
CHAPTER 3

MAIN RESULTS

3.1 Forcing linearity number for R(N)

In this section we want to find the forcing linearity numbers for a free

module, V = R(N), over a local ring R. By a local ring we mean a commutative

Noetherian ring with identity 1R 6= 0, not an integral domain such that R has a

unique maximal ideal M consisting of all the nonunits of R.

Definition 3.1.1. For each i ∈ N we define

ei = (ui)i∈A where uj





1 if j = i,

0 if j 6= i.

Thus by Definition 3.1.1. we get e1 = (1, 0, 0, 0, . . . ) and e2 = (0, 1, 0, 0, . . . ).

Lemma 3.1.2. If f ∈ MR(R(N)) the set of all homogeneous functions on R(N) and

f(
∑m

i=1 riei) =
∑m

i=1 f(riei) for all ri ∈ R and m ∈ N, then f ∈ EndR(R(N)).

Proof. Suppose that f ∈ MR(R(N)) and f(
∑m

i=1 riei) =
∑m

i=1 f(riei) for all

ri ∈ R and m ∈ N.

Let b = (bi)i∈N and c = (ci)i∈N be arbitrary in R(N).

Then there exists n ∈ N such that b =
∑n

i=1 biei and c =
∑n

i=1 ciei.

Thus

f(b + c) = f(
∑n

i=1(bi + ci)ei)

=
∑n

i=1 f((bi + ci)ei).
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But f ∈ MR(R(N)), then

f((bi + ci)ei) = (bi + ci)f(ei)

= bif(ei) + cif(ei)

= f(biei) + f(ciei) for all i = 1, 2, 3, . . . , n.

Hence

f(b + c) =
n∑

i=1

f((bi + ci)ei)

=
n∑

i=1

(f(biei) + f(ciei))

=
n∑

i=1

f(biei) +
n∑

i=1

f(ciei)

= f(
n∑

i=1

biei) + f(
n∑

i=1

ciei)

= f(b) + f(c).

Thus f ∈ EndR(R(N)). ¤

Proposition 3.1.3. Let R be a local ring and M a unique maximal ideal of R

with AnnR(M) = {0} and let V = R(N), then fln(V) ≤ 1.

Proof. Let W := 〈Me1 ∪Me2 ∪ . . . 〉 and f ∈ MR(V) such that f is linear on W.

Let f(ei) = (αi1, αi2, . . . ).

Let (r1, r2, . . . ) = r1e1 + r2e2 + · · ·+ rmem in V, and f((r1, r2, . . . )) = (s1, s2, . . . ).

Then for all a ∈ M , we have

f(a(r1, r2, . . . )) = af((r1, r2, . . . )) = a(s1, s2, . . . )

= as1e1 + as2e2 + · · ·+ askek for some k ∈ N
= (as1, as2, . . . ).

Since a(r1, r2, . . . ) = ar1e1 + ar2e2 + · · ·+ armem ∈ W, we have

f(a(r1, r2, . . . )) = ar1f(e1) + ar2f(e2) + · · ·+ armf(em)

= ar1(α11, α12, . . . ) + ar2(α21, α22, . . . ) + · · ·+ arm(αm1, αm2, . . . ).
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Thus we get

(as1, as2, . . . ) = ar1(α11, α12, . . . ) + ar2(α21, α22, . . . ) + · · ·+ arm(αm1, αm2, . . . )

= (ar1α11, ar1α12, . . . ) + (ar2α21, ar2α22, . . . ) + · · ·+ (armαm1, armαm2, . . . ).

So asj = ar1α1j + ar2α2j + · · ·+ armαmj,

and hence

asj − (ar1α1j + ar2α2j + · · ·+ armαmj) = 0,

then

(sj − (r1α1j + r2α2j + · · ·+ rmαmj))a = 0.

This means that sj − (r1α1j + r2α2j + · · ·+ rmαmj) = 0 since AnnR(M) = {0}.
Thus sj = r1α1j + r2α2j + r3α3j + · · ·+ rmαmj , j = 1, 2, . . . , k.

Then

f(
m∑

i=1

riei) = f(r1, r2, . . . )

= (r1α11 + r2α21 + · · ·+ rmαm1)e1 + (r1α12 + r2α22 + · · ·+ rmαm2)e2 + · · ·+
(r1α1k + r2α2k + · · ·+ rmαmk)ek

= r1(α11, α12, . . . ) + r2(α21, α22, . . . ) + · · ·+ rm(αm1, αm2, . . . )

= r1f(e1) + r2f(e2) + · · ·+ rmf(em) = f(r1e1) + f(r2e2) + · · ·+ f(rmem)

=
m∑

i=1

f(riei).

By Lemma 3.1.2. we get f ∈ EndR(V).

Therefore we have fln(V) ≤ 1. ¤

Proposition 3.1.4. Let R be a local ring and M a unique maximal ideal of R

with AnnR(M) 6= 0. If V = R(N), then fln(V) 6= 0.

Proof. Let 0 6= ao ∈ AnnR(M) and v = r1e1 + r2e2 + · · ·+ rmem ∈ V.

Define a function f : V → V by

f(v) =





r1aoe1 if r2 ∈ M,

0 if r2 ∈ R\M.
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It is easy to see that f is well-defined.

Next, we show that f ∈ MR(V).

Let s ∈ R.

If r2 ∈ R\M , then f(v) = f(r1e1 + r2e2 + · · ·+ rmem) = 0.

So if s ∈ R\M , then sr2 ∈ R\M , f(sv) = f(s(r1e1 + r2e2 + · · · + rmem)) =

f(sr1e1 + sr2e2 + · · · + srmem) = 0. But if s ∈ M , then sr2 ∈ M since M is an

ideal of R. Thus f(sv) = f(sr1e1 + sr2e2 + · · · + srmem) = sr1aoe1 = 0 since

sr1 ∈ M .

If r2 ∈ M , then f(v) = f(r1e1 + r2e2 + · · · + rmem) = r1aoe1 and that

sf(v) = sf(r1e1 + r2e2 + · · ·+ rmem) = s(r1aoe1) = sr1aoe1.

Since sr2 ∈ M , we get

f(sv) = f(s(r1e1 + r2e2 + · · ·+ rmem)) = f(sr1e1 + sr2e2 + · · ·+ srmem) = sr1aoe1.

Hence f ∈ MR(V).

Next, we show that f is not linear on V.

Let v1 = e1, v2 = e2 ∈ V, then f(v1 + v2) = f(e1 + e2) = 0 since 1 ∈ R\M .

Since v1 = e1 = 1e1 + 0e2 + · · · + 0em and v2 = e2 = 0e1 + 1e2 + · · · + 0em, then

f(v1) = (1)aoe1 since 0 ∈ M and f(v2) = 0 since 1 ∈ R\M .

Thus f(v1 + v2) = 0 6= aoe1 = aoe1 + 0 = f(v1) + f(v2).

Hence f is not linear on V.

