka c—ka -3
8+2d3 B —b

The characteristic equation of the Jacobian J, has the form
N+ a N +ar+a; =0
where

a; = a+b+ka—c
a; = [3°+kab+bla—c)
az = 2ab(2c—a)

ajay —az = (a—c)(3ab— bc+ 2kab+ 3% + b*) + ab(k*a — 2¢) + kab® + (b + ka)3*
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We see that under the assumption that k& > /2, a; and ajas—as satisfy the
Routh-Hurwitz criteria, thus the equilibrium point Fy = (3, 3,) is asymptotically
stable.

Stability of the Equilibrium Point F3 = (-3, —f,7)

In order to stabilize this equilibrium point by bounded feedback control,

the control is chosen for system (3.2) as follows:

&= aly-2)
vy = (c—a)x —xz+cy+ut) (3.9)

i = ay—bz+da?
where u(t) = —k(a(y — z)),k > 0.

Theorem 3.3.6 The equilibrium point Es = (=03, —=0,7) is asymptotically stable
if k> V2.

Proof The Jacobian matrix of the system (3.9) at the equilibrium point E5 =
(8,08,7) is given by

—a a

—c c I}
Tam Y  ana Y2 ®

J3

The characteristic equation of the Jacobian J; has the form
)\3+a1)\2+a2)\+a3:0
where

ay = a+b+ka—c
ay = B*+kab+b(a—c)
az = 2ab(2c—a)

araz —az = (a—c)(3ab— bc+ 2kab+ 5° +b°) + ab(k’a — 2¢) + kab® + (b + ka)53”
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We see that under the assumption that & > V2, a; and ajas — ag sat-
isfy the Routh-Hurwitz criteria, thus the equilibrium point E3 = (=3, —f3,7) is
asymptotically stable.

Numerical Simulations

We will show a series of numerical experiments by using the fourth-order
Runge-Kutta method with step size 0.001. The parameters a, b, c and d are chosen
as a =35, b= 3, c =28 and d = 2 to ensure the existence of chaos in the absence
of control. The control is active at ¢ = 10 for all simulations. In the first numerical
experiment, we intend to control the chaos to equilibrium point E; = (0,0,0) of
system (3.2). Fig. 3.10-3.12 shows the time response of the states z, y and z of
system (3.7) and the controller u(¢) with time for £ = 1.6. The initial condition
are r = 0.1, y = 0.2 and z = 0.3. In the second numerical experiment, we intend
to control the chaos to equilibrium point B, = (v/21,v/21,21) of system (3.2).
Fig. 3.13-3.15 shows the time response of the states z, y and z of system (3.8)
and the controller u(t) with time for k& = 2. The initial condition are z = —2.5,
y = —2.5 and z = 3. In the third numerical experiment, we intend to control the
chaos to equilibrium point By = (—+/21, —v/21,21) of system (3.2). Fig. 3.16-3.18
shows the time response of the states z, y and z of system (3.9) and the controller

u(t) with time for k = 2. The initial condition are x = 2.5, y = 2.5 and z = 3.
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Figure 3.10: The states x of the controlled system (3.7) and the control w(t)
respond with time before and after control activation. The control is activated at

t =10, k = 1.6.
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Figure 3.11: The states y of the controlled system (3.7) and the control w(t)
respond with time before and after control activation. The control is activated at

t =10, k = 1.6.
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Figure 3.12: The states z of the controlled system (3.7) and the control w(t)
respond with time before and after control activation. The control is activated at

t =10, k = 1.6.
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Figure 3.13: The states x of the controlled system (3.8) and the control w(t)
respond with time before and after control activation. The control is activated at

t=10, k = 2.
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Figure 3.14: The states y of the controlled system (3.8) and the control w(t)
respond with time before and after control activation. The control is activated at

t =10,k = 2.
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Figure 3.15: The states z of the controlled system (3.8) and the control w(t)
respond with time before and after control activation. The control is activated at

t=10, k = 2.
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Figure 3.16: The states x of the controlled system (3.9) and the control w(t)
respond with time before and after control activation. The control is activated at

t =10,k = 2.
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Figure 3.17: The states y of the controlled system (3.9) and the control w(t)
respond with time before and after control activation. The control is activated at

t=10, k = 2.
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Figure 3.18: The states z of the controlled system (3.9) and the control w(t)
respond with time before and after control activation. The control is activated at

t=10, k=2,
3.4 Synchronization of Perturbed Chen Chaotic Dy-
namical System

To begin with, the definition of chaos synchronization used in this thesis
is given below.

