
CHAPTER 3

MAIN RESULTS

3.1 Method of Taylor Polynomial Solutions

3.1.1 First Method

In this section, we study the integro-differential equations

P (x)y′′ + Q(x)y′ + R(x)y = f(x) +

∫ b

a

K(x, ξ)dξ (3.1)

and its solution y(x) in the form

y(x) =
N∑

n=0

1

n!
y(n)(c)(x− c)n, a ≤ c ≤ b. (3.2)

By differentiating (3.1) n times with respect to x, we have

[
P (x)y′′(x)

](n)

+
[
Q(x)y′(x)

](n)

+
[
R(x)y(x)

](n)

= f (n)(x) +

∫ b

a

∂(n)K(x, ξ)

∂x(n)
dξ

where n = 0, 1, . . . , N , hence

n∑
m=0

(
n

m

){
P (n−m)(x)y(m+2)(x) + Q(n−m)(x)y(m+1)(x) + R(n−m)(x)y(m)(x)

}

= f (n)(x) +

∫ b

a

∂(n)K(x, ξ)

∂x(n)
dξ. (3.3)

By substituting x = c, we get

n∑
m=0

(
n

m

){
P (n−m)(c)y(m+2)(c) + Q(n−m)(c)y(m+1)(c) + R(n−m)(c)y(m)(c)

}

= f (n)(c) +

∫ b

a

∂(n)K(x, ξ)

∂x(n)

∣∣∣
x=c

dξ (3.4)

where n = 0, 1, . . . , N . This is a system of (N + 1) equations for the N + 1

unknown coefficients y(0)(c), y(1)(c), . . . , y(N)(c). Here P (i)(c), Q(i)(c), R(i)(c),
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f (i)(c) and ∂(i)K(x,ξ)

∂x(i) |x=c, respectively, denote the values of the ith derivatives of

the known functions P, Q, R, f and K(x, ξ) at x = c. We can write the matrix

form of this system is

W1Y = G (3.5)

where

Y =
[

y(0)(c) y(1)(c) . . . y(N)(c)
]T

,

G =




f (0)(c) +

∫ b

a

K(x, ξ)|x=cdξ

f (1)(c) +

∫ b

a

∂(1)K(x, ξ)

∂x(1)
|x=cdξ

...

f (N)(c) +

∫ b

a

∂(N)K(x, ξ)

∂x(N)
|x=cdξ




=




g0

g1

...

gN




,

and

W1 =
[

wnm

]
; n,m = 0, 1, . . . , N.

The elements wnm of W1 are defined by

wnm =

(
n

m− 2

)
P (n−m+2)(c) +

(
n

m− 1

)
Q(n−m+1)(c) +

(
n

m

)
R(n−m)(c).

Note that for k < 0; P (k)(c) = 0, Q(k)(c) = 0, R(k)(c) = 0 and for j < 0 and

j > i;
(

i
j

)
= 0, where i, j and k are integers. Hence, the augmented matrix of

the system (3.4) becomes

[
W1 ; G

]
. (3.6)

Next, we consider integro-differential equation

P (x)y′′ + Q(x)y′ + R(x)y = f(x) +

∫ b

a

K(x, ξ)y(ξ)dξ (3.7)

and its solution y(x) in the form of expression (3.2). By differentiating (3.7) n

times with respect to x, we have

[
P (x)y′′(x)

](n)

+
[
Q(x)y′(x)

](n)

+
[
R(x)y(x)

](n)

= f (n)(x) +

∫ b

a

∂(n)K(x, ξ)

∂x(n)
y(ξ)dξ
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where n = 0, 1, . . . , N . Thus,

n∑
m=0

(
n

m

){
P (n−m)(x)y(m+2)(x) + Q(n−m)(x)y(m+1)(x) + R(n−m)(x)y(m)(x)

}

= f (n)(x) +

∫ b

a

∂(n)K(x, ξ)

∂x(n)
y(ξ)dξ. (3.8)

By substituting x = c, we have

n∑
m=0

(
n

m

){
P (n−m)(c)y(m+2)(c) + Q(n−m)(c)y(m+1)(c) + R(n−m)(c)y(m)(c)

}

= f (n)(c) +

∫ b

a

∂(n)K(x, ξ)

∂x(n)

∣∣∣
x=c

y(ξ)dξ (3.9)

n = 0, 1, . . . , N . Next, we expand y(ξ) in Taylor series at ξ = c, namely,

y(ξ) =
n∑

m=0

1

m!
y(m)(c)(ξ − c)m (3.10)

and substitute it in (3.9), we get

n∑
m=0

(
n

m

){
P (n−m)(c)y(m+2)(c) + Q(n−m)(c)y(m+1)(c) + R(n−m)(c)y(m)(c)

}

= f (n)(c) +

∫ b

a

∂(n)K(x, ξ)

∂x(n)

∣∣∣
x=c

[ n∑
m=0

1

m!
y(m)(c)(ξ − c)m

]
dξ

or

n∑
m=0

(
n

m

){
P (n−m)(c)y(m+2)(c) + Q(n−m)(c)y(m+1)(c) + R(n−m)(c)y(m)(c)

}

= f (n)(c) +
n∑

m=0

Tnmy(m)(c)

or

n∑
m=0

[(n

m

){
P (n−m)(c)y(m+2)(c) + Q(n−m)(c)y(m+1)(c)

+R(n−m)(c)ym(c)
}
− Tnmy(m)(c)

]
= f (n)(c) (3.11)

where

Tnm =
1

m!

∫ b

a

∂(n)K(x, ξ)

∂x(n)

∣∣∣
x=c

(ξ − c)mdξ, n = 0, 1, . . . , N.
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This is a system of (N + 1) equations for the N + 1 unknown coefficients

y(0)(c), y(1)(c), . . . , y(N)(c). The matrix form of system (3.11) can be written

as

W2Y = F (3.12)

where

Y =
[

y(0)(c) y(1)(c) . . . y(N)(c)
]T

,

F =
[

f (0)(c) f (1)(c) . . . f (N)(c)
]T

=
[

f0 f1 . . . fN

]T

,

and

W2 =
[

wnm

]
; n,m = 0, 1, . . . , N.

The elements wnm of W2 which are defined by

wnm =

(
n

m− 2

)
P (n−m+2)(c) +

(
n

m− 1

)
Q(n−m+1)(c) +

(
n

m

)
R(n−m)(c)− Tnm.

Note that for k < 0; P (k)(c) = 0, Q(k)(c) = 0, R(k)(c) = 0 and for j < 0 and

j > i;
(

i
j

)
= 0, where i, j and k are integers. Thus, the augmented matrix of

the system (3.11) becomes

[
W2 ; F

]
. (3.13)

Since the solution y(x) of (3.1) and (3.7) satisfies the conditions (1.5) and (1.6),

we have the following matrix equations

y(0)(x) =
[

1
0!

(x−c)
1!

(x−c)2

2!
. . . (x−c)N

N !

]
Y

and

y(1)(x) =
[

0 1
0!

(x−c)
1!

. . . (x−c)N−1

(N−1)!

]
Y

where

Y =
[

y(0)(c) y(1)(c) . . . y(N)(c)
]T

.
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As a results, y(i)(a), y(i)(b) and y(i)(c), i = 0, 1 can be written in the matrix

forms as follow

y(0)(c) =
[

1 0 0 . . . 0
]
Y

y(0)(a) =
[

1
0!

h
1!

h2

2!
. . . hN

N !

]
Y

y(0)(b) =
[

1
0!

k
1!

k2

2!
. . . kN

N !

]
Y (3.14)

y(1)(c) =
[

0 1 0 . . . 0
]
Y

y(1)(a) =
[

0 1
0!

h
1!

. . . hN−1

(N−1)!

]
Y

y(1)(b) =
[

0 1
0!

k
1!

. . . kN−1

(N−1)!

]
Y

where h = a− c and k = b− c. By substituting quantities (3.14) into (1.5) and

(1.6) and after simplifying, we have

1∑
i=0

[aiy
(i)(a) + biy

(i)(b) + ciy
(i)(c)] = λ

or in the matrix form

a0

[
1
0!

h
1!

h2

2!
. . . hN

N !

]
Y + b0

[
1
0!

k
1!

k2

2!
. . . kN

N !

]
Y

+c0

[
1 0 0 . . . 0

]
Y + a1

[
0 1

0!
h
1!

. . . hN−1

(N−1)!

]
Y

+b1

[
0 1

0!
k
1!

. . . kN−1

(N−1)!

]
Y + c1

[
0 1 0 . . . 0

]
Y =

[
λ

]

or

[
u0 u1 . . . uN

]
Y =

[
λ

]
.

Also,

1∑
i=0

[αiy
(i)(a) + βiy

(i)(b) + γiy
(i)(c)] = µ
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or in the matrix form

α0

[
1
0!

h
1!

h2

2!
. . . hN

N !

]
Y + β0

[
1
0!

k
1!

k2

2!
. . . kN

N !

]
Y

+γ0

[
1 0 0 . . . 0

]
Y + α1

[
0 1

0!
h
1!

. . . hN−1

(N−1)!

]
Y

+β1

[
0 1

0!
k
1!

. . . kN−1

(N−1)!

]
Y + γ1

[
0 1 0 . . . 0

]
Y =

[
µ

]

or

[
v0 v1 . . . vN

]
Y =

[
µ

]

where uj and vj, j = 0, 1, . . . , N are constants. We have the augmented matrices

[
u0 u1 . . . uN ; λ

]
and

[
v0 v1 . . . vN ; µ

]
. (3.15)

Consequently, by replacing the matrices (3.15) into the last two rows of the

augmented matrices (3.6) and (3.13), we have the new augmented matrices of

(3.4) and (3.11) as

W ∗
1 =




w00 w01 w02 0 . . . 0 ; g0

w10 w11 w12 w13 . . . 0 ; g1

w20 w21 w22 w23 . . . 0 ; g2

...
...

...
...

...
...

...
...

wN−2,0 wN−2,1 wN−2,2 wN−2,3 . . . wN−2,N ; gN−2

u0 u1 u2 u3 . . . uN ; λ

v0 v1 v2 v3 . . . vN ; µ




(3.16)

and

W ∗
2 =




w00 w01 w02 0 . . . 0 ; f0

w10 w11 w12 w13 . . . 0 ; f1

w20 w21 w22 w23 . . . 0 ; f2

...
...

...
... . . .

...
...

