CHAPTER 4
Synchronization of Perturbed Lu Chaotic

Dynamical System

To begin with, the definition of chaos synchronization used in this thesis is
given below.

For two nonlinear chaotic systems:

r = f(t,x) (4.1)

where 2,y € R", f,g € C"[RT x R”.R"], u € C"[RT x R"” x R R"), r > 1,
RT is the set of non-negative real numbers.

Assume that (4.1) is the drive system, and (4.2) is the response system,
u(t, x,y) is the control vector. Response system and drive system are said to be
synchronic if for

Va(to), y(to) € R™,

lim || 2(t) — y(t) [|= 0.
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4.1 Adaptive Synchronization of Perturbed Lu Chaotic
Dynamical System

In this section we consider adaptive synchronization of perturbed Li sys-
tem. This approach can synchronize the chaotic systems with fully unmatched
parameters. The synchronization problem of perturbed Lu systems with fully
unknown parameters will be studied in which the adaptive controller will be
introduced.

The drive system is described by

i = a(y—x)
y = —xzz+cy (4.3)
2 = zy—bz+ f(x)

Suppose that the parameters of the system (4.3) are unknown or uncertain,

then the response system is given by

S35
Il

a(y — ) —uy
§y o= —FE4¢&j—uy (4.4)
Po= Ej—bi+4 f(E) —us

where EL,I; and ¢ are parameters of the response system which need to be esti-

mated. Suppose that

uy = ]{51€w
uy = (ka4 c)ey (4.5)

uz = kse. + f(Z) — f(x)

where e, =2 —2,ey =y —yand e, = Z — z and
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éL = fa = —’yﬁ(g}—i)ex
b = f, =63, (4.6)
A L fe = —aye,

where ki, ko, k3 > 0 and 7, 6, 3, o > 0 are constants.

Theorem 4.1.1 Suppose that |x| < S < +oo, |y| < 5 < +o0, 2] <5 < 400,
v, 0, 3, a are positive constants. When ky, ko and k3 > 0 are properly chosen

so that the following matrixz inequality holds,

Blkr+a) —3(Ba—S) -8
P=| —1(Ba—2S9) ks 0 |[>0 (4.7)
—S 0 ks + b

or ki, ko and k3 can be chosen so that the following inequalities hold:

(i) A = Bl +a)ks — i(ﬁa _82>0
(i1) B = A(ks+b) — k5% >0, (4.8)

then the two perturbed Lii systems (4.3) and (4.4) can be synchronized under
the adaptive control of (4.5) and (4.6).

Proof It is easy to see from (4.3) and (4.4) that the error dynamics can be

obtained as follows

€& = af—1)—aly—1)—w
€y = CY—cCy—ITZ+x2— Uy (4.9)
6, = —bZ+bz+ay—ay+ f(Z)— flx)—us

Let e, =a —a,e, = b— b,e. = ¢ — c. Choose the following Lyapunov function:

1 1 1 1
Vs, ey, €:) = 5(562 ey e+ ;62 + 565 + 563 (4.10)



o4

in which the differentiation of V' along trajectories of (4.9) gives

Vo= Beges + eyéy +e.é, + ;eaéa + %ebéb + aecéC
= feyled([¥ — T) + aley, — ex) — w] + eylecy + ce, — Te, — ze, — us
refiey + yes — Sy —bes + (3) = J(2) — wl + Zeufu + genls + el
= fegeq(§—T) + Paey(ey, — ey) — Peyur + eyecy + cef/ — Zegey — €yls + Yeze,
—Zeye, —bel + (f(7) — f(x))e: — ezus + %eafa + %%fb + éecfc
= feyeq(y— T) + Paeye, — Bae2 — Bk + eyecy + cei — zegey, — (ko + c)ef/ + yeze,
ey, — b2+ (F(@) — f(@))es — (ksez + £(@) — F(@))es + %ea fut genfs + —eof.
= —B(ki + a)el — koel — (ks + b)eZ + (Ba — 2)esey + yese.
reu(fot (5= )06 + elgh = Sl + el Lot ()
< —B(k1 + a)el — kae, — (ks + b)e + (Ba — S)|esey| + Slese.| = —e' Pe

where e = [ le] ley| el ]T, P is as in (4.7). Thus the differentiation of
V(es, €y, €,) is negative semi definite, which implies that the origin of error
system (4.9) is stable. We integrate both sides of V with respect to time which
yields

/OOO d‘;@m < —/OOO Bk + a)e2(r)dr — /Ooo koe?(7)dr — /Ooo(k3 +b)e2(r)dr

—i—/ooo(ﬁa — 9)|ex(1)ey,(T)|dT + /OO Sle,(T)e,(T)|dr.
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)e2(r)dr — /000 kz@i(T)dT — /Ooo(k:g + b)e2(T)dr
+/Ooo(ﬁa — S)|ex(7)ey(7)|dT + /000 Slex(T)e.(T)|dr.
V(0)—-V(c) > + /000 B(k1 + a)e2(T)dr + /000 /{32€3<7)d7' + /Ooo(krg + b)e2(1)dr

— /Ooo(ﬁa — 9)|ex(T)ey,(7)|dT — /000 Sle,(7)e(T)|dr.
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Since V' is negative or zero, V is either decreasing or constant which gives

V(0) > V(4+00) > 0. Then we obtain
/ ﬁ kl +a ( )d7+/ k’262(7')d7'+/000(l€3 +b)€z(7)d7'
/0 (Ba — S)|ea(T)ey(r |dT—/ Sles(r)e.(r)ldr < V(0) < +oo.