Thus f /∈ EndR(V ) and that fln(V ) 6= 0. ¤

Lemma 3.1.5. Let R be a finite local ring and V = R(N). If T ⊆ V, then

A = {Rw | w ∈ T} has a maximal element.

Proof. Let | R | = q and suppose that A = {Rw | w ∈ T} where T ⊆ V does

not have a maximal element.

We note that for each w ∈ T, |Rw| ≤ q.

Let Rw1 ∈ A, then there exists Rw2 ∈ A such that

Rw1 $ Rw2.

Since Rw2 ∈ A, then there exists Rw3 ∈ A such that
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Rw1 $ Rw2 $ Rw3.

By continuing in this way, we obtain an ascending chain of submodules of V

Rw1 $ Rw2 $ Rw3 $ · · · $ Rwq $ Rwq+1 . . . .

Since w1 ∈ Rw1, then we get |Rw1| ≥ 1.

Thus |Rwq+1| > q, it is a contradiction and the prove is complete. ¤

Proposition 3.1.6. If R is a finite local ring, M a unique maximal ideal of R

with Ann(M) 6= 0 and = = {S1, S2, . . . , St} is a collection of proper submodules of

V = R(N) which forces linearity, then ∪t
i=1Si = V.

Proof. We suppose that ∪t
i=1Si & V and show that = does not force linearity

on V.

We note that R is finite, then the set {Rw | w /∈ ∪t
i=1Si} has a maximal element

by Lemma 3.1.5, say Rwo. Also Rwo & V since V is not cyclic.

Now let 0 6= a ∈ Ann(M) and define f : V → V by

f(x) =





rae1 if x = rwo ∈ Rwo ,

0 otherwise.

We show that f is well-defined.

Suppose that s1wo = s2wo.

Then (s1− s2)wo = 0, so (s1− s2) ∈ M , because if (s1− s2) /∈ M , then (s1− s2)

is a unit, so there exist (s1 − s2)
−1 such that (s1 − s2)(s1 − s2)

−1 = 1.

Thus wo = 1wo = (s1 − s2)
−1(s1 − s2)wo = (s1 − s2)

−10 = 0, a contradiction.

Hence (s1 − s2)ae1 = ((s1 − s2)a)e1 = 0e1 = 0, i.e., s1ae1 = s2ae1, thus f is

well-defined.

Next, we show that f ∈ MR(V).

Let v ∈ V, r ∈ R. We consider in two cases:

Case 1: v ∈ Rw0.

Then v = sw0 for some s ∈ R, so rv = rsw0, f(rv) = rsae1 = rf(v).
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Case 2: v /∈ Rw0. We consider in two subcases.

(1) If rv /∈ Rwo, then rf(v) = 0 = f(rv).

(2) If rv ∈ Rw0, then rv = swo ∈ Rwo for some s ∈ R. We consider as

follow. If s ∈ M and f(rv) = sae1 = 0 = r(0) = rf(v). The case s /∈ M can not

occur since w0 = s−1sw0 = s−1rv ∈ Rv which implies Rw0 ⊆ Rv.

If v ∈ ∪t
i=1Si, then w0 ∈ Rv ⊆ Si for some i which is a contradiction.

If v /∈ ∪t
i=1Si, then v ∈ Rv = Rw0 since Rw0 is maximal which contradicts to our

assumption.

Thus we have f ∈ MR(V).

Now, we show that f is linear on each Si for all i = 1, 2, . . . , t.

Let v ∈ ∪t
i=1Si.

If v /∈ Rwo, then f(v) = 0.

If v ∈ Rwo, say v = swo, then s ∈ M , for if s ∈ R \M , hence s is a unit,

thus there exists s−1, then wo = 1wo = s−1swo = s−1v ∈ ∪t
i=1Si, a contradiction.

Thus f(v) = sae1 = 0.

Consequently, f(∪t
i=1Si) = 0, then f(x + y) = 0 = 0 + 0 = f(x) + f(y) for all

x, y ∈ Si, ∀i = 1, 2, . . . , t and hence f is linear on each Si ∈ =.

Finally let ŵ ∈ (V \Rwo).

Then ŵ + wo /∈ Rwo, so f(ŵ + wo) = 0 6= ae1 = f(wo) = f(ŵ) + f(wo).

Therefore = does not force linearity on V. ¤

Lemma 3.1.7. Let R be a local ring with unique maximal ideal M . Then V/MV is

a vector space over the field R/M under addition and scalar multiplication defined

by

(v1 + MV) + (v2 + MV) = (v1 + v2) + MV.

and (r + M)(v + MV) = rv + MV.

Proof. Since R is a commutative ring with identity and M is a maximal ideal of

R, R/M is a field.

We will show that addition and scalar multiplication are well-defined.
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Let x1 + MV = y1 + MV and x2 + MV = y2 + MV where x1, x2, y1, y2 ∈ V.

Then x1 − y1 ∈ MV and x2 − y2 ∈ MV, so (x1 − y1) + (x2 − y2) ∈ MV.

Thus (x1 + x2)− (y1 + y2) ∈ MV.

This means that (x1 + x2) + MV = (y1 + y2) + MV.

Next, let r1 + M = r2 + M and v1 + MV = v2 + MV where r1, r2 ∈ R and

v1, v2 ∈ V.

Then r1 − r2 ∈ M and v1 − v2 ∈ MV.

Since MV is an R−module, then (r1 − r2)v1 ∈ MV and r2(v1 − v2) ∈ MV,

then r1v1 − r2v1 ∈ MV and r2v1 − r2v2 ∈ MV.

Thus (r1v1 − r2v1) + (r2v1 − r2v2) ∈ MV, so (r1v1 − r2v2) ∈ MV.

Hence r1v1 + MV = r2v2 + MV.

Therefore (r1 + M)(v1 + MV) = (r2 + M)(v2 + MV).

Next, we show that V/MV is a vector space over the field R/M under addition

and scalar multiplication defined above.

Let v1 +MV, v2 +MV ∈ V/MV and r1 +M, r2 +M ∈ R/M where v1, v2 ∈ V

and r1, r2 ∈ R.

Then

(r1 + M)((v1 + MV) + (v2 + MV)) = (r1 + M)((v1 + v2) + MV)

= r1(v1 + v2) + MV

= (r1v1 + r1v2) + MV

= (r1v1 + MV) + (r1v2 + MV)

= (r1 + M)(v1 + MV) + (r1 + M)(v2 + MV)

and

((r1 + M) + (r2 + M))(v1 + MV) = ((r1 + r2) + M)(v1 + MV)

= (r1 + r2)v1 + MV

= (r1v1 + r2v1) + MV

= (r1v1 + MV) + (r2v1 + MV)

= (r1 + M)(v1 + MV) + (r2 + M)(v1 + MV)
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and

(r1 + M)((r2 + M)(v1 + MV)) = (r1 + M)(r2v1 + MV)

= r1(r2v1) + MV

= (r1r2)v1 + MV

= (r1r2)(v1 + MV)

= ((r1r2) + M)(v1 + MV)

= ((r1 + M)(r2 + M))(v1 + MV)

and

(1 + M)(v1 + MV) = 1v1 + MV = v1 + MV

Thus we get V/MV is a vector space over the field R/M . ¤

Lemma 3.1.8. Let V be a vector space over the field F and S1, S2, . . . , Sk be

finitely many subspaces of V with k < |F |+1. Then S1∪S2∪· · ·∪Sk is a subspace

if and only if some Si contains the others.