...

wN−2,0 wN−2,1 wN−2,2 wN−2,3 . . . wN−2,N ; fN−2

u0 u1 u2 u3 . . . uN ; λ

v0 v1 v2 v3 . . . vN ; µ




. (3.17)
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Let

W ∗∗
1 = W ∗∗

2 =




w00 w01 w02 0 . . . 0

w10 w11 w12 w13 . . . 0

w20 w21 w22 w23 . . . 0
...

...
...

... . . .
...

wN−2,0 wN−2,1 wN−2,2 wN−2,3 . . . wN−2,N

u0 u1 u2 u3 . . . uN

v0 v1 v2 v3 . . . vN




.

If detW ∗∗
1 = detW ∗∗

2 6= 0, we can write

Y = (W ∗∗
1 )−1G (3.18)

Y = (W ∗∗
2 )−1F (3.19)

where

Y =
[

y(0)(c) y(1)(c) . . . y(N)(c)
]T

.

Thus the coefficients y(n)(c), n = 0, 1, . . . , N are uniquely determined. These

solutions are given by the Taylor polynomial in the form of (3.2). We can

easily check the accuracy of this solution. Since the Taylor polynomial (3.2)

is an approximate solution of (3.1) and (3.7). By substituting y(x) and its

derivatives y(1)(x) and y(2)(x) in (3.1) and (3.7), the resulting equations will

be satisfied approximately for a given value of x in the interval a ≤ x ≤ b.

x = xi ∈ [a, b], i = 0, 1, . . . ,M , we define the relative error of the obtained

solutions of (3.1) and (3.7) as follow

D1(xi) =

∣∣∣P (xi)y
(2)(xi) + Q(xi)y

(1)(xi) + R(xi)y(xi)− f(xi)−
∫ b

a
K(xi, ξ)dξ

∣∣∣
∣∣∣f(xi) +

∫ b

a
K(xi, ξ)dξ

∣∣∣

and

D2(xi) =

∣∣∣P (xi)y
(2)(xi) + Q(xi)y

(1)(xi) + R(xi)y(xi)− f(xi)−
∫ b

a
K(xi, ξ)y(ξ)dξ

∣∣∣
∣∣∣f(xi) +

∫ b

a
K(xi, ξ)y(ξ)dξ

∣∣∣
.
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If max {D1(xi), D2(xi)} ≤ 10−k where k is a prescribed integer, then the trun-

cation limit N is increased until the difference D1(xi) or D2(xi) at each the

points xi becomes smaller than the prescribed tolerance (10−k).

Example 3.1

Let us consider the problem

y′′ + xy′ + xy = 1 + x + x2 +

∫ 1

−1

sin(x(ξ + 1))dξ

y(0) = 1, y′(0) + 2y(1)− y(−1) = −1

and approximate the solution y(x) by the Taylor polynomial.

Since P (x) = 1, Q(x) = x, R(x) = x, f(x) = 1+x+x2, K(x, ξ) = sin(x(ξ+1))

and a = −1, b = 1, c = 0, we have

P (0)(0) = 1, P (1)(0) = P (2)(0) = . . . = 0

Q(0)(0) = 0, Q(1)(0) = 1, Q(2)(0) = Q(3)(0) = . . . = 0

R(0)(0) = 0, R(1)(0) = 1, R(2)(0) = R(3)(0) = . . . = 0

f (0)(0) = 1, f (1)(0) = 1, f (2)(0) = 2, f (3)(0) = f (4)(0 = . . . = 0.

Then, by using these quantities and relation (3.4) for N = 9, we have the

augmented matrix as

W =




0 0 1 0 0 0 0 0 0 0 ; 1

1 1 0 1 0 0 0 0 0 0 ; 3

0 2 2 0 1 0 0 0 0 0 ; 2

0 0 3 3 0 1 0 0 0 0 ; −4

0 0 0 4 4 0 1 0 0 0 ; 0

0 0 0 0 5 5 0 1 0 0 ; 32
3

0 0 0 0 0 6 6 0 1 0 ; 0

0 0 0 0 0 0 7 7 0 1 ; −32

0 0 0 0 0 0 0 8 8 0 ; 0

0 0 0 0 0 0 0 0 9 9 ; 512
5




.

ÅÔ¢ÊÔ·¸Ô ìÁËÒÇÔ·ÂÒÅÑÂàªÕÂ§ãËÁè
Copyright  by Chiang Mai University
A l l  r i g h t s  r e s e r v e d

ÅÔ¢ÊÔ·¸Ô ìÁËÒÇÔ·ÂÒÅÑÂàªÕÂ§ãËÁè
Copyright  by Chiang Mai University
A l l  r i g h t s  r e s e r v e d



15

For the conditions, by taking c = 0, a = −1, b = 1 and using relations (3.14),

we have

y(0)(0) = 1

or in the matrix form

[
1 0 0 0 0 0 0 0 0 0

]
Y =

[
1

]

or in the augmented matrix form

[
1 0 0 0 0 0 0 0 0 0 ; 1

]
.

Also,

y(1)(0) + 2y(1)− y(−1) = −1

or in the matrix form

[
0 1 0 0 0 0 0 0 0 0

]
Y + 2

[
1 1 1

2
1
3!

1
4!

1
5!

1
6!

1
7!

1
8!

1
9!

]
Y

−
[

1 −1 1
2
− 1

3!
1
4!

− 1
5!

1
6!

− 1
7!

1
8!

− 1
9!

]
Y =

[
−1

]

or

[
1 4 1

2
1
2

1
24

1
40

1
720

1
1680

1
40320

1
120960

]
Y =

[
−1

]

or in the augmented matrix form

[
1 4 1

2
1
2

1
24

1
40

1
720

1
1680

1
40320

1
120960

; −1
]
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Thus, the new augmented matrix for this problem is

W ∗ =




0 0 1 0 0 0 0 0 0 0 ; 1

1 1 0 1 0 0 0 0 0 0 ; 3

0 2 2 0 1 0 0 0 0 0 ; 2

0 0 3 3 0 1 0 0 0 0 ; −4

0 0 0 4 4 0 1 0 0 0 ; 0

0 0 0 0 5 5 0 1 0 0 ; 32
3

0 0 0 0 0 6 6 0 1 0 ; 0

0 0 0 0 0 0 7 7 0 1 ; −32

1 0 0 0 0 0 0 0 0 0 ; 1

1 4 1
2

1
2

1
24

1
40

1
720

1
1680

1
40320

1
120960

; −1




and has the solution

Y =
[

1 −2263
2471

1 866
297

1991
1087

−1559
99

−1880
99

9469
118

6878
33

−11059
24

]T

.

Substituting the elements of column matrix in to the Taylor polynomial (3.2),

we get

y(x) = 1− 2263

2471
x +

1

2!
x2 +

866

297 · 3!
x3 +

1991

1087 · 4!
x4

− 1559

99 · 5!
x5 − 1880

99 · 6!
x6 +

9469

118 · 7!
x7 +

6878

33 · 8!
x8 − 11059

24 · 9!
x9.

Also, by taking N = 14, c = 0 and then, following the same procedure, we have

the solution

y(x) = 1− 239

261
x +

1

2!
x2 +

761

261 · 3!
x3 +

478

261 · 4!
x4 − 1370

87 · 5!
x5

− 1652

87 · 6!
x6 +

4253

53 · 7!
x7 +

6044

29 · 8!
x8 − 29491

64 · 9!
x9 − 25402

11 · 10!
x10

+
47477

20 · 11!
x11 +

83102

3 · 12!
x12 − 13672

13 · 13!
x13 − 1082683

3 · 14!
x14.

The solutions are tabulated together with Taylor solution and the accuracy of

solution can be checked by means of the difference D1(xi) at any point xi in
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[−1, 1]. Also, by taking N = 9 and N = 14

i xi y(xi), N = 9 D(xi) y(xi), N = 14 D(xi)

0 -1.0 2.10154274 1.50281× 10−1 2.10079470 2.62972× 10−4

1 -0.8 1.86888763 2.31807× 10−2 1.86873173 1.22263× 10−5

2 -0.6 1.64304306 3.37000× 10−3 1.64297308 3.83226× 10−7

3 -0.4 1.41839443 2.21406× 10−2 1.41834944 2.94890× 10−7

4 -0.2 1.19943917 3.36499× 10−7 1.19941636 2.53070× 10−12

5 0 1.00000000 0.00000 1.00000000 0.00000

6 0.2 0.84080170 8.75680× 10−8 0.84082448 4.54495× 10−13

7 0.4 0.74530379 1.53948× 10−5 0.74534818 9.08167× 10−11

8 0.6 0.73445128 2.93920× 10−4 0.73451151 8.24481× 10−9

9 0.8 0.82153907 2.30664× 10−3 0.82155900 9.29268× 10−8

10 1.0 1.00868328 1.12028× 10−2 1.00825021 1.54324× 10−6.

Example 3.2

Let us consider the problem

y′′ + xy′ + xy = 1 + x + x2 +

∫ 1

−1

(1− 3xξ)y(ξ)dξ

y(0) = 1, y′(0) + 2y(1)− y(−1) = −1

and approximate the solution y(x) by the Taylor polynomial.

Since P (x) = 1, Q(x) = x, R(x) = x, f(x) = 1 + x + x2, K(x, ξ) = 1 − 3xξ

and a = −1, b = 1, c = 0, by using relation (3.11) for N = 9, we have the

augmented matrix is

ÅÔ¢ÊÔ·¸Ô ìÁËÒÇÔ·ÂÒÅÑÂàªÕÂ§ãËÁè
Copyright  by Chiang Mai University
A l l  r i g h t s  r e s e r v e d

ÅÔ¢ÊÔ·¸Ô ìÁËÒÇÔ·ÂÒÅÑÂàªÕÂ§ãËÁè
Copyright  by Chiang Mai University
A l l  r i g h t s  r e s e r v e d



18

W =




−2 0 2
3

0 −1
60

0 −1
2520

0 −1
181440

0 ; 1

1 3 0 6
5

0 1
140

0 1
7560

0 1
665280

; 1

0 2 2 0 1 0 0 0 0 0 ; 2

0 0 3 3 0 1 0 0 0 0 ; 0

0 0 0 4 4 0 1 0 0 0 ; 0

0 0 0 0 5 5 0 1 0 0 ; 0

0 0 0 0 0 6 6 0 1 0 ; 0

0 0 0 0 0 0 7 7 0 1 ; 0

0 0 0 0 0 0 0 8 8 0 ; 0

0 0 0 0 0 0 0 0 9 9 ; 0




By using relation (3.14), the augmented matrices corresponding to the condi-

tions are obtained as

[
1 0 0 0 0 0 0 0 0 0 ; 1

]

and

[
1 4 1

2
1
2

1
24

1
40

1
720

1
1680

1
40320

1
120960

; −1
]
.