For two nonlinear chaotic system:
= f(t,x) (3.10)
yo= gty)+ult,z,y) (3.11)

where z,y € R", f,g € C"[RT x R",R"], u € C"[RT x R" x R",R"], r > 1, R" is
the set of non-negative real numbers. Assume that (3.10) is the drive system, and
(3.11) is the response system, u(t, z, y) is the control vector. Response system and

drive system are said to be synchronic if for Va (o), y(to) € R",

lim || 2(t) — y(t) [|= 0
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3.4.1 Synchronization of Perturbed Chen Chaotic Dynamical Sys-

tem Using Active Control

In this section, we will give some particular active control which ensures
synchronization of drive system and response system of perturbed Chen chaotic
dynamical system. System (3.2) has chaotic behavior at the parameters values
a=35,0=3,c=28 and d = 2. Our aim is to make synchronization of system

(3.2) by using active control. The drive system is defined as follows,

o= a(yr — z1)
g1 = (c—a)xy —x121 + cyy (3.12)
21 = T1Y1 — bZl + d:c%

and the response system is given by

iy = a(ys — x2) + m(t)
Yo = (c—a)zy —Ta22 + cyo + polt) (3.13)
22 = XYz — bZQ + dl’% + ,Ug(t)

We have introduced three control functions fi(t), pa(t) and ps(t) in (3.13).

These functions are to be determined. Let the error states be

Trs = T2 — X1
Y3 = Y2 U1
23 = 29 — Z1.

Using this notation, we obtain the error system.

3 = alys —x3) + (1)
U3 = (c—a)rs+ cys — Tozo + X121 + pio(t) (3.14)

Zy = —bzz — myys + Tays + das — da + ps(t).
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We define the active control functions p (t), pe(t) and us(t) as

palt) = Vi(t)
[Lg(t) = $2Z2—$121+‘/2(t) (315)

ps(t) = ayy = woys — dag + dat + Vi(t).
Hence,

i3 = a(ys — x3) + Vi(t)
U3 = (c—a)rs+cys+ Va(l) (3.16)

2:’3 = —bZ3+V:‘),(t).

The control inputs V;(t), Va(t) and V3(t) are functions of x3, y3 and z3 and

are chosen as

Vi(t) x3
Vao(t) | =A| us (3.17)
Va(t) 23

where the matrix A is given by

a—1 —a 0
A=la-c =(14+¢) 0 ,
0 0 b—1

With this particular choice of A, (3.16) has eigenvalues which are found to be —1,
—1 and —1. The choice will lead to the error states x3, y3 and z3 converge to zero
as time t tends to infinity and this implies that the synchronization of perturbed

Chen system is achieved.

Numerical Simulations

Fourth-order Runge-Kutta method of differential equations (3.12) and
(3.13) with time step size 0.001 are used in all numerical simulations.
The parameters are selected in (3.12) as follow: a = 35, b = 3, ¢ = 28

and d = 2 to ensure the chaotic behavior of perturbed Chen system. The initial
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value of the drive system are x;(0) = 0.5, y;(0) = 1 and 2z;(0) = 1 and the initial
value of the response system are z5(0) = 10.5, y2(0) = 1 and 22(0) = 38. Then
the initial value of the error system are z3(0) = 10, y3(0) = 0 and 23(0) = 37.
The results of the simulation of the two identical perturbed Chen systems
without active control are shown in Fig. 3.19 displays x; and x5, Fig. 3.20 displays
y1 and yo, Fig. 3.21 displays 2; and 2. Fig. 3.22-3.24 show the synchronization

is occurred after applying active control at ¢t =5

‘ ]
il il u J
. /]

Figure 3.19: The states x1, x5 of the coupled perturbed Chen system of equations

with the active control deactivated.
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Figure 3.20: The states v, y2 of the coupled perturbed Chen system of equations

with the active control deactivated.
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Figure 3.21: The states z1, 29 of the coupled perturbed Chen system of equations

with the active control deactivated.
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Figure 3.22: The states x1, x5 of the coupled perturbed Chen system of equations

with the active control activated.
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Figure 3.23: The states y;, yo of the coupled perturbed Chen system of equations

with the active control activated.
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Figure 3.24: The states 2z, 29 of the coupled perturbed Chen system of equations

with the active control activated.
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3.4.2 Adaptive Synchronization of Perturbed Chen Chaotic Dy-

namical System

This section considers adaptive synchronization of perturbed Chen system.
This approach can synchronize the chaotic systems with fully unmatched parame-
ters. The synchronization problem of perturbed Chen systems with fully unknown
parameters will be studied in which the adaptive controller will be introduced.

Let system (3.2) be the drive system. Suppose that the parameters of the

system (3.2) are unknown or uncertain, then the response system is given by

ISIE
Il

a(g— ) — uy
g = (6—a)i— T2+ ¢) — us (3.18)
Po= 3 —bi+di* — us

where a, l;, ¢ and d are parameters of the response system which need to be esti-

mated. Suppose that

U= klez
uy = kaey (3.19)
us = kse, + dTe,

where e, =2 — 2,y =9y —yand e, = Z — z and

-
I

fo = =94 — T)pes + 7Te,

>e

&= fo=—BE+ D)y
dI= fd: —(552‘2€Z

where ki, ko, k3 > 0 and p, 7, 0, 3, 6 > 0 are constants.