Proof. See [7] page 128.

Theorem 3.1.9. Let R be a local ring with unique maximal ideal M and V = R(N)

and AnnR(M) 6= 0. If every proper submodule of V contains MV and R/M is

infinite, then fln(V) = ∞.

Proof. Suppose that there exists a finite set = = {S1, S2, . . . , St} of proper sub-

modules of V which forces linearity, then by Proposition 3.1.6. we get V = ∪t
i=1Si.

By Lemma 3.1.7, we get V/MV is a vector space over R/M and for each 1 ≤ i ≤ t

we get Si/MV is a proper subspace of V/MV since MV ≤ Si.

Since ∪t
i=1(Si/MV) = (∪t

i=1Si)/MV = V/MV, ∪t
i=1(Si/MV) is a vector space on

R/M .

Because |R/M | is infinite, we get t < |R/M |+ 1.

Thus by Lemma 3.1.8. there exists 1 ≤ j ≤ t such that Si/MV ⊆ Sj/MV for

all i 6= j, so Sj/MV = ∪t
i=1(Si/MV) = V/MV, which contradicts to Sj/MV is a

proper subspace of V/MV. Hence fln(V) = ∞. ¤
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Theorem 3.1.10. Let R be local ring with maximal ideal M such that R/M is

a field of cardinality q. Suppose that V = R(N), then fln(V) ≤ q + 2.

Proof. Since R is a commutative Noetherian ring, M is finitely generated.

Let M = 〈m1,m2, . . . , mk〉 and let (R/M)∗ = {u1 + M, u2 + M, . . . , uq−1 + M} ;

i.e.,u1, u2, . . . , uq−1 is a system of representatives for (R/M)∗.

Define S
′

= 〈m1e1, . . . , mke1, e2, e3, . . . 〉, S
′′

= 〈e1,m1e2, . . . , mke2, e3, . . . 〉 and

Si = 〈e1 + uie2,m1e2, . . . , mke2, e3, . . . 〉 for i = 1, 2, . . . , q − 1.

Thus V = S
′ ∪ S

′′ ∪ (∪q−1
i=1Si).

Let S = 〈e1, e2〉 and consider = = {S ′
, S

′′
, S1, . . . , Sq−1, S}. Then all elements in

= are distinct, so |=| = q + 2.

Suppose that f ∈ MR(V) is linear on each submodule in = and let v = a1e1 +

a2e2 + · · ·+ amem be arbitrary in V.

If a1 or a2 ∈ M , then v ∈ S
′

or S
′′

and f(a1e1 + a2e2 + · · · + amem) =

f(a1e1) + f(a2e2) + · · ·+ f(amem).

If both a1, a2 ∈ R\M , then v = a1(e1 + a−1
1 a2e2) + a3e3 + · · ·+ amem.

Since a1, a2 /∈ M , then a−1
1 a2 /∈ M , so there exist ul with 1 ≤ l ≤ q − 1 such that

a−1
1 a2 + M = ul + M , this means that (a−1

1 a2 − ul) ∈ M , then a−1
1 a2 − ul = m̂

where m̂ ∈ M, i.e., a−1
1 a2 = ul + m̂, m̂ ∈ M . From m̂ = r1m1 + r2m2 + · · ·+ rkmk

where ri ∈ R, we get a1m̂e2 = a1r1m1e2 + a1r2m2e2 + · · ·+ a1rkmke2.

Thus v = a1(e1 + ule2) + a1m̂e2 + a3e3 + · · ·+ amem ∈ Sl. Since f is linear on Sl,

f(a1e1 + a2e2 + · · ·+ amem) = f(a1(e1 + ule2) + a1m̂e2 + a3e3 + · · ·+ amem)

= f(a1e1+a1ule2)+f(a1m̂e2)+f(a3e3)+· · ·+f(amem).

Since f is linear on S, then f(a1e1 + a1ule2) = f(a1e1) + f(a1ule2).

Hence

f(v) = f(a1e1) + f(a1ule2) + f(a1m̂e2) + f(a3e3) + · · ·+ f(amem)

= f(a1e1) + f([a1ul + a1m̂]e2) + f(a3e3) + · · ·+ f(amem) since f is linear on S
′

= f(a1e1) + f(a2e2) + · · ·+ f(amem).

Thus from Lemma 3.1.2., we get f is linear on V and = forces linearity on V. ¤
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3.2 General properties of Z(N)

pk

In this section we want to find the forcing linearity numbers of a free

module V = Z(N)

pk , over a local ring Zpk . It is easy to see that Zpk is a commutative

local ring with identity, not an integral domain such that 〈p̄〉 is a unique maximal

ideal of Zpk . Moreover 〈p̄〉 consisting of all nonunits of Zpk .

Let V = Z(N)

pk and u , v be fixed positive integers with u < v.

We let Mi = 〈e1, e2, . . . , ei−1, pei, ei+1, . . . 〉 and

Kuv(t) = 〈e1, e2, ..., eu−1, eu + tev, eu+1, ..., ev−1, pev, ev+1, ...〉 where 1 ≤ t ≤ p− 1

= {(x̄1, x̄2, x̄3, ...) ∈ V|(x̄u, x̄v) ∈ 〈(1̄, t̄)〉 ⊕ 〈(0̄, p̄)〉, 1 ≤ t ≤ p− 1}.

Lemma 3.2.1. Ann(〈p̄〉) = {0̄, pk−1, 2pk−1, ..., (p− 1)pk−1}.
Proof. Let ā ∈ Ann(〈p̄〉). Then ax ≡ 0(mod pk) for all x̄ ∈ 〈p̄〉.
By taking x = p, we get pk|ap which implies pk−1|a.

Thus a = mpk−1 for some m ∈ Z.

Since 0 ≤ a < pk, then 0 ≤ mpk−1 < pk, so 0 ≤ m < p.

Therefore a ∈ {0̄, pk−1, 2pk−1, . . . , (p− 1)pk−1}.
Clearly {0̄, pk−1, 2pk−1, . . . , (p− 1)pk−1} ⊆ Ann(〈p̄〉).
Hence Ann(〈p̄〉) = {0̄, pk−1, 2pk−1, . . . , (p− 1)pk−1}. ¤

Lemma 3.2.2. If = = {S1, S2, ..., St} is a collection of proper submodules of

V = Z(N)

pk which forces linearity, then ∪t
i=1Si = V.

Proof. Let = = {S1, S2, ..., St} be a collection of proper submodules of

V = Z(N)

pk which forces linearity.