Thus, we have the new augmented matrix for this problem is

W ∗ =




−2 0 2
3

0 −1
60

0 −1
2520

0 −1
181440

0 ; 1

1 3 0 6
5

0 1
140

0 1
7560

0 1
665280

; 1

0 2 2 0 1 0 0 0 0 0 ; 2

0 0 3 3 0 1 0 0 0 0 ; 0

0 0 0 4 4 0 1 0 0 0 ; 0

0 0 0 0 5 5 0 1 0 0 ; 0

0 0 0 0 0 6 6 0 1 0 ; 0

0 0 0 0 0 0 7 7 0 1 ; 0

1 0 0 0 0 0 0 0 0 0 ; 1

1 4 1
2

1
2

1
24

1
40

1
720

1
1680

1
40320

1
120960

; −1
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and has the solution

Y =
[

1 −408
313

2419
550

1296
383

−2279
544

−4926
211

3206
995

4681
34

8935
74

−30575
31

]T

.

Substituting the elements of column matrix in to the Taylor polynomial (3.2),

we get

y(x) = 1− 408

313
x +

2419

550 · 2!
x2 +

1296

383 · 3!
x3 − 2279

544 · 4!
x4

− 4926

211 · 5!
x5 +

3206

995 · 6!
x6 +

4681

34 · 7!
x7 +

8935

74 · 8!
x8 − 30575

31 · 9!
x9.

Also, by taking N = 19, c = 0 and then, following the same procedure, we have

the solution

y(x) = 1− 335

257
x +

3602

819 · 2!
x2 +

1993

589 · 3!
x3 − 1152

275 · 4!
x4 − 1961

84 · 5!
x5

+
538

167 · 6!
x6 +

9224

67 · 7!
x7 +

19198

159 · 8!
x8 − 93694

95 · 9!
x9 − 59952

29 · 10!
x10

+
38948

5 · 11!
x11 +

244285

8 · 12!
x12 − 503561

8 · 13!
x13 − 459903

14!
x14 +

842647

2 · 15!
x15

+
7319870

16!
x16 +

578689

17!
x17 − 123859091

18!
x18 − 134275491

19!
x19.

The solutions are tabulated together with Taylor solution and the accuracy of

solution can be checked by means of the difference D2(xi) at any point xi in

[−1, 1]. Also, by taking N = 9 and N = 19
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i xi y(xi), N = 9 D(xi) y(xi), N = 19 D(xi)

0 -1.0 3.94150159 3.02097× 10−2 3.94074792 1.35617× 10−7

1 -0.8 3.15004136 4.34808× 10−3 3.14992650 4.42276× 10−9

2 -0.6 2.44399167 3.64640× 10−4 2.44396067 1.63963× 10−9

3 -0.4 1.83466611 1.17091× 10−5 1.83465162 1.22635× 10−9

4 -0.2 1.34393767 3.71452× 10−8 1.34393264 9.88551× 10−10

5 0 1.00000000 4.59418× 10−15 1.00000000 8.87467× 10−16

6 0.2 0.83143161 2.37407× 10−8 0.83143126 8.97629× 10−10

7 0.4 0.86014631 4.75219× 10−6 0.86013954 9.98092× 10−10

8 0.6 1.09462711 9.51251× 10−5 1.09460534 1.17839× 10−9

9 0.8 1.52515002 7.23663× 10−4 1.52507222 2.32085× 10−9

10 1.0 2.12250826 3.19501× 10−3 2.12212375 4.74664× 10−8.

Example 3.3

Let us consider the equation

y′′ + xy′ + y = 1 + x +

∫ 1

0

(xξ + ξ2 + x2ξ2)y(ξ)dξ, 0 ≤ x ≤ 1

with conditions

y(0) = 0, y(1) = 0.

We want to find a Taylor polynomial solution of the problem above. We first

take N = 9, c = 0, and then proceed as before. Note that

P (x) = 1, Q(x) = x, R(x) = 1, f(x) = x+1, K(x, ξ) = xξ+ξ2+x2ξ2; a = 0, b = 1.

Then, we have the augmented matrix
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W ∗
1 =




2
3

−1
4

9
10

− 1
36

− 1
168

− 1
960

− 1
6480

− 1
50400

− 1
443520

− 1
4354560

; 1

−1
2

5
3

−1
8

29
30

− 1
144

− 1
840

− 1
5760

− 1
45360

− 1
403200

− 1
3991680

; 1

−2
3
−1

2
14
5

− 1
18

83
84

− 1
480

− 1
3240

− 1
25200

− 1
221760

− 1
2177280

; 0

0 0 0 4 0 1 0 0 0 0 ; 0

0 0 0 0 5 0 1 0 0 0 ; 0

0 0 0 0 0 6 0 1 0 0 ; 0

0 0 0 0 0 0 7 0 1 0 ; 0

0 0 0 0 0 0 0 8 0 1 ; 0

1 0 0 0 0 0 0 0 0 0 ; 0

1 1 1
2

1
6

1
24

1
120

1
720

1
5040

1
40320

1
362880

; 0




and has the solution

Y =
[

0 −374
537

1261
1310

557
239

−1188
401

−2228
239

3881
262

12529
224

−5703
55

−12529
28

]T

.

Substituting the elements of column matrix in to the Taylor polynomial (3.2),

we get

y(x) = −374

537
x +

1261

1310 · 2!
x2 +

557

239 · 3!
x3 − 1188

401 · 4!
x4

− 2228

239 · 5!
x5 +

3881

262 · 6!
x6 +

12529

224 · 7!
x7 − 5703

55 · 8!
x8 − 12529

28 · 9!
x9.

Also, by taking N = 9, c = 1
2
, then, following the same procedure, we have the
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W ∗
2 =




1
3

17
48

31
32

− 7
1920

− 11
26880

− 1
30720

− 1
400419

− 1
6635520

− 1
113541120

− 1
2335703040

; 3
2

−5
6

11
16

37
80

239
240

− 13
26880

− 1
26880

− 1
341534

− 1
5806080

− 1
97320960

− 1
2043740160

; 1

−2
3
−1

6
89
30

119
240

2239
2240

− 1
26880

− 1
362880

− 1
5806080

− 1
102187008

− 1
2043740160

; 0

0 0 0 4 1
2

1 0 0 0 0 ; 0

0 0 0 0 5 1
2

1 0 0 0 ; 0

0 0 0 0 0 6 1
2

1 0 0 ; 0

0 0 0 0 0 0 7 1
2

1 0 ; 0

0 0 0 0 0 0 0 8 1
2

1 ; 0

1 −1
2

1
22·2!

− 1
23·3!

1
24·4!

− 1
25·5!

1
26·6!

− 1
27·7!

1
28·8!

− 1
29·9!

; 0

1 1
2

1
22·2!

1
23·3!

1
24·4!

1
25·5!

1
26·6!

1
27·7!

1
28·8!

1
29·9!

; 0




and has the solution

Y =
[
− 513

2710
− 163

30588
581
360

168
1619

−2365
476

1376
665

5452
229

−2821
116

−17149
111

94858
349

]T

.

Substituting the elements of column matrix in to the Taylor polynomial (3.2),

we get

y(x) = − 513

2710
− 163

30588
(x− 1/2) +

581

360 · 2!
(x− 1/2)2 +

168

1619 · 3!
(x− 1/2)3

− 2365

476 · 4!
(x− 1/2)4 +

1376

665 · 5!
(x− 1/2)5 +

5452

229 · 6!
(x− 1/2)6

− 2821

116 · 7!
(x− 1/2)7 − 17149

111 · 8!
(x− 1/2)8 +

94858

349 · 9!
(x− 1/2)9.
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Also, by taking N = 9, c = 1, then, following the same procedure, we have the

augmented matrix

W ∗
3 =




−1
6

4
3

37
40

1
72

− 11
5040

1
3360

− 6
167483

1
259200

− 1
2661120

1
29937600

; 2

−7
6

7
3

37
40

73
72

− 11
5040

1
3360

− 6
167483

1
259200

− 1
2661120

1
29937600

; 1

−2
3

1
6

89
30

181
180

1259
1260

1
10080

− 1
90720

1
907200

− 1
9979200

1
119750400

; 0

0 0 0 4 4 20 0 0 0 0 ; 0

0 0 0 0 5 5 30 0 0 0 ; 0

0 0 0 0 0 6 6 42 0 0 ; 0

0 0 0 0 0 0 7 7 56 0 ; 0

0 0 0 0 0 0 0 8 8 72 ; 0

1 −1 1
2

−1
6

1
24

− 1
120

1
720

− 1
5040

1
40320

− 1
362880

; 0

1 0 0 0 0 0 0 0 0 0 ; 0




and has the solution

Y =
[

0 626
867

1599
1402

−1493
867

−2683
1512

3543
409

971
4629

−14925
286

2688
53

23473
64

]T

.

Substituting the elements of column matrix in to the Taylor polynomial (3.2),

we get

y(x) =
626

867
(x− 1) +

1599

1402 · 2!
(x− 1)2 − 1493

867 · 3!
(x− 1)3

− 2683

1512 · 4!
(x− 1)4 +

3543

409 · 5!
(x− 1)5 +

971

4629 · 6!
(x− 1)6

− 14925

286 · 7!
(x− 1)7 +

2688

53 · 8!
(x− 1)8 +

23473

64 · 9!
(x− 1)9.

The solutions are tabulated together with Taylor solution and the accuracy of

solution can be checked by means of the difference D2(xi) at any point xi in

[0, 1]. Also, by taking N = 9
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i xi y(xi), c = 0 y(xi), c = 1/2 y(xi), c = 1

0 0 0.00000000 1.46861× 10−7 −4.32699× 10−8

1 0.2 -0.11715398 -0.11723605 -0.11732886

2 0.4 -0.18057311 -0.18073470 -0.18081359

3 0.6 -0.18153418 -0.18176554 -0.18181585

4 0.8 -0.11915953 -0.11941775 -0.11944093

5 1.0 2.93636× 10−7 1.42718× 10−7 0.00000000

i xi D(xi), c = 0 D(xi), c = 1/2 D(xi), c = 1

0 0 2.30673× 10−16 1.41473× 10−4 1.07115× 10−2

1 0.2 5.70817× 10−8 1.90580× 10−6 1.80134× 10−3

2 0.4 1.38181× 10−5 2.39302× 10−10 1.81050× 10−4

3 0.6 3.39365× 10−4 2.00893× 10−10 7.09947× 10−6

4 0.8 3.27944× 10−3 1.12168× 10−6 2.78898× 10−8

5 1.0 1.90444× 10−2 5.74010× 10−5 2.38432× 10−16.