Theorem 3.4.1 Suppose that Mc, > |x|, Mc, > |y|, Mc, > |z|, p, v, 0, B3, 0
are positive constants. When ki, ko and ks > 0 are properly chosen such that the

following matrixz inequality holds,
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p(ki + a) —3(pa—a+c+Mc,) —3i(Mc, +dMc,)
P = —%(pa—a+c+Mcz) ky—c 0 >0
—3(Mc¢, + dMc,) 0 ks +b
(3.21)

or ki, ks and k3 can be chosen so that the following inequalities hold:

1
(i) A = p(k:1+a)(k2—c)—Z(pa—a+c+Mcz)2>0

(i) B = Alks+b)— i(Mcy +dMe (ks —¢) > 0 (3.22)

then the two perturbed Chen systems (3.2) and (3.18) can be synchronized under
the adaptive control of (3.19) and (3.20).

Proof It is easy to see from (3.2) and (3.18) that the error dynamics can be

obtained as follow
€ = aly—2)—aly—z)—w
€, = —aT+ar+¢f —cr+Cy—cy—TZ+ 12— U (3.23)
e, = —55+bz+:i‘ﬂ—:cy—u3

Let e, = a —a,ep = b— be.=¢—c,eq = d — d. Choose the following Lyapunov

function:

1 1 1 1
V(es, ey, €.) = 2(pe +er+e +;e = eb + 660—1— —e2) (3.24)
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in which the differentiation of V' along trajectories of (3.23) gives

. 1 1
V. = pegé, +e,é €65+ —€4€q + —€aCa + —€Epey + —€4€
P +eyey + —0—7 +9 +6bb+5dd
= pe;la(§—17) —aly — x) —u1] + ey[—aT + ar + €T — cx + ¢y — cy — TZ + vz — ug

1
6
= [pa(y — ) — pa(y — T) + pa(§ — &) — pa(y = x)|e, — pusey

e[ b2 s + 3 — oy = el + Zeafu + gerly T el bgeals
+[—aZ + a — aZ + azxley + [-TZ + Tz — Tz + x2le, — usey,
HeE@+7g) —c(@+7) +c(T+7) —clz+y)ley
+[—bz 4 b2 = b2 + bzle, + [2§ — Ty + Ty — xyle.
+[dE* — di? + dz? — da’e. — use. + %eafa + %ebfb + %ecfc + %edfd

= p(§ — T)eqe, + paley — ez)e, — puie, — Teqey — aeze, — Teye, — zege,
—uge, + e.ey (T + ) + cle, + e,)e, — Fepe, — be? + Teye, + yege,
+2eqe. + dege. (T + o) — uges + %eafa + %ebfb + %ecfc + %edfd

= p(g— T)eqe, + pale, — ez)e, — pkie2 — Teqaey — ae e, — Teye, — zegzey

—kgez + ecy (4 §) + clex + ey)e, — Zepe, — be2 + Teye, +yege, + Treqe,
1
B
= —plk1+a)e? — (ks — c)ei — (ks +b)e2 +(pa+c—a— z)ezey + (y + xd)ege,

1 1 1
+dege, (T + x) — (kse, + dTe,)e, + ;eafa + 56bfb + —eofe + gedfd

teal o+ (7= B)pes = e, + alghy = e + el fo+ G+ e

1
+€d[5fd + ]
< —p(k1+a)el — (k2 — c)e; — (ks +Db)el + (pa+ ¢ — a— Mc,)|eqey)|

+(Me, + dMc,)|ese.| = —e" Pe

T
where e = | |e,| |e,| le.| | » P is as in (3.21). Thus the differentiation of
V (es, ey, €,) is negative definite, which implies that the origin of error system (3.23)
is asymptotically stable. Therefore, the response system (3.18) is synchronizing

with the drive system (3.2).
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Numerical Simulations

The numerical simulations are carried out using the fourth-order Runge-
Kutta method. The initial conditions of the drive and response systems are
(0.5,1,5) and (10.5,20,38). The parameters of the drive system are a = 35,
b=3,c=28 and d = 2.

In order to choose the control parameters, Mc¢, > |z|, Mc, > |y| and
Mp¢, > |#| must be estimated. Through simulations, we obtain M¢, ~ 20, M¢, ~
25 and M, =~ 70. Then we firstly choose p = Mg /(ab). Then choose y = 0 =
B = 1 and then choose k1 = 25, ko = 88, k3 = 50 which satisfy (3.22) and the
initial values of the parameters a, b, ¢ and d are all chosen to be 0, the response
system synchronizes with the drive system as shown in Fig. 3.25-3.27 and the

changing parameters of a, l;, ¢ and d are shown in Fig. 3.28-3.31.
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Figure 3.25: Synchronization errors: | e, |.



45

Figure 3.26: Synchronization errors: | e,
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Figure 3.28: Changing parameters: a.
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Figure 3.30: Changing parameters: ¢.
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Figure 3.31: Changing parameters: d.
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