Since Zpk is a finite local ring which has 〈p̄〉 as a unique maximal ideal of Zpk with

Ann(〈p̄〉) 6= 0̄, then by Proposition 3.1.6. we get ∪t
i=1Si = V. ¤

Theorem 3.2.3.(First Sylow Theorem) Let G be a group of order pnm, with n ≥ 1,

p prime, and gcd(p,m) = 1. Then G contains a subgroup of order pi for each

1 ≤ i ≤ n and every subgroup of G of order pi(i < n) is normal in some subgroup
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of order pi+1.

Proof. See [3] page 94. ¤

Lemma 3.2.4. If V = Zpk ⊕ Zpk and M is a maximal submodule of V, then

|M | = p2k−1.

Proof. Let M be a maximal submodule of V. Then M is a subgroup of Zpk ⊕Zpk .

Suppose |M | < p2k−1. By First Sylow Theorem, M is contained in some subgroup

K of order p2k−1. We prove that K is a submodule of V.

Let s̄ ∈ Zpk and x ∈ K.

If s̄ = 0̄, s̄x = 0̄x = 0 ∈ K.

If 1̄ ≤ s̄ < pk, then s̄x = (1̄ + 1̄ + · · ·+ 1̄︸ ︷︷ ︸
s times

)x = x + x + · · ·+ x︸ ︷︷ ︸
s times

.

Because x ∈ K and K is a group, x + x + · · ·+ x︸ ︷︷ ︸
s times

∈ K. Thus s̄x ∈ K and get K

is a submodule of V.

Thus M $ K $ V, which contradicts to the maximality of V. ¤

Proposition 3.2.5. (i) If x̄ ∈ Zpk and s ∈ Z, then sx̄ = sx.

(ii) Zpk(x̄, ȳ) = Z(x̄, ȳ) for all x̄, ȳ ∈ Zpk .

Proof. (i) Let x̄ ∈ Zpk and s ∈ Z, we consider in three cases:

Case s = 0 : We get 0x̄ = 0̄ = 0̄x̄ = 0x.

Case s > 0 : Then sx̄ = x̄ + x̄ · · ·+ x̄︸ ︷︷ ︸
s times

= x + x + · · ·+ x︸ ︷︷ ︸
s times

= sx.

Case s < 0 : Then −s > 0 and sx̄ = −(−s)x̄ = −(−sx̄) = −(−sx) = sx since sx

is an inverse of −sx.

Thus by three cases we get sx̄ = sx for x̄ ∈ Zpk , s ∈ Z.

(ii) (⇒) Let a ∈ Zpk(x̄, ȳ). Then a = s̄(x̄, ȳ) for some 0 ≤ s < pk.

Since a = s̄(x̄, ȳ) = (s̄x̄, s̄ȳ) = (sx, sy) = (sx̄, sȳ) = s(x̄, ȳ) where s ∈ Z by (i), we

get a ∈ Z(x̄, ȳ).

Thus Zpk(x̄, ȳ) ⊆ Z(x̄, ȳ).

(⇐) Let b ∈ Z(x̄, ȳ). Then b = r(x̄, ȳ) for some r ∈ Z.
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Since b = r(x̄, ȳ) = (rx̄, rȳ) = (rx, ry) = (r̄x̄, r̄ȳ) = r̄(x̄, ȳ) where r̄ ∈ Zpk by (i),

we get a ∈ Zpk(x̄, ȳ).

Thus Z(x̄, ȳ) ⊆ Zpk(x̄, ȳ).

Hence Zpk(x̄, ȳ) = Z(x̄, ȳ) for all x̄, ȳ ∈ Zpk . ¤

Lemma 3.2.6. If V is a finitely generated abelian group generated by n elements,

then every subgroup M of V can be generated by m elements with m ≤ n.

Proof. See[3] page 74. ¤

Proposition 3.2.7. Let V = Zpk ⊕ Zpk and M a maximal submodule of V over

Zpk . Then there exist (1̄, ḡ) or (g′ , 1̄) ∈ M for some g, g
′ ∈ Zpk .

Proof. Suppose (1̄, ḡ) and (g′ , 1̄) /∈ M for all g and g
′ ∈ Zpk .

If there is an element (x̄, ȳ) ∈ M such that |(x̄, ȳ)| = pk. Then gcd(x, p) = 1 or

gcd(y, p) = 1

If gcd(x, p) = 1, then there is z̄ ∈ Zpk such that z̄(x̄, ȳ) = (z̄x̄, z̄ȳ) =

(1̄, z̄ȳ) ∈ M , which is a contradiction.

If gcd(y, p) = 1, then there is s̄ ∈ Zpk such that s̄(x̄, ȳ) = (s̄x̄, s̄ȳ) =

(s̄x̄, 1̄) ∈ M , which is a contradiction.

Thus every element (x̄, ȳ) ∈ M , |(x̄, ȳ)| < pk.

Since V is generated by two elements, M can be generated by at most two

elements by Lemma 3.2.6, that is M = Z(x̄, ȳ)+Z(ū, v̄) for some (x̄, ȳ), (ū, v̄) ∈ M .

Thus |M | < p2k−1.

By Proposition 3.2.5, we have Z(x̄, ȳ) + Z(ū, v̄) = Zpk(x̄, ȳ) + Zpk(ū, v̄).

Thus we get M = Zpk(x̄, ȳ) + Zpk(ū, v̄). And that |M | < p2k−1.

But M is a maximal submodule of V, so |M | = p2k−1, which is a contradiction.

Therefore, there exists (1̄, ḡ) or (g′ , 1̄) ∈ M . ¤
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Lemma 3.2.8. Let (0̄, p̄), (p̄, 0̄) ∈ Zpk ⊕ Zpk , then

(1) Zpk(0̄, p̄) = {(0̄, x̄) | x = up ; where 0 ≤ u ≤ pk−1 − 1}
and (2) Zpk(p̄, 0̄) = {(ȳ, 0̄) | y = vp ; where 0 ≤ v ≤ pk−1 − 1}.
Moreover |Zpk(0̄, p̄)| = pk−1 = |Zpk(p̄, 0̄)|.
Proof. (1) (⊆) Let a ∈ Zpk(0̄, p̄), then a = t̄(0̄, p̄) = (0̄, tp) where 0 ≤ t < pk.

If 0 ≤ t ≤ pk−1−1, we get a ∈ {(0̄, x̄) | x = up ; where 0 ≤ u ≤ pk−1−1}.
If t > pk−1 − 1, then by division algorithm there exists q, s ∈ Z such that

t = pk−1q + s where 0 ≤ s < pk−1.

Then t̄p̄ = p̄t̄ = p̄(pk−1q̄ + s̄) = pkq + ps = 0̄ + ps = ps = sp.

Since 0 ≤ s < pk−1, this means that 0 ≤ s ≤ pk−1 − 1.

Then a = (0̄, tp) ∈ {(0̄, x̄) | x = up ; where 0 ≤ u ≤ pk−1 − 1}.
Thus Zpk(0̄, p̄) ⊆ {(0̄, x̄) | x = up ; where 0 ≤ u ≤ pk−1 − 1}.