3.1.2 Second Method

We study (3.1) and will find a solution of (3.1) in the form of Taylor series

y(x) =
N∑

r=0

ar(x− c)r, a ≤ c ≤ b

where

ar =
y(r)(c)

r!
,

and

y(n)(x) =
N∑

r=0

a(n)
r (x− c)r, a ≤ c ≤ b

where

a(n)
r =

y(r+n)(c)

r!
.
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The recurrence relation between the Taylor coefficients a
(n)
r and a

(n+1)
r of y(n)(x)

and y(n+1)(x), is given by

a(n+1)
r = (r + 1)a

(n)
r+1. (3.20)

Take r = 0, 1, . . . , N and assume a
(n)
r = 0 for r > N , we get

a
(n+1)
0 = (1)a

(n)
1

a
(n+1)
1 = (2)a

(n)
2

a
(n+1)
2 = (3)a

(n)
3

...

a
(n+1)
N−1 = (N)a

(n)
N

a
(n+1)
N = (N + 1)a

(n)
N+1 = 0.

Hence, the system can be written in the matrix form as




a
(n+1)
0

a
(n+1)
1

a
(n+1)
2

...

a
(n+1)
N




=




0 1 0 . . . . 0

0 0 2 0 . . . 0

0 0 0 3 0 . . 0

. . . . . . . .

. . . . . . . N

0 0 . . . . . 0







a
(n)
0

a
(n)
1

a
(n)
2

...

a
(n)
N




or

A(n+1) = MA(n); n = 0, 1, 2, . . . (3.21)

where

A(n) =
[

a
(n)
0 a

(n)
1 . . . a

(n)
N

]T

,
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M =




0 1 0 . . . . 0

0 0 2 0 . . . 0

0 0 0 3 0 . . 0

. . . . . . . .

. . . . . . . N

0 0 . . . . . 0




.

For n = 0, 1, 2, . . ., it follows from relation (3.21) that

A(1) = MA(0) = MA

A(2) = MA(1) = M2A

A(3) = MA(2) = M3A (3.22)

...

An = MA(n−1) = MnA

where

A(0) = A =
[

a0 a1 . . . aN

]T

which are matrices for relations between the Taylor coefficient matrix A of y(x)

and the Taylor coefficient matrix A(n) of the nth derivative of y(x). In (3.1),

we assume that the function P (x), Q(x) and R(x) can be expressed in Taylor

polynomial of degree I, namely,

P (x) =
I∑

i=0

pi(x− c)i, Q(x) =
I∑

i=0

qi(x− c)i, R(x) =
I∑

i=0

ri(x− c)i. (3.23)

Substituting the expressions (3.23) in (3.1), we obtain

I∑
i=0

{
pi(x− c)iy′′ + qi(x− c)iy′ + ri(x− c)iy

}
= f(x) +

∫ b

a

K(x, ξ)dξ. (3.24)

The matrix representation of Taylor expansions
[

(x− c)py(s)(x)
]

was be writ-

ten as [
(x− c)py(s)(x)

]
= XCpA

(s).
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Since A(s) = M sA by (3.22), we have

[
(x− c)py(s)(x)

]
= XCpM

sA, s = 0, 1, 2; p = 0, 1, . . . , I (3.25)

where

X =
[

1 (x− c) (x− c)2 . . . (x− c)N

]
.

For p = 0

C0 =




1 0 0 . . . 0

0 1 0 . . . 0

0 0 1 0 . . 0

. . . . . . .

0 0 0 . . . 1




(N+1)×(N+1)

.

For p = 1

C1 =




0 0 0 . . . 0

1 0 0 . . . 0

0 1 0 . . . 0

. . . . . . .

0 0 0 . . 1 0




(N+1)×(N+1)

.

For p > 1, Cp can be defined as follows

Cp =
[

cij

]
=





1 , for i− j = p

0 , otherwise.

Also we assume that the function f(x) and K(x, ξ) can be expanded as

f(x) =
N∑

r=0

fr(x− c)r

or in the matrix form as

[
f(x)

]
= XF (3.26)
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where

F =
[

f0 f1 . . . fN

]T

,

and

K(x, ξ) =
N∑

i=0

N∑
j=0

K(i,j)(c, 0)

i!j!
(x− c)iξj

where K(i,j) is the partial derivative of K(x, ξ) taken with respect to x for i

times and with respect to ξ for j times. In the matrix form, we have

[
K(x, ξ)

]
= XKΨ (3.27)

where

X =
[

1 (x− c) (x− c)2 . . . (x− c)N

]
,

Ψ =
[

1 ξ . . . ξN

]T

,

and

K =
[

knm

]
; n,m = 0, 1, . . . , N

the elements of which are defined by

knm =
K(n,m)(c, 0)

n!m!
.

Note that for m + n > N , knm = 0 where n and m are integers and we have
∫ b

a

[
K(x, ξ)

]
dξ = XK

∫ b

a

Ψdξ = XKΨ̄ (3.28)

where

Ψ̄ =

∫ b

a

Ψdξ.

Substituting the expansions (3.25), (3.26) and (3.28) into (3.24), we obtain

I∑
i=0

{
piXCiM

2A + qiXCiMA + riXCiA
}

= XF + XKΨ̄

or

I∑
i=0

{
piCiM

2 + qiCiM + riCi

}
A = F + KΨ̄ (3.29)
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which corresponds to a system of (N + 1) equations for the unknown Taylor

coefficients ar, r = 0, 1, . . . , N . We can write (3.29) in the form

W3A = Ḡ

where

W3 =
[

wnm

]
=

I∑
i=0

{
piCiM

2+qiCiM+riCi

}
; n,m = 0, 1, . . . , N ; I = 0, 1, . . .

and

Ḡ = F + KΨ̄ =
[

ḡ0 ḡ1 . . . ḡN

]T

.

Then the augmented matrix of (3.1) becomes

[
W3 ; Ḡ

]
. (3.30)

Next, we consider integro-differential equation (3.7). and solution in the form

of expression (3.2). We assume that the function P (x), Q(x) and R(x) can

be expressed in Taylor polynomial of degree I, it follows from (3.23) and by

substituting them into (3.7), that

I∑
i=0

{
pi(x− c)iy′′ + qi(x− c)iy′ + ri(x− c)iy

}

= f(x) +

∫ b

a

K(x, ξ)y(ξ)dξ. (3.31)

Also we assume that the function f(x) and K(x, ξ) can be expanded in term of

Taylor polynomial. Next, we expand y(ξ) at ξ = c, namely,

y(ξ) =
I∑

i=0

ai(ξ − c)i

or in the matrix form as

[
y(ξ)

]
= Ψ̂A (3.32)

where

Ψ̂ =
[

1 (ξ − c) (ξ − c)2 . . . (ξ − c)N

]
.
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Substituting the expansion (3.25), (3.26), (3.27) and (3.32) into (3.31), we obtain

X

I∑
i=0

{
piCiM

2 + qiCiM + riCi

}
A = XF + XK

∫ b

a

ΨΨ̂dξA

or

I∑
i=0

{
piCiM

2 + qiCiM + riCi −Ψ∗
}

A = F (3.33)

where

Ψ∗ = K

∫ b

a

ΨΨ̂dξ.

(3.33) can be written in the form

W4A = F

where

W4 =
[

wnm

]
=

I∑
i=0

{
piCiM

2+qiCiM+riCi−Ψ∗
}

, n, m = 0, 1, . . . , N ; I = 0, 1, . . .

and

F =
[

f0 f1 . . . fN

]T

.

Then the augmented matrix of (3.7) becomes

[
W4 ; F

]
. (3.34)

Since, (3.1) and (3.7) satisfy conditions (1.5) and (1.6) and they are equivalent

to the matrix (3.25), we have

y(0)(x) =
[

1 (x− c) (x− c)2 . . . (x− c)N

]
A

and

y(1)(x) =
[

0 1 2(x− c) . . . N(x− c)N−1

]
A

where

A =
[

a0 a1 . . . aN

]T

.
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By using these equations, the quantities y(i)(a), y(i)(b) and y(i)(c), i = 0, 1 can

be written as

y(0)(c) =
[

1 0 0 . . . 0
]
A

y(0)(a) =
[

1 h h2 . . . hN

]
A

y(0)(b) =
[

1 k k2 . . . kN

]
A (3.35)

y(1)(c) =
[

0 1 0 . . . 0
]
A

y(1)(a) =
[

0 1 2h . . . NhN−1

]
A

y(1)(b) =
[

0 1 2k . . . NkN−1

]
A

where h = a− c and k = b− c. By substituting quantities (3.35) into (1.5) and

(1.6), and then by simplifying, we obtain

1∑
i=0

[aiy
(i)(a) + biy

(i)(b) + ciy
(i)(c)] = λ

or in the matrix form

a0

[
1 h h2 . . . hN

]
A + b0

[
1 k k2 . . . kN

]
A

+c0

[
1 0 0 . . . 0

]
A + a1

[
0 1 2h . . . NhN−1

]
A

+b1

[
0 1 2k . . . NkN−1

]
A + c1

[
0 1 0 . . . 0

]
A =

[
λ

]

or

[
u0 u1 . . . uN

]
A =

[
λ

]
.

Also,

1∑
i=0

[αiy
(i)(a) + βiy

(i)(b) + γiy
(i)(c)] = µ

or in the matrix form

α0

[
1 h h2 . . . hN

]
A + β0

[
1 k k2 . . . kN

]
A

+γ0

[
1 0 0 . . . 0

]
A + α1

[
0 1 2h . . . NhN−1

]
A

+β1

[
0 1 2k . . . NkN−1

]
A + γ1

[
0 1 0 . . . 0

]
A =

[
µ

]
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or

[
v0 v1 . . . vN

]
A =

[
µ

]

where uj and vj, j = 0, 1, . . . , N are constants. We have the augmented matrices

[
u0 u1 . . . uN ; λ

]
and

[
v0 v1 . . . vN ; µ

]
. (3.36)

Consequently, by replacing the matrices (3.36) into the last two rows of the

augmented matrices (3.30) and (3.34), we have the required augmented matrices

as follows

W ∗
3 =




w00 w01 . . . w0N ; ḡ0

w10 w11 . . . w1N ; ḡ1

...
...