It follows that
\// Bk, + a)e(r)dr < +o0,
0

\//000 kael(r)dr < 400,
\//Ooo(k;g +b)e2(r)dr < +oo

which indicates, according to Definition 2.1.1, that e,, e, e, € Lo. We can use

(4.9) to show that €,,€,,€, € L. By Proposition 2.1.2 we obtain the errors
system (4.9) tend to zero as t — +oo. Therefore, the response system (4.4)
is synchronizing with the drive system (4.3) under the controller (4.5) and a
parameter estimation update law (4.6), provided that the condition (4.8) are
satisfied. 0

Numerical Simulations

The numerical simulations are carried out using the fourth-order Runge-
Kutta method. The initial conditions of the drive and response systems are
(6,4,—8) and (—5,4,5). The parameters of the drive system are a = 36, b = 3
and ¢ = 20. f(z) = 22
In order to choose the control parameters, S > |z|, S > |y| and S > |z]
must be estimated. Through simulations, we obtain S =~ 60. Then choose
v=a = =60 =1, and then choose k; = 30, ks = 90, k3 = 60 which satisfy
(4.8) and the initial values of the parameters a, b and ¢ are all chosen to be 0, the

response system synchronizes with the drive system as shown in Fig. 4.1-4.3.
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Figure 4.1: The states x, T of the coupled perturbed Lu system of equations

with the adaptive control is activated at the time ¢t = 10.
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Figure 4.2: The states y, y of the coupled perturbed Li system of equations

with the adaptive control is activated at the time ¢t = 10.
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Figure 4.3: The states z, z of the coupled perturbed Li system of equations

with the adaptive control is activated at the time ¢ = 10.
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Figure 4.4: Changing parameters: a.
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4.2 Synchronization via Pecora and Carroll method

In this section we will apply one of the most popular method for syn-
chronizing systems which was introduced by Pecora and Carroll (PC)[2]. Let

us consider an autonomous chaotic dynamical system

w o= f(u),

where u = (uy, Uy, ...,u,)? is an n-dimensional state vector, with f defining a
vector field f : R™ — R”™. The method of Pecora and Carroll decomposes the

dynamical system @ = f(u) into two subsystems

b = g(v,w),

w = h(v,w),

where v = (v, Vg, ..., V)T and w = (Wyyi1, Wsa, -, wy)T such that any second

subsystem (response)
w = h(v,w'),

with the same driving v but with different variable w’ synchronizes (w — w’ as
t — +o00) with the original w-subsystem. The v — system and the w — system
are called the drive and the response systems, respectively. Let us build a
PC drive-response configuration with a drive system given by the Perturbed L
system (with three state variables denoted by subscript 1) and with a response
system given by the subspace containing the (x, z) variables. We will use the
chaotic signal y; to drive the response subsystem whose variables are denoted

by subscript 2. The drive system is described by system

i1 = a(yr — )
o= —mizmton (4.11)

2 o= xy — bz + f(2)
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The response system is given by

Ty = a(y — x2)

2"2 = X9Y1 — bZQ + f(&?g) (412)

Define the synchronization errors by
ey =Ty —x; and e, = z9 — 2.
Using this notation and subtracting system (4.11) from system (4.12), we obtain

the error system

€y = —ae€yg, (4.13)
fx2) — fla1)

To — T

Jer — be,,.

The linear system of synchronization error (4.13) has two negative eigenval-
ues \y = —a and Ay = —b and this implies that the zero solution of system
(4.13) satisfies

lex|| = 0 as t — +o0 and ||e.|| — 0 as ¢ — +o0. Hence, the zero solution of
the error system (4.13) is asymptotically stable and then the response system
(4.12) with y—drive configuration achieves synchonization.

Remark 1. Only one choice induces the appearance of chaos synchronization,
namely (x,z) driven by y. For the other possible choices (z,y) driven by z or
(y,z) driven by z, the Pecora and Carroll scheme did not succeed in achieving

synchronization.