(⊇) Let a ∈ {(0̄, x̄) | x = up ; where 0 ≤ u ≤ pk−1 − 1}.
Then there exists 0 ≤ b ≤ pk−1 − 1 such that a = (0̄, bp) = b̄(0̄, p̄).

Since 0 ≤ b ≤ pk−1 − 1, then b̄ ∈ Zpk .

Thus a ∈ Zpk(0̄, p̄) and {(0̄, x̄) | x = up ; where 0 ≤ u ≤ pk−1 − 1} ⊆ Zpk(0̄, p̄).

Thus we get Zpk(0̄, p̄) = {(0̄, x̄) | x = up ; where 0 ≤ u ≤ pk−1 − 1}.
Next, we show that |Zpk(0̄, p̄)| = pk−1.

Let (0̄, x̄1) = (0̄, x̄2), then there is 0 ≤ y1, y2 ≤ pk−1 − 1 such that x1 = y1p and

x2 = y2p.

Suppose that y1 ≥ y2. Then 0 ≤ y1 − y2 ≤ pk−1 − 1.

Thus (0̄, y1p) = (0̄, y2p), so y1p = y2p and 0̄ = y1p− y2p = (ȳ1 − ȳ2)p.

Hence ȳ1 − ȳ2 = 0̄ since 0 ≤ y1 − y2 ≤ pk−1 − 1.

Thus y1 = y2.

Hence {(0̄, x̄) | x = up ; where 0 ≤ u ≤ pk−1 − 1} has order pk−1.

This means that |Zpk(0̄, p̄)| = pk−1.

(2) By using the same proof as given in (1), we get

Zpk(p̄, 0̄) = {(ȳ, 0̄) | y = vp ; where 0 ≤ v ≤ pk−1 − 1} and |Zpk(p̄, 0̄)| = pk−1. ¤
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Lemma 3.2.9. Let V = Zpk ⊕ Zpk and M a maximal submodule of V. Then

M contains elements x, y such that |x| = pk , |y| = pk−1 and M = 〈x〉 ⊕ 〈y〉.
Proof. Let M be a maximal submodule of V.

By Proposition 3.2.7. we get (1̄, ḡ) or (ḡ′ , 1̄) ∈ M where 0 ≤ g, g
′
< pk.

We consider in two cases.

Case i: (1̄, ḡ) ∈ M where 0 ≤ g < pk.

We defined f : M → M by

f((x̄, ȳ)) = (x̄, xg)

Let (x̄1, ȳ1), (x̄2, ȳ2) ∈ M and (x̄1, ȳ1) = (x̄2, ȳ2).

So x̄1 = x̄2, ȳ1 = ȳ2 and x1g = x2g.

We get, f((x̄1, ȳ1)) = (x̄1, x1g) = (x̄2, x2g) = f((x̄2, ȳ2)).

Thus f is well-defined.

Let K = {ȳ | (0̄, ȳ) ∈ Kerf and 0 ≤ y < pk} and K
′
= {y | ȳ ∈ K}.

Thus K
′ ⊆ N ∪ {0}.

Let d be the smallest positive element in K
′
.

We claim that Kerf = {(0̄, ȳ)|ȳ ∈ Zpk} ∩M = Zpk(0̄, d̄).

Since f((0̄, ȳ)) = (0̄, 0̄ḡ) = (0̄, 0̄), it follows that {(0̄, ȳ)|ȳ ∈ Zpk} ∩M ⊆ Kerf .

Let (ā, b̄) ∈ Kerf .

Thus (ā, ag) = f((ā, b̄)) = (0̄, 0̄), so ā = 0̄ and

(ā, b̄) = (0̄, b̄) ∈ {(0̄, ȳ)|ȳ ∈ Zpk} ∩M .

Thus Kerf = {(0̄, ȳ)|ȳ ∈ Zpk} ∩M .

Let a ∈ Zpk(0̄, d̄).

Then a = e(0̄, d̄) = (0̄, ed) where e ∈ Zpk , so f(a) = f(0̄, ed) = (0̄, 0g) = (0̄, 0̄).

Thus a ∈ Kerf and Zpk(0̄, d̄) ⊆ Kerf .

Let (0̄, m̄) ∈ Kerf .

Consider m and d, by division algorithm we get m = xd + r for some x ∈ Z,

0 ≤ r < d.

Since (0̄, xd) and (0̄, m̄) ∈ Kerf , then (0̄, r̄) ∈ Kerf .

If r 6= 0, then r ∈ K
′
and r < d which is a contradiction.

This implies that m̄ = xd ∈ Zpk and so (0̄, m̄) = x(0̄, d̄) ∈ Z(0̄, d̄).
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But by Proposition 3.2.5. Z(0̄, d̄) = Zpk(0̄, d̄), so (0̄, m̄) ∈ Zpk(0̄, d̄).

Thus Kerf ⊆ Zpk(0̄, d̄).

Therefor Kerf = {(0̄, ȳ)|ȳ ∈ Zpk}∩M = Zpk(0̄, d̄) where d is the smallest positive

element in K
′
.

Next, we show that f is an idempotent endomorphism of M .

Let (x̄, ȳ) ∈ M . We get

ff((x̄, ȳ)) = f((x̄, xg)) = (x̄, xg) = f((x̄, ȳ)).

Thus f is an idempotent.

Let n̄ ∈ Zpk , (x̄, ȳ) ∈ M . We have,

n̄f((x̄, ȳ)) = n̄(x̄, xg) = (nx, nxg) and

f(n̄(x̄, ȳ)) = f((nx, ny)) = (nx, nxg).

Thus f ∈ MZ
pk

(M).

Next, we show that f ∈ EndZ
pk

(M).

Let (x̄1, ȳ1), (x̄2, ȳ2) ∈ M . We get,

f((x̄1, ȳ1) + (x̄2, ȳ2)) = f((x̄1 + x̄2, ȳ1 + ȳ2)) = (x1 + x2, (x1 + x2)g) and

f((x̄1, ȳ1)) + f((x̄2, ȳ2)) = (x̄1 + x1g) + (x̄2 + x2g)) = (x1 + x2, (x1 + x2)g).

Thus f((x̄1, ȳ1) + (x̄2, ȳ2)) = f((x̄1, ȳ1)) + f((x̄2, ȳ2)) and so f ∈ EndZ
pk

(M).

Now, we show that Imf = Zpk(1̄, ḡ).

By the definition of f we see that Imf is a submodule of Zpk(1̄, ḡ).

Let (ā, b̄) ∈ Zpk(1̄, ḡ), so (ā, b̄) = m̄(1̄, ḡ) for some m̄ ∈ Zpk .

And f((m̄, mg)) = (m̄, mg) = (ā, b̄), then (ā, b̄) ∈ Imf .

Thus Imf = Zpk(1̄, ḡ).

By Lemma 2.3.3, M = Zpk(1̄, ḡ)⊕Zpk(0̄, d̄) = 〈(1̄, ḡ)〉 ⊕ 〈(0̄, d̄)〉 where 0 ≤ g < pk.