...
...

...
...

wN−2,0 wN−2,1 . . . wN−2,N ; ḡN−2

u0 u1 . . . uN ; λ

v0 v1 . . . vN ; µ




(3.37)

and

W ∗
4 =




w00 w01 . . . w0N ; f0

w10 w11 . . . w1N ; f1

...
... . . .

...
...

...

wN−2,0 wN−2,1 . . . wN−2,N ; fN−2

u0 u1 . . . uN ; λ

v0 v1 . . . vN ; µ




. (3.38)

Let

W ∗∗
3 = W ∗∗

4 =




w00 w01 . . . w0N

w10 w11 . . . w1N

...
... . . .

...

wN−2,0 wN−2,1 . . . wN−2,N

u0 u1 . . . uN

v0 v1 . . . vN




.
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If detW ∗∗
3 = detW ∗∗

4 6= 0, we can write

A = (W ∗∗
3 )−1Ḡ (3.39)

A = (W ∗∗
4 )−1F (3.40)

where

A =
[

a0 a1 . . . aN

]T

.

Thus, the matrix A are uniquely determined. These solutions are given by the

Taylor polynomials in the form of (3.2). We can easily check the accuracy of

this solution. Since the Taylor polynomial (3.2) is an approximate solution of

(3.1) and (3.7). Substituting y(x) and its derivatives y(1)(x) and y(2)(x) in (3.1)

and (3.7), the resulting equations will be satisfied approximately for a given

value of x in the interval a ≤ x ≤ b. x = xi ∈ [a, b], i = 0, 1, . . . ,M , we define

the relative error of the obtained solutions of (3.1) and (3.7)as follow

D3(xi) =

∣∣∣P (xi)y
(2)(xi) + Q(xi)y

(1)(xi) + R(xi)y(xi)− f(xi)−
∫ b

a
K(xi, ξ)dξ

∣∣∣
∣∣∣f(xi) +

∫ b

a
K(xi, ξ)dξ

∣∣∣

and

D4(xi) =

∣∣∣P (xi)y
(2)(xi) + Q(xi)y

(1)(xi) + R(xi)y(xi)− f(xi)−
∫ b

a
K(xi, ξ)y(ξ)dξ

∣∣∣
∣∣∣f(xi)−

∫ b

a
K(xi, ξ)y(ξ)dξ

∣∣∣
.

If max {D3(xi), D4(xi)} ≤ 10−k where k is a prescribed integer, then the trun-

cation limit N is increased until the difference D3(xi) or D4(xi) at each the

points xi becomes smaller than the prescribed tolerance (10−k).
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Example 3.4

Let us consider the problem

y′′ + xy′ + xy = 1 + x + x2 +

∫ 1

−1

sin(x + ξ)2dξ

y(0) = 1, y′(0) + 2y(1)− y(−1) = −1

and approximate the solution y(x) by the Taylor polynomial.

Since P (x) = 1, Q(x) = x, R(x) = x, f(x) = 1 + x + x2, K(x, ξ) = sin(x + ξ)2

and a = −1, b = 1, c = 0, we have

p0 = 1, p1 = p2 = . . . = 0

q0 = 0, q1 = 1, q2 = q3 = . . . = 0

r0 = 0, r1 = 1, r2 = r3 = . . . = 0

f0 = 1, f1 = 1, f2 = 1, f3 = f4 = 0 = . . . = 0.

Thus, the matrix of (3.29) for N = 5 is

{
C0M

2 + C1M + C1

}
A = WA = Ḡ

where

W =




0 0 2 0 0 0

1 1 0 6 0 0

0 1 2 0 12 0

0 0 1 3 0 20

0 0 0 1 4 0

0 0 0 0 1 5




and

Ḡ =
[

5
3

1 2 0 −5
3

0
]T

.

For the conditions, by taking c = 0, a = −1, b = 1 and using relations (3.35),

we have

y(0)(0) = 1
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or in the matrix form

[
1 0 0 0 0 0

]
A =

[
1

]

or in the augmented matrix form

[
1 0 0 0 0 0 ; 1

]
.

Also,

y(1)(0) + 2y(1)− y(−1) = −1

or in the matrix form

[
0 1 0 0 0 0

]
A + 2

[
1 1 1 1 1 1

]
A

−
[

1 −1 1 −1 1 −1
]
A =

[
−1

]

or

[
1 4 1 3 1 3

]
A =

[
−1

]

or in the augmented matrix form

[
1 4 1 3 1 3 ; −1

]
.

Thus, the augmented matrix for this problem as

W ∗ =




0 0 2 0 0 0 ; 5
3

1 1 0 6 0 0 ; 1

0 1 2 0 12 0 ; 2

0 0 1 3 0 20 ; 0

1 0 0 0 0 0 ; 1

1 4 1 3 1 3 ; −1




and has the solution

A =
[

1 − 985
1257

5
6

985
7542

39
419

− 77
1257

]T

.
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Substituting the elements of column matrix in to the Taylor polynomial (3.2),

we get

y(x) = 1− 985

1257
x +

5

6
x2 +

985

7542
x3 +

39

419
x4 − 77

1257
x5.

The solutions are tabulated together with Taylor solution and the accuracy of

solution can be checked by means of the difference D3(xi) at any point xi in

[−1, 1]. Note that
∫ 1

−1
sin(xi + ξ)2dξ is approximated by Simpson rule when

h = 1
2
. Also, by taking N = 5

i xi y(xi), N = 5 D(xi)

0 -1.0 2.64067886 4.36707× 10−1

1 -0.8 2.15155229 2.28609× 10−1

2 -0.6 1.75878340 8.16975× 10−2

3 -0.4 1.44142960 4.89035× 10−2

4 -0.2 1.18917940 2.02843× 10−1

5 0 1.00000000 3.79022× 10−1

6 0.2 1.18917940 5.35999× 10−1

7 0.4 0.83000269 6.41552× 10−1

8 0.6 0.86534262 6.93787× 10−1

9 0.8 0.99136450 7.04177× 10−1

10 1.0 1.21214532 6.84173× 10−1.

Example 3.5

Let us consider the problem

y′′ + xy′ + xy = 1 + x + x2 +

∫ 1

−1

(1− 3xξ)y(ξ)dξ

y(0) = 1, y′(0) + 2y(1)− y(−1) = −1

and approximate the solution y(x) by the Taylor polynomial. By using relation

(3.33), we have the matrix of equation for N = 9 is
{

C0M
2 + C1M + C1 −Ψ∗

}
A = WA = F
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where

W =




−2 0 4
3

0 −2
5

0 −2
7

0 −2
9

0

1 3 0 36
5

0 6
7

0 6
9

0 6
11

0 1 2 0 12 0 0 0 0 0

0 0 1 3 0 20 0 0 0 0

0 0 0 1 4 0 30 0 0 0

0 0 0 0 1 5 0 42 0 0

0 0 0 0 0 1 6 0 56 0

0 0 0 0 0 0 1 7 0 72

0 0 0 0 0 0 0 1 8 0

0 0 0 0 0 0 0 0 1 9




,

and

F =
[

1 1 1 0 0 0 0 0 0 0
]T

.

The augmented matrices corresponding to the conditions as

[
1 0 0 0 0 0 0 0 0 0 ; 1

]
and

[
1 4 1 3 1 3 1 3 1 3 ; −1

]
.

Thus, we have the required augmented matrix for this problem as

W ∗ =




−2 0 4
3

0 −2
5

0 −2
7

0 −2
9

0 ; 1

1 3 0 36
5

0 6
7

0 6
9

0 6
11

; 1

0 1 2 0 12 0 0 0 0 0 ; 1

0 0 1 3 0 20 0 0 0 0 ; 0

0 0 0 1 4 0 30 0 0 0 ; 0

0 0 0 0 1 5 0 42 0 0 ; 0

0 0 0 0 0 1 6 0 56 0 ; 0

0 0 0 0 0 0 1 7 0 72 ; 0

1 0 0 0 0 0 0 0 0 0 ; 1

1 4 1 3 1 3 1 3 1 3 ; −1
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and has the solution

A =
[

1 −408
313

2905
1321

216
383

− 992
5693

− 564
2899

− 57
12737

186
6809

44
14693

− 92
33849

]T

.

Substituting the elements of column matrix in to the Taylor polynomial (3.2),

we get

y(x) = 1− 408

313
x +

2905

1321
x2 +

216

383
x3 − 992

5683
x4 − 564

2899
x5

− 57

12737
x6 +

186

6809
x7 +

44

14693
x8 − 92

33849
x9.

Also, by taking N = 19, c = 0, and then, following the same procedure, we

have the solution

y(x) = 1− 335

257
x +

1801

819
x2 +

1045

1853
x3 − 48

275
x4 − 599

3079
x5

+
89

19891
x6 +

317

11605
x7 +

46

15361
x8 − 97

35690
x9 − 37

64947
x10

+
8

40995
x11 +

14

219613
x12 − 4

395711
x13 − 1

189558
x14 +

1

3103730
x15

+
1

2858356
x16 +

1

614643930
x17 − 1

51690786
x18 − 1

905936737
x19.

The solutions are tabulated together with Taylor solution and the accuracy of

solution can be checked by means of the difference D4(xi) at any point xi in

[−1, 1]. Also, by taking N = 9 and N = 19
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i xi y(xi), N = 9 D(xi) y(xi), N = 19 D(xi)

0 -1.0 3.94150240 3.02097× 10−2 3.94074779 1.32616× 10−7

1 -0.8 3.15004185 4.34808× 10−3 3.14992643 2.20500× 10−9

2 -0.6 2.44399193 3.64640× 10−4 2.44396064 1.12663× 10−11

3 -0.4 1.83466622 1.17091× 10−5 1.83465161 6.87637× 10−15

4 -0.2 1.34393770 3.71452× 10−8 1.34393264 8.71445× 10−17

5 0 1.00000000 2.52428× 10−16 1.00000000 0.00000

6 0.2 0.83141643 2.37407× 10−8 0.83143125 1.75735× 10−16

7 0.4 0.86014642 4.78219× 10−6 0.86013954 4.21837× 10−15

8 0.6 1.09462736 9.51251× 10−5 1.09460537 5.70613× 10−12

9 0.8 1.52515047 7.23663× 10−4 1.52507228 9.11402× 10−10

10 1.0 2.12250896 3.19501× 10−3 2.12212388 4.57665× 10−8.