Numerical Simulations

The numerical simulations are carried out using the fourth-order Runge-
Kutta method. The initial conditions of the drive and response systems are
(10,1,8) and (=5, —10). The parameters of the drive system are a = 36, b = 3
and ¢ = 20. f(z) = 2% The response system synchronizes with the drive system

as shown in Fig. 4.7 and 4.8.
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Figure 4.7: The states x1, x5 of the coupled perturbed Li system of equations

under Pecora and Carroll method.
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Figure 4.8: The states z;, 25 of the coupled perturbed Lu system of equations

under Pecora and Carroll method.
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4.3 Synchronization via one-way coupling

We take two identical chaotic systems @ = f(u) and @ = f(u') and
introduce a coupling term du = (v — v') into the second equation, which leads

to the coupled system

w = f(u),
o = f(u)+k(u—1),

where k is a tuning parameter that controls the strength of the feedback into
the coupled system. We note that this kind of coupling does not change the
solution to the autonomous uncoupled system @ = f(u) and further, as ju — 0,
the driving system and the responding system essentially become uncoupled.
Our objective in this section is to study the chaos synchronization of the Per-
turbed Lu system by applying one-way coupling technique. In this method,
the behavior of the response system is dependent on the behavior of another
identical drive system where the latter is not influenced by the behavior of the
response system. We have two Perturbed Lu systems where the drive system
(4.11) with three state variables denoted by subscript 1 drives the response sys-
tem which has identical equations denoted by subscript 2. However, the initial
conditions on the drive system is different from that of the response system.

The Perturbed Lu response systems are described by

iy = a(y2 — x2)
yg = —X92Z9 + ClYos — k(yQ — yl) (414)
Zy = Tays — bz + f(22)

where k is the coupling strength. Introducing the error variables

€r =Ty — Ty, €, =Y2— Yy ande, =2z — 2.

Using the previous notations, the error dynamical system is obtained by sub-
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tracting system (4.11) from system (4.14) and has the form
€ = —aley —ey),

éy, = (c—k)e, —ze, — 2164, (4.15)

€, = Taey+yiey —be, + f(z2) — f(z1).

Theorem 4.3.1 The two Perturbed Lii system (4.11)and (4.14) are synchro-

nized if the feedback control parameter k is chosen so that k > max(ky,ks)

where,
S)? b o2
klzmmu<c+M), ky = min, | ¢+ (ua +.5)
day dabp — (S + )M ‘ 2
S
and

(S + ‘ f(z2)—f(z1)

T2—T1

R

4ab ’

> (4.16)

where f : R — R is satisfied Lipschitz condition, |f(x2) — f(z1)] < c|ze — 24|,
V1,29 € R, ¢ is positive constant, or differentiable.

Proof. In order to achieve the complete synchronization of the drive and
response systems (4.11)and (4.14) we will prove that the zero solution of the
error dynamical system (4.15) is asymptotically stable. Let us define a Lyapunov

function for system (4.15) in the form
Lo 9 2, 2
V(ewa €y, eZ) = 5(#692 + €y + ez) (417>
Then V is positive definite and its derivative with respect to (4.15) is given by

V = epép+eyé, +ee,
= peg(ale; —ey)) +e,((c — ke, — xae, — z1€,)
+e,(x2e, + y1e, — be, + f(z2) — f(21))

= paege, — pae + (c — k)ez — 21656, + yreze, — be? 4+ (f(zy) — f(21))e.
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= —paes — (k—c)el —be? + (pa — z)eqe, + (1 + )exe
To — Iq
< —pael — (k —c)el —be + (pa+ S)eqe, + (S + |M|‘ Jeze.
To — I S
= —el'Pe,
where e = [|e,| |ey| |e.| ]* and
pa = —%5+‘fTﬁf“) ‘S)
/_ (pa+S)
P e B Ze 0 . (4.18)
B (CAd E=a | ! b
s
The matrix P is positive definite if & > k where k = max(ky, ka),
S)? S)?
klzminu(c+m), ky = min, | c+ blua+ 5)
dap dabp — (S + ‘—f z1) ) )?
To—T1 g

f(z1)
To—T1

The parameter u is chosen such that 4pab — (S + ‘f

‘5)2 > 0. There-
fore, V is negative semi definite which implies that the origin of the error system
(4.15) is stable, By the same argument in the proof of Theorem (4.1.1), we ob-
tain the errors system (4.15) tend to zero as t tends to +oo. Therefore, the
response system (4.14) is synchronizing with the drive system (4.11) provided
that the condition (4.16) are satisfied. O

Numerical Simulations

The numerical simulations are carried out using the fourth-order Runge-
Kutta method. The initial conditions of the drive and response systems are
(16, —4,10) and (—20,8,15). The parameters of the drive system are a = 36,
b=3and c =20. f(x) = 2% Fig. 4.9-4.11 shows the time response of the
states (x1, Y1, 21) for the drive system (4.11) and the time response of the states
(22, Y2, 22) of the response system (4.14) where the feedback control k£ = 35 is
activated at ¢ = 10.
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Figure 4.9: The states x1, x5 of the coupled perturbed Li system of equations

with the one-way coupling is activated at the time ¢ = 10.
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Figure 4.10: The states y;, yo of the coupled perturbed Li system of equations

with the one-way coupling is activated at the time ¢ = 10.
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Figure 4.11: The states z1, z5 of the coupled perturbed Li system of equations

with the one-way coupling is activated at the time ¢ = 10.