Since |M | = p2k−1 and gcd(1, p) = 1, then |(1̄, ḡ)| = pk and |(0̄, d̄)| = pk−1.

Case ii: (ḡ′ , 1̄) ∈ M where 0 ≤ g
′
< pk.

We defined f : M → M by

f((x̄, ȳ)) = (yg′ , ȳ)

Let L = {x̄ | (x̄, 0̄) ∈ Kerf and 0 ≤ x < pk} and L
′
= {x | x̄ ∈ K}.

Let c be the smallest positive element in L
′
.

Then f is an idempotent endomorphism with
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Kerf = {(x̄, 0̄)|x̄ ∈ Zpk} ∩M = Zpk(c̄, 0̄) where c is the smallest positive element

in L
′
.

By the same prove as we give in case i, we get

M = Zpk(ḡ′ , 1̄)⊕ Zpk(c̄, 0̄) = 〈(ḡ′ , 1̄)〉 ⊕ 〈(c̄, 0̄)〉 where 0 ≤ g
′
< pk.

Since |M | = p2k−1 and gcd(1, p) = 1, then |(ḡ′ , 1̄)| = pk and |(c̄, 0̄)| = pk−1. ¤

By Lemma 3.2.8. and in case i of Lemma 3.2.9, we get Zpk(0̄, p̄) ⊆ Kerf =

Zpk(0̄, d̄), so Zpk(0̄, p̄) = Zpk(0̄, d̄) since they have the same order pk−1.

Similarly, we get Zpk(p̄, 0̄) = Zpk(c̄, 0̄).

Lemma 3.2.10. If V = Zpk ⊕ Zpk is a module over the ring Zpk , then all distinct

maximal submodules of V are of the forms 〈(1̄, t̄)〉 ⊕ 〈(0̄, p̄)〉 where 0 ≤ t ≤ p − 1

and 〈(0̄, 1̄)〉 ⊕ 〈(p̄, 0̄)〉.
Proof. Let M be a maximal submodule of V. Thus |M | = p2k−1.

Then M = 〈(1̄, t̄)〉 ⊕ 〈(0̄, p̄)〉 or 〈(t′ , 1̄)〉 ⊕ 〈(p̄, 0̄)〉 where t̄, t′ ∈ Zpk .

We claim that 〈(1̄, t̄)〉 ⊕ 〈(0̄, p̄)〉 = 〈(1̄, s̄)〉 ⊕ 〈(0̄, p̄)〉 where 0 ≤ s ≤ p− 1.

Consider 〈(1̄, t̄)〉 ⊕ 〈(0̄, p̄)〉, we have

t = ap + s for some a ∈ Z, 0 ≤ s ≤ p− 1 by division algorithm.

(1̄, t̄) = (1̄, ap + s) = (1̄, s̄) + ā(0̄, p̄) ∈ 〈(1̄, s̄)〉 ⊕ 〈(0̄, p̄)〉. So 〈(1̄, t̄)〉 ⊕ 〈(0̄, p̄)〉 ⊆
〈(1̄, s̄)〉 ⊕ 〈(0̄, p̄)〉.
Since 〈(1̄, t̄)〉 ⊕ 〈(0̄, p̄)〉 and 〈(1̄, s̄)〉 ⊕ 〈(0̄, p̄)〉 have order p2k−1,

thus 〈(1̄, t̄)〉 ⊕ 〈(0̄, p̄)〉 = 〈(1̄, s̄)〉 ⊕ 〈(0̄, p̄)〉 where 0 ≤ s ≤ p− 1.

For the case M = 〈(t′ , 1̄)〉 ⊕ 〈(p̄, 0̄)〉,
we claim that 〈(t′ , 1̄)〉 ⊕ 〈(p̄, 0̄)〉 = 〈(r̄, 1̄)〉 ⊕ 〈(p̄, 0̄)〉 where 0 ≤ r ≤ p− 1.

Consider 〈(t′ , 1̄)〉 ⊕ 〈(p̄, 0̄)〉, we have

t
′
= bp + r for some b ∈ Z, 0 ≤ r ≤ p− 1 by division algorithm.

(t′ , 1̄) = (bp + r, 1̄) = (r̄, 1̄)+ b̄(p̄, 0̄) ∈ 〈(r̄, 1̄)〉⊕〈(p̄, 0̄)〉. Hence 〈(t′ , 1̄)〉⊕〈(p̄, 0̄)〉 ⊆
〈(r̄, 1̄)〉 ⊕ 〈(p̄, 0̄)〉.
Since 〈(t′ , 1̄)〉 ⊕ 〈(p̄, 0̄)〉 and 〈(r̄, 1̄)〉 ⊕ 〈(p̄, 0̄)〉 have order p2k−1,

thus 〈(t′ , 1̄)〉 ⊕ 〈(p̄, 0̄)〉 = 〈(r̄, 1̄)〉 ⊕ 〈(p̄, 0̄)〉 where 0 ≤ r ≤ p− 1.
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Consider 〈(r̄, 1̄)〉 ⊕ 〈(p̄, 0̄)〉 where 0 ≤ r ≤ p− 1.

If r = 0, then 〈(r̄, 1̄)〉 ⊕ 〈(p̄, 0̄)〉 = 〈(0̄, 1̄)〉 ⊕ 〈(p̄, 0̄)〉.
If r 6= 0, then gcd(r, p) = 1, there exists c̄ ∈ Zpk such that c̄r̄ = 1̄ ∈ Zpk

and (r̄, 1̄) = r̄(1̄, c̄) ∈ 〈(1̄, c̄)〉 ⊕ 〈(p̄, 0̄)〉.
Since 〈(r̄, 1̄)〉 ⊕ 〈(p̄, 0̄)〉 and 〈(1̄, c̄)〉 ⊕ 〈(p̄, 0̄)〉 have order p2k−1,

thus 〈(r̄, 1̄)〉 ⊕ 〈(p̄, 0̄)〉 = 〈(1̄, c̄)〉 ⊕ 〈(p̄, 0̄)〉.
Next, consider 〈(1̄, c̄)〉 ⊕ 〈(p̄, 0̄)〉, we get

c = dp + g for some d ∈ Z, 0 ≤ g ≤ p− 1.

Then (1̄, c̄) = (1̄, dp + g) = (1̄, ḡ)+ d̄(0̄, p̄) and we have (p̄, 0̄) = p̄(1̄, ḡ)+(−̄g)(0̄, p̄).

Since 〈(1̄, c̄)〉 ⊕ 〈(p̄, 0̄)〉 and 〈(1̄, ḡ)〉 ⊕ 〈(0̄, p̄)〉 have order p2k−1,

we have 〈(1̄, c̄)〉 ⊕ 〈(p̄, 0̄)〉 = 〈(1̄, ḡ)〉 ⊕ 〈(0̄, p̄)〉 where 0 ≤ g ≤ p− 1.