Example 3.6

Let us consider the equation

y′′ + xy′ + y = 1 + x +

∫ 1

0

(xξ + ξ2 + x2ξ2)y(ξ)dξ, 0 ≤ x ≤ 1

with conditions

y(0) = 0, y(1) = 0

We want to find a Taylor polynomial solution of the problem above. We first

take N = 9, c = 0, and then proceed as before.

P (x) = 1, Q(x) = x, R(x) = 1, f(x) = x+1, K(x, ξ) = xξ+ξ2+x2ξ2; a = 0, b = 1.

Then we obtain the matrix of this equation is

{
C0M

2 + C1M + C0 −Ψ∗
}

A = W1A = F
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Thus, we have the augmented matrix

W ∗
1 =




2
3

−1
4

9
5

−1
6
−1

7
−1

8
−1

9
− 1

10
− 1

11
− 1

12
; 1

−1
2

5
3

−1
4

14
5

−1
6
−83

7
−1

8
−1

9
− 1

10
− 1

11
; 1

−1
3
−1

4
14
5

−1
6

83
7

−1
8

−1
9
− 1

10
− 1

11
− 1

12
; 0

0 0 0 4 0 20 0 0 0 0 ; 0

0 0 0 0 5 0 30 0 0 0 ; 0

0 0 0 0 0 6 0 42 0 0 ; 0

0 0 0 0 0 0 7 0 56 0 ; 0

0 0 0 0 0 0 0 8 0 72 ; 0

1 0 0 0 0 0 0 0 0 0 ; 0

1 1 1 1 1 1 1 1 1 1 ; 0




and has the solution

A =
[

0 −374
537

1261
2620

557
1434

− 99
802

− 659
8483

33
1604

65
5857

− 33
12832

− 33
26762

]T

.

Substituting the elements of column matrix in to the Taylor polynomial (3.2),

we get

y(x) = −374

537
x +

1261

2620
x2 +

557

1434
x3 − 99

802
x4

− 659

8483
x5 +

33

1604
x6 +

65

5857
x7 − 33

12832
x8 − 33

26762
x9.

Also, by taking N = 9, c = 1
2
, then, following the same procedure, the matrix

of this equation is

{
C0M

2 +
1

2
M + C1M + C0 −Ψ∗

}
A = W2A = F.
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Thus, we have the augmented matrix

W ∗
2 =




1
3

17
48

31
16

− 7
320

− 11
1120

− 1
256

− 29
16128

− 7
9216

− 1
2816

− 7
45056

; 3
2

−5
6

11
6

37
40

239
40

− 13
1120

− 1
224

− 17
8064

− 1
1152

− 7
16896

− 1
5632

; 1

−1
3
− 1

12
89
30

119
80

2243
187

− 1
448

− 1
1008

− 1
2304

− 5
25344

− 1
11264

; 0

0 0 0 4 2 20 0 0 0 0 ; 0

0 0 0 0 5 5
2

30 0 0 0 ; 0

0 0 0 0 0 6 1
2

42 0 0 ; 0

0 0 0 0 0 0 7 7
2

56 0 ; 0

0 0 0 0 0 0 0 8 4 72 ; 0

1 −1
2

1
4

−1
8

1
16

− 1
32

1
64

− 1
128

1
256

− 1
512

; 0

1 1
2

1
4

1
8

1
16

1
32

1
64

1
128

1
256

1
512

; 0




and has the solution

A =
[
− 513

2710
− 163

30588
581
720

28
1619

− 519
2507

172
9975

95
2873

− 57
11813

− 47
12266

49
65420

]T

.

Substituting the elements of column matrix in to the Taylor polynomial (3.2),

we get

y(x) = − 513

2710
− 163

30588
(x− 1/2) +

581

720
(x− 1/2)2 +

28

1619
(x− 1/2)3

− 519

2507
(x− 1/2)4 +

172

9975
(x− 1/2)5 +

95

2873
(x− 1/2)6

− 57

11813
(x− 1/2)7 − 47

12266
(x− 1/2)8 +

49

65420
(x− 1/2)9.

Also, by taking N = 9, c = 1, then, following the same procedure, the matrix

of this equation is

{
C0M

2 + M + C1M + C0 −Ψ∗
}

A = W3A = F.
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Thus, we have the augmented matrix

W ∗
3 =




−1
6

4
3

37
20

1
12

− 11
210

1
28

− 13
504

7
360

− 1
66

2
165

; 2

−7
6

7
3

37
20

73
12

− 11
210

1
28

− 13
504

7
360

− 1
66

2
165

; 1

−1
3

1
12

89
30

181
60

1259
105

1
168

− 1
252

1
360

− 1
495

1
660

; 0

0 0 0 4 4 20 0 0 0 0 ; 0

0 0 0 0 5 5 30 0 0 0 ; 0

0 0 0 0 0 6 6 42 0 0 ; 0

0 0 0 0 0 0 7 7 56 0 ; 0

0 0 0 0 0 0 0 8 8 72 ; 0

1 −1 1 −1 1 −1 1 −1 1 −1 ; 0

1 0 0 0 0 0 0 0 0 0 ; 0




and has the solution

A =
[

0 626
867

556
975

− 413
1439

− 318
4301

319
4419

19
65216

− 19
1835

1
795

32
31661

]T

.

Substituting the elements of column matrix in to the Taylor polynomial (3.2),

we get

y(x) =
626

867
(x− 1) +

556

975
(x− 1)2 − 413

1439
(x− 1)3

− 318

4301
(x− 1)4 +

319

4419
(x− 1)5 +

19

65216
(x− 1)6

− 19

1835
(x− 1)7 +

1

795
(x− 1)8 +

32

31661
(x− 1)9.

The solutions are tabulated together with Taylor solution and the accuracy of

solution can be checked by means of the difference D4(xi) at any point xi in

[0, 1]. Also, by taking N = 9
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i xi y(xi), c = 0 y(xi), c = 1/2 y(xi), c = 1

0 0 0.00000000 1.44833× 10−7 −5.68058× 10−7

1 0.2 -0.11715398 -0.11723605 -0.11732917

2 0.4 -0.18057311 -0.18073470 -0.18081375

3 0.6 -0.18153418 -0.18176554 -0.18181592

4 0.8 -0.11915953 -0.11941775 -0.11944095

5 1.0 3.06258× 10−7 1.40673× 10−7 0.00000000

i xi D(xi), c = 0 D(xi), c = 1/2 D(xi), c = 1

0 0 0.00000 1.41473× 10−4 1.07115× 10−2

1 0.2 5.70817× 10−8 1.90580× 10−6 1.80134× 10−3

2 0.4 1.38181× 10−5 2.39302× 10−10 1.81050× 10−4

3 0.6 3.39365× 10−4 2.00893× 10−10 7.09947× 10−6

4 0.8 3.27944× 10−3 1.12168× 10−6 2.78898× 10−8

5 1.0 1.90444× 10−2 5.74010× 10−5 1.19216× 10−16.

3.2 Method of Chebyshev Polynomial Solutions

We consider the integro-differential equations

P (x)y′′ + Q(x)y′ + R(x)y = f(x) +

∫ 1

−1

K(x, ξ)dξ (3.41)

and

P (x)y′′ + Q(x)y′ + R(x)y = f(x) +

∫ 1

−1

K(x, ξ)y(ξ)dξ (3.42)

under the prescribed conditions. We will find approximate solution y(x) in the

truncated Chebyshev series as

y(x) =
N ′∑
r=0

arTr(x), − 1 ≤ x ≤ 1 (3.43)
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or in the matrix form

[
y(x)

]
= TA (3.44)

where

T =
[

T0(x) T1(x) . . . TN(x)
]
,

and

A =
[

1
2
a0 a1 . . . aN

]T

Here
∑ ′ denotes a sum whose first term is halved, Tr(x) denotes the Chebyshev

polynomial of the first kind of degree r and ar, r = 0, 1, . . . , N are the Chebyshev

coefficients to be determined. In (3.41) and (3.42), we assume that the functions

P, Q, R, f and K are defined in the range −1 ≤ x, ξ ≤ 1, and its derivative

with respect to x can be expanded in Chebyshev series.

For

y(x) =
N ′∑
r=0

arTr(x)

and

y(n)(x) =
N ′∑
r=0

a(n)
r Tr(x)

where a
(n)
r and ar are Chebyshev coefficients, we have a

(0)
r = ar and

y(0)(x) = y(x); and the recurrence relation between the Chebyshev coefficients

a
(n)
r and a

(n+1)
r of y(n)(x) and y(n+1)(x), is given by

2ra(n)
r = a

(n+1)
r−1 − a

(n+1)
r+1 , r ≥ 1. (3.45)

From this, we can deduce the relations

2(r + 1)a
(n)
r+1 = a(n+1)

r − a
(n+1)
r+2

2(r + 3)a
(n)
r+3 = a

(n+1)
r+2 − a

(n+1)
r+4

2(r + 5)a
(n)
r+5 = a

(n+1)
r+4 − a

(n+1)
r+6

. . . . . . . . . . . .
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By adding both side, we get

a(n+1)
r = 2(r + 1)a

(n)
r+1 + a

(n+1)
r+2

a(n+1)
r = 2(r + 1)a

(n)
r+1 + 2(r + 3)a

(n)
r+3 + a

(n+1)
r+4

a(n+1)
r = 2(r + 1)a

(n)
r+1 + 2(r + 3)a

(n)
r+3 + 2(r + 5)a

(n)
r+5 + a

(n+1)
r+6

. . .

a(n+1)
r = 2

∞∑
i=0

(r + 2i + 1)a
(n)
r+2i+1. (3.46)

Let us take r = 0, 1, . . . , N and assume a
(n)
r = 0 for r > N

r = 0; a
(n+1)
0 = 2

(
(1)a

(n)
1 + (3)a

(n)
3 + (5)a

(n)
5 + . . .

)

1

2
a

(n+1)
0 = 2

(1

2
a

(n)
1 +

3

2
a

(n)
3 +

5

2
a

(n)
5 + . . .

)

r = 1; a
(n+1)
1 = 2

(
(2)a

(n)
2 + (4)a

(n)
4 + (6)a

(n)
6 + . . .

)
.

r = 2; a
(n+1)
2 = 2

(
(3)a

(n)
3 + (5)a

(n)
5 + (7)a

(n)
7 + . . .

)

r = 3; a
(n+1)
3 = 2

(
(4)a

(n)
4 + (6)a

(n)
6 + (8)a

(n)
8 + . . .

)

...

Then the system (3.46) can be transformed into the matrix form

A(n+1) = 2MA(n) , n = 0, 1, 2, . . . (3.47)

where

A(n) =
[

1
2
a

(n)
0 a

(n)
1 . . . a

(n)
N

]T

.

When N is odd, we have

M =




0 1
2

0 3
2

0 5
2

. . . N
2

0 0 2 0 4 0 . . . 0

0 0 0 3 0 5 . . . N

. . . . . . . .

0 0 0 0 0 0 . . . N

0 0 0 0 0 0 . . . 0




(N+1)×(N+1)
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and when N is even, we have

M =




0 1
2

0 3
2

0 5
2

. . . 0

0 0 2 0 4 0 . . . N

0 0 0 3 0 5 . . . 0

. . . . . . . .

0 0 0 0 0 0 . . . N

0 0 0 0 0 0 . . . 0




(N+1)×(N+1)

.

Consequently, the matrix (3.47) gives a relation between the Chebyshev coef-

ficient matrix A of y(x) and the Chebyshev coefficient matrix A(n) of the nth

derivative of y(x). For n = 0, 1, 2, . . ., it follows from relation (3.47) that

n = 0; A(1) = 2MA

n = 1; A(2) = 2MA(1) = 22M2A

n = 2; A(3) = 2MA(2) = 23M3A

...

A(n) = 2MA(n−1) = 2nMnA (3.48)

where

A(0) = A =
[

1
2
a0 a1 . . . aN

]T

.

To obtain the solution of (3.41) in the form of expression (3.43), we first reduce

(3.41) into a differential equation whose coefficients are polynomials. Thus, we

assume that the functions P (x), Q(x) and R(x) can be expanded in the forms

P (x) =
I∑

i=0

pix
i, Q(x) =

I∑
i=0

qix
i, R(x) =

I∑
i=0

rix
i (3.49)

which are Taylor polynomials of degree I, at x = 0. By using the expansions

(3.49) in (3.41), we get

I∑
i=0

{
pix

iy′′ + qix
iy′ + rix

iy
}

= f(x) +

∫ 1

−1

K(x, ξ)dξ. (3.50)
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The Chebyshev expansions of terms xpy(s)(x), s = 0, 1; p = 0, 1, . . . , I in (3.50)

are obtained by means of the formula

xpy(s)(x) =
n∑

r=0

p∑
j=0

2−p

(
p

j

)
a

(s)
|r−p+2j|Tr(x). (3.51)

The matrix representation of formula (3.51) can be given by

[
xpy(s)(x)

]
= TMpA

(s)

or, since A(s) = 2sM sA from relation (3.48), by

[
xpy(s)(x)

]
= 2sTMpM

sA, s = 0, 1, 2; p = 0, 1, . . . , I (3.52)

where

T =
[

T0(x) T1(x) . . . TN(x)
]
,

M0 =




1 0 0 . . . 0

0 1 0 . . . 0

0 0 1 . . . 0

. . . . . . . . . . . . . . .

0 0 0 . . . 1




(N+1)×(N+1)

,

M1 =
1

21




0 1 0 0 . . . 0 0

2 0 1 0 . . . 0 0

0 1 0 1 . . . 0 0

. . . . . . . . . . . . . . . . . . . . .

0 0 0 0 . . . 0 1

0 0 0 0 . . . 1 0




(N+1)×(N+1)
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M2 =
1

22




2 0 1 0 0 . . . 0 0 0

0 3 0 1 0 . . . 0 0 0

2 0 2 0 1 . . . 0 0 0

0 1 0 2 0 . . . 0 0 0

0 0 1 0 2 . . . 0 0 0

. . . . . . . . . . . . . . . . . . . . . . . . . . .

0 0 0 0 0 . . . 2 0 1

0 0 0 0 0 . . . 0 2 0

0 0 0 0 0 . . . 1 0 2




(N+1)×(N+1)

,

M3 =
1

23




0 3 0 1 0 . . .

6 0 4 0 1 . . .

0 4 0 3 0 . . .

2 0 3 0 3 . . .

0 1 0 3 0 . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . 1 0 3 0 3 0 1

. . . 0 1 0 3 0 3 0

. . . 0 0 1 0 3 0 3

. . . 0 0 0 1 0 3 0




(N+1)×(N+1)

,

and so on.

Also we assume that the function f(x) can be expanded as

f(x) =
N ′∑
r=0

frTr(x)

or in the matrix form as

[
f(x)

]
= TF (3.53)

where

F =
[

1
2
f0 f1 . . . fN

]T

.

ÅÔ¢ÊÔ·¸Ô ìÁËÒÇÔ·ÂÒÅÑÂàªÕÂ§ãËÁè
Copyright  by Chiang Mai University
A l l  r i g h t s  r e s e r v e d

ÅÔ¢ÊÔ·¸Ô ìÁËÒÇÔ·ÂÒÅÑÂàªÕÂ§ãËÁè
Copyright  by Chiang Mai University
A l l  r i g h t s  r e s e r v e d



49

We consider the function K(x, ξ), if the function K(x, ξ) can be approximated

by a truncated double Chebyshev series of degree N in both x and ξ by

K(x, ξ) =
N ′∑
r=0

N ′∑
s=0

kr,sTr(x)Ts(ξ) (3.54)

then we can write in the matrix form

[
K(x, ξ)

]
= TxKT T

ξ (3.55)

where

Tx =
[

T0(x) T1(x) . . . TN(x)
]
,

Tξ =
[

T0(ξ) T1(ξ) . . . TN(ξ)
]
,

and

K =




1
4
k00

1
2
k01 . . . 1

2
k0N

1
2
k10 k11 . . . k1N

...

1
2
kN0 kN1 . . . kNN




.

By substituting the expansions (3.52), (3.53) and (3.55) into (3.50) and then

by simplifying the result, we have the matrix equation

I∑
i=0

{
pi2

2TMiM
2 + qi2TMiM + riTMi

}
A = TF + TxK

∫ 1

−1

T T
ξ dξ

or

I∑
i=0

{
4piMiM

2 + 2qiMiM + riMi

}
A = F + K

∫ 1

−1

T T
ξ dξ (3.56)

which corresponds to a system of (N +1) equations for the unknown Chebyshev

coefficients ar, r = 0, 1, . . . , N . Briefly, we can write this equation in the form

WA = G (3.57)

where

W =
[

wnm

]
=

I∑
i=0

{
4piMiM

2+2qiMiM+riMi

}
, n,m = 0, 1, . . . , N ; I = 0, 1, . . .
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and

G = F + K

∫ 1

−1

T T
ξ dξ =

[
g0 g1 . . . gN

]T

.

Then the augmented matrix becomes

[
W ; G

]
. (3.58)

Next, we consider (3.42) and look for the solution y(x) in the form of (3.43).

We assume that the functions P (x), Q(x) and R(x) can be expanded in the

Taylor polynomials of degree I, at x = 0, following from (3.49) and substituting

them into (3.42), we have

I∑
i=0

{
pix

iy′′ + qix
iy′ + rix

iy
}

= f(x) +

∫ 1

−1

K(x, ξ)y(ξ)dξ (3.59)

If the function K(x, ξ) can be approximated by a truncated double Chebyshev

series of degree N in both x and ξ, its follow form (3.55). On the other hand,

for the unknown function y(ξ) in integrand, we write from expansions (3.44)

[
y(ξ)

]
= TξA (3.60)

where

Tξ =
[

T0(ξ) T1(ξ) . . . TN(ξ)
]

Substituting the matrix forms (3.52), (3.53), (3.55) and (3.60) into (3.59), and

simplifying the equation, we have

I∑
i=0

{
pi2

2TMiM
2 + qi2TMiM + riTMi

}
A = TF + TxK

∫ 1

−1

T T
ξ TξdξA

or

I∑
i=0

{
4piMiM

2 + 2qiMiM + riMi

}
A = F + K

∫ 1

−1

T T
ξ TξdξA (3.61)

or briefly

(
W −KQ

)
A = F
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where

W =
[

wnm

]
=

I∑
i=0

{
4piMiM

2+2qiMiM+riMi

}
, n,m = 0, 1, . . . , N ; I = 0, 1, . . .

and

Q =

∫ 1

−1

T T
ξ Tξdξ =

[
qij

]
, i, j = 0, 1, . . . , N.

The elements of the fixed matrix Q are given by

qij =

∫ 1

−1

Ti(t)Tj(t)dt =





1
1−(i+j)2

+ 1
1−(i−j)2

, for even (i + j)

0 , for odd (i + j).

Then the augmented matrix becomes

[
W̄ ; F

]
(3.62)

where

W̄ = W −KQ.

If the conditions are given as

y(a) = λ and y′(a) = µ,

then it is seen form (3.52) that

UA =
[

λ
]

and V A =
[

µ
]

(3.63)

where

A =
[

1
2
a0 a1 . . . aN

]T

,

U =
[

T0(a) T1(a) . . . TN(a)
]
,

V = 2
[

T0(a) T1(a) . . . TN(a)
]
M.

Then the augmented matrices of them become

[
U ; λ

]
and

[
V ; µ

]
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or

[
u0 u1 . . . uN ; λ

]
and

[
v0 v1 . . . vN ; µ

]
. (3.64)

Consequently, by replacing the matrices (3.64) into the last two rows of aug-

mented matrices (3.58) and (3.62), we have the new augmented matrices

W ∗ =




w00 w01 w02 w03 . . . w0N ; g0

w10 w11 w12 w13 . . . w1N ; g1

w20 w21 w22 w23 . . . w2N ; g2

...
...

...
...

...
...

...
...

wN−2,0 wN−2,1 wN−2,2 wN−2,3 . . . wN−2,N ; gN−2

u0 u1 u2 u3 . . . uN ; λ

v0 v1 v2 v3 . . . vN ; µ




(3.65)

and

W̄ ∗ =




w00 w01 w02 w03 . . . w0N ; f0

w10 w11 w12 w13 . . . w1N ; f1

w20 w21 w22 w23 . . . w2N ; f2

...
...

...
... . . .

...
...

...

wN−2,0 wN−2,1 wN−2,2 wN−2,3 . . . wN−2,N ; fN−2

u0 u1 u2 u3 . . . uN ; λ

v0 v1 v2 v3 . . . vN ; µ




. (3.66)

Let

W ∗∗ = W̄ ∗∗ =




w00 w01 w02 w03 . . . w0N

w10 w11 w12 w13 . . . w1N

...
...

...
... . . .