Hence maximal submodules of V are of the form

〈(1̄, t̄)〉 ⊕ 〈(0̄, p̄)〉 where 0 ≤ t ≤ p− 1

and 〈(0̄, 1̄)〉 ⊕ 〈(p̄, 0̄)〉. ¤

Note that if V = Zp ⊕ Zp, then M are of the forms 〈(1̄, t̄)〉 ⊕ 〈(0̄, 0̄)〉 where

0 ≤ t ≤ p− 1 or 〈(0̄, 1̄)〉 ⊕ 〈(0̄, 0̄)〉. ¤

Lemma 3.2.11. For each i, u, v ∈ N, Mi and Kuv(t) where 1 ≤ t ≤ p − 1

are maximal submodules of V = Z(N)

pk .

Proof. Let πj : Z(N)

pk → Zpk be the projection map.

Let Mi ⊆ G ⊆ V with G 6= Mi.

We show that G = V.

Since πj(Mi) = Zpk for all j 6= i, then πj(G) = Zpk for all j 6= i since Mi ⊆ G.

At the component i we get πj(Mi) = 〈p̄〉. But 〈p̄〉 = πj(Mi) & πj(G), then

πj(G) = Zpk since 〈p̄〉 is maximal ideal of Zpk .

Thus we get πj(G) = Zpk for all j ∈ N, then G = V.

Therefore Mi is a maximal submodule of V.

Let Kuv(t) ⊆ S ⊆ V with S 6= V, 1 ≤ t ≤ p− 1.

Next, we show that S = Kuv(t)
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Since Kuv(t) = {(x̄1, x̄2, x̄3, . . . )|(x̄u, x̄v) ∈ 〈(1̄, t̄)⊕ (0̄, p̄)〉}.
Then πj(Kuv(t)) = Zpk for all j 6= u, v.

Thus we get πj(S) = Zpk for all j 6= u, v since Kuv(t) ⊆ S.

For each (s̄k) ∈ S.

Consider at components u, v of (s̄k) ∈ S.

If (s̄u, s̄v) /∈ 〈(1̄, t̄) ⊕ (0̄, p̄)〉, then we get 〈(1̄, t̄) ⊕ (0̄, p̄)〉 + 〈(s̄u, s̄v)〉 ⊆
πu(S)⊕ πv(S) since Kuv(t) ⊆ S.

By the maximality of 〈(1̄, t̄)⊕(0̄, p̄)〉, we get Zpk⊕Zpk = 〈(1̄, t̄)⊕(0̄, p̄)〉+〈(s̄u, s̄v)〉 ⊆
πu(S)⊕ πv(S), then πu(S)⊕ πv(S) = Zpk ⊕ Zpk , so S = V, a contradiction.

Then (s̄u, s̄v) ∈ 〈(1̄, t̄)⊕ (0, p)〉, S ⊆ Kuv(t).

Thus Kuv(t) where 1 ≤ t ≤ p− 1 are maximal submodules of V. ¤

Proposition 3.2.12. Let V = Z(N)

pk . Then maximal submodules of V are of the

form Mi or Kuv(t) where 1 ≤ t ≤ p− 1.

Proof. Let W be a maximal submodule of V.

For each u, v ∈ N, let

Wuv = {(x̄u, x̄v) ∈ Zpk ⊕ Zpk | there is (āi) ∈ W such that x̄u = āu and x̄v = āv}.
We prove that Wuv is a submodule of Zpk ⊕ Zpk .

Let (b̄u, b̄v), (c̄u, c̄v) ∈ Wuv, then there exists (−c̄u,−c̄v) ∈ Wuv such that

c̄u + (−c̄u) = 0̄ and c̄v + (−c̄v) = 0̄ since W is subgroup of V.

Then (b̄u, b̄v) + (−c̄u,−c̄v) = (b̄u− c̄u, b̄v − c̄v) ∈ Wuv because W is subgroup of V.

Hence Wuv is a subgroup of Zpk ⊕ Zpk .

Let s̄ ∈ Zpk and (x̄u, x̄v) ∈ Wuv.

If s̄ = 0̄, s̄(x̄u, x̄v) = 0̄(x̄u, x̄v) = (0̄, 0̄) ∈ Wuv.

If 1̄ ≤ s̄ < pk, then s̄(x̄u, x̄v) = s(x̄u, x̄v) = (x̄u, x̄v) + (x̄u, x̄v) + · · ·+ (x̄u, x̄v)︸ ︷︷ ︸
s times

.

Since (x̄u, x̄v) ∈ Wuv and Wuv is a group, (x̄u, x̄v)+(x̄u, x̄v)+ · · ·+(x̄u, x̄v) ∈ Wuv.

Thus s̄(x̄u, x̄v) ∈ Wuv for all s̄ ∈ Zpk and (x̄u, x̄v) ∈ Wuv.

Therefore Wuv is a submodule of Zpk ⊕ Zpk .

Since Zpk ⊕ Zpk is finitely generated, every submodule of Zpk ⊕ Zpk is contained

in a maximal submodule. Thus Wuv ⊆ 〈(1̄, t̄)〉 ⊕ 〈(0̄, p̄)〉 where 1 ≤ t ≤ p − 1
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or Wuv ⊆ 〈(0̄, 1̄)〉 ⊕ 〈(p̄, 0̄)〉, by Lemma 3.2.10. Therefore W ⊆ Kuv(t) where

1 ≤ t ≤ p − 1 or W ⊆ Mu. Because W is maximal, so W = Kuv(t) or W = Mu

where 1 ≤ t ≤ p− 1. ¤

Proposition 3.2.13. If V = Z(N)

pk , then fln(V ) 6= 0.

Proof. Since Zpk is a local ring having 〈p̄〉 as a unique maximal ideal with

Ann(〈p̄〉) 6= 0, then fln(V) 6= 0 by Proposition 3.1.4. ¤

Lemma 3.2.14. Let V = Z(N)

pk . Then

(i) V = Mi ∪Mj ∪ (∪p−1
t=1 Kij(t)).

(ii) Mi∩Mj∩(∩p−1
t=1 Kij(t)) = 〈e1, e2, ..., ei−1, pei, ei+1, ..., ej−1, pej, ej+1, ...〉.

Proof. (i) Let v ∈ V.

Thus v = v1e1 + v2e2 + ... + vmem, we consider in two cases :

Case i: v̄i ∈ 〈p̄〉 or v̄j ∈ 〈p̄〉. Then we get v ∈ Mi ∪Mj.

Case ii: v̄i /∈ 〈p̄〉 and v̄j /∈ 〈p̄〉.
Then gcd(p, vi) = 1. This means that 〈v̄i〉 = Zpk .

Then there exists n̄ ∈ Zpk such that v̄in̄ = v̄j.

Thus

v = v1e1 + v2e2 + · · ·+ vi−1ei−1 + viei + vi+1ei+1 + · · ·+ vj−1ej−1

+ (vin)ej + vj+1ej+1 + · · ·+ vmem ( since v̄j = v̄in̄)

= v1e1 + v2e2 + · · ·+ vi−1ei−1 + vi(ei + nej) + vi+1ei+1 + · · ·+
vj−1ej−1 + vj+1ej+1 + · · ·+ vmem.