...

wN−2,0 wN−2,1 wN−2,2 wN−2,3 . . . wN−2,N

u0 u1 u2 u3 . . . uN

v0 v1 v2 v3 . . . vN




.
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If detW ∗∗ = W̄ ∗∗ 6= 0, we can write

A = (W ∗∗)−1G (3.67)

A = (W̄ ∗∗)−1F. (3.68)

Thus the matrix A (Chebyshev coefficients ar) is uniquely determined. We

can easily check the accuracy of this solution. Since the Chebyshev polynomial

(3.43) is an approximate solution of (3.41) and (3.42). Substituting y(x) and

its derivatives y(1)(x) and y(2)(x) in (3.41) and (3.42), the resulting equations

will be satisfied approximately for a given value of x in the interval a ≤ x ≤ b.

x = xi ∈ [a, b], i = 0, 1, . . . ,M , we define the relative error of the obtained

solutions of (3.41) and (3.42) as follow

D1(xi) =

∣∣∣P (xi)y
(2)(xi) + Q(xi)y

(1)(xi) + R(xi)y(xi)− f(xi)−
∫ 1

−1
K(xi, ξ)dξ

∣∣∣
∣∣∣f(xi) +

∫ 1

−1
K(xi, ξ)dξ

∣∣∣
and

D2(xi) =

∣∣∣P (xi)y
(2)(xi) + Q(xi)y

(1)(xi) + R(xi)y(xi)− f(xi)−
∫ 1

−1
K(xi, ξ)y(ξ)dξ

∣∣∣
∣∣∣f(xi)−

∫ 1

−1
K(xi, ξ)y(ξ)dξ

∣∣∣
.

If max {D1(xi), D2(xi)} ≤ 10−k where k is a prescribed integer, then the trun-

cation limit N is increased until the difference D1(xi) or D2(xi) at each the

points xi becomes smaller than the prescribed tolerance (10−k).

Example 3.7

Let us consider the problem

y′′ + xy′ + xy = 1 + x + x2 +

∫ 1

−1

(1− 3xξ)y(ξ)dξ

y(0) = 1, y′(0) + 2y(1)− y(−1) = −1

and approximate the solution y(x) by the truncated Chebyshev polynomials.

Thus, the matrix of this equation for N = 9 is

{
4M0M

2 + 2M1M + M1 −KQ
}

A = F
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where

KQ =




2 0 −2
3

0 − 2
15

0 − 2
35

0 − 2
63

0

0 −2 0 6
5

0 2
7

0 2
15

0 6
77

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0




,

and

F =
[

3
2

2 1
2

0 0 0 0 0 0 0
]T

.

We obtain (3.61), we have the augmented matrix




−2 1
2

20
3

0 542
15

0 3992
35

0 16634
63

0 ; 3
2

1 3 1
2

144
5

0 908
7

0 5248
15

0 56820
77

; 1

0 1
2

2 1
2

56 0 204 0 496 0 ; 1
2

0 0 1
2

3 1
2

90 0 294 0 666 ; 0

0 0 0 1
2

4 1
2

132 0 400 0 ; 0

0 0 0 0 1
2

5 1
2

182 0 522 ; 0

0 0 0 0 0 1
2

6 1
2

240 0 ; 0

0 0 0 0 0 0 1
2

7 1
2

306 ; 0

1 0 −1 0 1 0 −1 0 1 0 ; 1

1 4 1 0 1 8 1 −4 1 12 ; −1




and has the solution

A =
[

2478
1217

−599
606

1447
1425

205
2321

− 201
9832

− 8817
925786

10
35137

75
220088

4
332881

− 7
845398

]T

.
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By substituting the elements of column matrix into the Chebyshev polynomials

(3.43), we get

y(x) = 9.99999848− 1.30349977x + 2.19916308x2 + 0.56384887x3 − 0.17528580x4

−0.19412444x5 + 0.00603103x6 + 0.02657881x7 + 0.00153809x8 − 0.00211971x9.

The solutions are tabulated together with Taylor solution and the accuracy of

solution can be checked by means of the difference D2(xi) at any point xi in

[−1, 1]. Also, by taking N = 9

i xi y(xi), N = 9 D(xi)

0 -1.0 3.94076239 9.84824× 10−5

1 -0.8 3.14993658 4.88772× 10−5

2 -0.6 2.44396720 2.22169× 10−5

3 -0.4 1.83466276 7.28456× 10−5

4 -0.2 1.34393725 1.17971× 10−5

5 0 0.99999985 4.94803× 10−5

6 0.2 0.83143536 1.24346× 10−5

7 0.4 0.86014591 3.05685× 10−5

8 0.6 1.09460779 1.72723× 10−5

9 0.8 1.52507582 4.60307× 10−5

10 1.0 2.12213009 1.66696× 10−5.
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Example 3.8

Let us consider the problem

y′′ + 8x2y = x + 1 +

∫ 1

−1

(xξ + x2ξ2)dξ

y(0) = 1, y(1) = 0

and approximate the solution y(x) by the truncated Chebyshev polynomials.

Since P (x) = 1, R(x) = 8x2, we have

p0 = 1, p1 = p2 = . . . = 0

r0 = r1 = 0, r2 = 8, r3 = r4 = . . . = 0

and f(x) = x + 1, K(x, ξ) = xξ + x2ξ2 by using the expansions for the powers

xr in terms of the Chebyshev polynomials Tr(x), we find the representations

f(x) = x + 1 = T0(x) + T1(x)

and

K(x, ξ) = xξ + x2ξ2

=
1

4
T0(x)T0(ξ) +

1

4
T0(x)T2(ξ) + T1(x)T1(ξ) +

1

4
T2(x)T0(ξ) +

1

4
T2(x)T2(ξ)

We first take N = 9, and then proceed as before. Then the matrix (3.56)

becomes

{
4M0M

2 + 8M2

}
A = F + K

∫ 1

−1

T T
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Thus, we have the augmented matrix




4 0 6 0 32 0 108 0 256 0 ; 4
3

0 6 0 26 0 120 0 336 0 720 ; 1

4 0 4 0 50 0 192 0 480 0 ; 4
3

0 2 0 4 0 82 0 280 0 648 ; 0

0 0 2 0 4 0 122 0 384 0 ; 0

0 0 0 2 0 4 0 170 0 504 ; 0

0 0 0 0 2 0 4 0 226 0 ; 0

0 0 0 0 0 2 0 4 0 290 ; 0

1 0 −1 0 1 0 −1 0 1 0 ; 1

1 1 1 1 1 1 1 1 1 1 ; 0




and has the solution

A =
[

845
841

−857
797

− 385
4987

389
1920

− 140
1731

104
3959

36
20423

− 19
7394

19
27756

− 10
68623

]T

.

By substituting the elements of column matrix into the Chebyshev polynomials

(3.43), we get

y(x) = 1.00000068− 1.53507246x + 0.50244716x2 + 0.15861786x3 − 0.62210946x4

+0.64515642x5 − 0.11883440x6 − 0.08052080x7 + 0.08762069x8 − 0.03730528x9.

The solutions are tabulated together with Taylor solution and the accuracy of

solution can be checked by means of the difference D1(xi) at any point xi in

[−1, 1]. Also, by taking N = 9ÅÔ¢ÊÔ·¸Ô ìÁËÒÇÔ·ÂÒÅÑÂàªÕÂ§ãËÁè
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i xi y(xi), N = 9 D(xi)

0 -1.0 1.69824893 2.04754× 10−2

1 -0.8 2.00763365 5.08312× 10−1

2 -0.6 1.93542830 2.52844× 10−3

3 -0.4 1.66144964 1.15840× 10−2

4 -0.2 1.32463596 6.84454× 10−3

5 0 1.00000068 4.89431× 10−3

6 0.2 0.71356576 4.06527× 10−3

7 0.4 0.46662415 1.76414× 10−3

8 0.6 0.25693894 2.28411× 10−3

9 0.8 0.09296517 5.60362× 10−4

10 1.0 4.13848× 10−7 6.10006× 10−4.

Example 3.9

Let us consider the problem

y′′ + 8x2y = x + 1 +

∫ 1

−1

(xξ + x2ξ2)y(ξ)dξ

y(0) = 1, y(1) = 0

and approximate the solution y(x) by the truncated Chebyshev polynomials.

We first take N = 9, and then proceed as before. Then the matrix (3.61)

becomes

{
4M0M

2 + 8M2 −KQ
}

A = F.
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Thus, we have the augmented matrix




11
3

0 89
15

0 3373
105

0 9291
86

0 14593
57

0 ; 1

0 16
3

0 132
5

0 2522
21

0 15122
45

0 27361
38

; 1

11
3

0 59
15

0 5263
105

0 16515
86

0 27361
57

0 ; 0

0 2 0 4 0 82 0 280 0 648 ; 0

0 0 2 0 4 0 122 0 384 0 ; 0

0 0 0 2 0 4 0 170 0 504 ; 0

0 0 0 0 2 0 4 0 226 0 ; 0

0 0 0 0 0 2 0 4 0 290 ; 0

1 0 −1 0 1 0 −1 0 1 0 ; 1

1 1 1 1 1 1 1 1 1 1 ; 0




and has the solution

A =
[

981
976

−5157
4987

− 293
3819

379
2359

− 192
2377

17
665

35
19956

− 43
20946

19
27787

− 14
94603

]T

.

By substituting the elements of column matrix into the Chebyshev polynomials

(3.43), we get

y(x) = 1.00000044− 1.37521457x + 0.50243809x2 + 0.03416313x3 − 0.62097421x4

+0.57501680x5 − 0.11892241x6 − 0.04614504x7 + 0.087523294x8 − 0.03788463x9.

The solutions are tabulated together with Taylor solution and the accuracy of

solution can be checked by means of the difference D2(xi) at any point xi in

[−1, 1]. Also, by taking N = 9ÅÔ¢ÊÔ·¸Ô ìÁËÒÇÔ·ÂÒÅÑÂàªÕÂ§ãËÁè
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i xi y(xi), N = 9 D(xi)

0 -1.0 1.70012915 8.69870× 10−3

1 -0.8 1.95973962 5.75383× 10−3

2 -0.6 1.87103125 7.65766× 10−4

3 -0.4 1.60616059 4.74881× 10−3

4 -0.2 1.29368323 2.61478× 10−3

5 0 1.00000044 2.43216× 10−3

6 0.2 0.74450800 1.75544× 10−3

7 0.4 0.52196709 1.22547× 10−3

8 0.6 0.32161174 1.23989× 10−3

9 0.8 0.14169816 1.04884× 10−4

10 1.0 5.34148× 10−7 6.67687× 10−48.
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