By division algorithm, there exist, s, l ∈ Z such that 1 ≤ s ≤ p−1 and n = lp+s

since p - vj.
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Thus we have

v = v1e1 + v2e2 + · · ·+ vi−1ei−1 + vi(ei + (s + lp)ej) + vi+1ei+1 + . . .

+ vj−1ej−1 + vj+1ej+1 + · · ·+ vmem

= v1e1 + v2e2 + · · ·+ vi−1ei−1 + vi(ei + sej) + vi+1ei+1 + · · ·+ vj−1ej−1

+ vi(lpej) + vj+1ej+1 + · · ·+ vmem,

so that v ∈ Kij(s) where 1 ≤ s ≤ p− 1.

Thus from both cases we get V ⊆ Mi ∪Mj ∪ (∪p−1
t=1 Kij(t)).

Therefore V = Mi ∪Mj ∪ (∪p−1
t=1 Kij(t)).

(ii) Let a ∈ 〈e1, e2, . . . , ei−1, pei, ei+1, . . . , ej−1, pej, ej+1, . . . 〉 and 1 ≤ t ≤
p− 1.

Then

a = a1e1 + a2e2 + · · ·+ ai−1ei−1 + ai(pei) + ai+1ei+1 + · · ·+ aj−1ej−1

+ aj(pej) + aj+1ej+1 + · · ·+ amem

= (ā1, ā2, . . . , ai−1, aip, ai+1, . . . , aj−1, ajp, aj+1, . . . ).

Thus a ∈ Mi ∩Mj.

We have p|(ajp− aipt) for all 1 ≤ t ≤ p− 1 since p|aipt and p|ajp.

Then there exists a
′
i ∈ Z for all 1 ≤ t ≤ p− 1 such that a

′
ip = ajp− aipt.

Hence ajp = (ait + a
′
i)p.

Thus

a = (ā1, ā2, . . . , ai−1, aip, ai+1, . . . , aj−1, (ait + a
′
i)p, aj+1, . . . )

= a1e1 + a2e2 + · · ·+ ai−1ei−1 + aipei + ai+1ei+1 + · · ·+ aj−1ej−1

+ ((ait + a
′
i)p)ej + aj+1ej+1 + · · ·+ amem

= a1e1 + a2e2 + · · ·+ ai−1ei−1 + aip(ei + tej) + ai+1ei+1 + · · ·+ aj−1ej−1

+ a
′
i(pej) + aj+1ej+1 + · · ·+ amem.

Then a ∈ Kij(t) for all 1 ≤ t ≤ p− 1. So

〈e1, e2, . . . , ei−1, pei, ei+1, . . . , ej−1, pej, ej+1, . . . 〉 ⊆ Mi ∩Mj ∩ (∩p−1
t=1 Kij(t)).

ÅÔ¢ÊÔ·¸Ô ìÁËÒÇÔ·ÂÒÅÑÂàªÕÂ§ãËÁè
Copyright  by Chiang Mai University
A l l  r i g h t s  r e s e r v e d

ÅÔ¢ÊÔ·¸Ô ìÁËÒÇÔ·ÂÒÅÑÂàªÕÂ§ãËÁè
Copyright  by Chiang Mai University
A l l  r i g h t s  r e s e r v e d



28

It is clear that Mi ∩Mj ⊆ 〈e1, e2, . . . , ei−1, pei, ei+1, . . . , ej−1, pej, ej+1, . . . 〉.
Next, we show that ∩p−1

t=1 Kij(t) ⊆ 〈e1, e2, . . . , ei−1, pei, ei+1, . . . , ej−1, pej, ej+1, . . . 〉.
Let x = (x̄i) ∈ ∩p−1

t=1 Kij(t).

Then x ∈ Kij(t) for all 1 ≤ t ≤ p− 1.

Consider at components i, j.

Let x̄i = ā, then x̄j = at + bp where ā and b̄ ∈ Zpk .

Thus x̄j = ā + b1p = 2a + b2p = 3a + b3p = · · · = (p− 1)a + bp−1p where

b̄1, b̄2, b̄3, . . . , bp−1 ∈ Zpk since 1 ≤ t ≤ p− 1.

This means that ā + b1p = 2a + b2p , so b1p− b2p = ā .

Since b1p− b2p ∈ Zpkp = 〈p̄〉 , then ā ∈ 〈p̄〉 and that at ∈ 〈p̄〉 where 1 ≤ t ≤ p− 1

since 〈p̄〉 is an ideal of Zpk .

Thus x̄j = at + bp ∈ 〈p̄〉.
Hence x̄i, x̄j ∈ 〈p̄〉.
Consequently x ∈ 〈e1, e2, . . . , ei−1, pei, ei+1, . . . , ej−1, pej, ej+1, . . . 〉.
Thus ∩p−1

t=1 Kij(t) ⊆ 〈e1, e2, . . . , ei−1, pei, ei+1, . . . , ej−1, pej, ej+1, . . . 〉.
Therefore Mi∩Mj∩(∩p−1

t=1 Kij(t)) = 〈e1, e2, ..., ei−1, pei, ei+1, ..., ej−1, pej, ej+1, ...〉.¤

Let Mi∩Mj∩(∩p−1
t=1 Kij(t)) = 〈e1, e2, ..., ei−1, pei, ei+1, ..., ej−1, pej, ej+1, ...〉 :=

B and gt = ei+tej where 1 ≤ t ≤ p−1. Then Mi = 〈B, ej〉 , ej /∈ Mj∪(∪p−1
t=1 Kij(t))

and Mj = 〈B, ei〉, ei /∈ Mi ∪ (∪p−1
t=1 Kij(t)).

Lemma 3.2.15. (i) Kij(t) = 〈B, gt〉 for all 1 ≤ t ≤ p− 1.

(ii) gt /∈ Mi ∪Mj ∪ (∪s 6=tKij(s)) where 1 ≤ s 6= t ≤ p− 1.

Proof. (i) Let 1 ≤ t ≤ p− 1 and a ∈ Kij(t).

Then a = (ā1, ā2, . . . , ai−1, āi, ai+1, . . . , aj−1, ait + ajp, aj+1, . . . )

= (0̄, 0̄, . . . , 0̄, āi, 0̄, . . . , 0̄, ait, 0̄, . . . )+(ā1, ā2, . . . , ai−1, 0̄, ai+1, . . . , aj−1, ajp, aj+1, . . . )

= aigt + (ā1, ā2, . . . , ai−1, 0̄, ai+1, . . . , aj−1, ajp, aj+1, . . . ).

Then a ∈ 〈B, gt〉 since (ā1, ā2, . . . , ai−1, 0̄, ai+1, . . . , aj−1, ajp, aj+1, . . . ) ∈ B.

Conversely, by above lemma we have B ⊆ Kij(t) and gt ∈ Kij(t), so 〈B, gt〉 ⊆
Kij(t).
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Thus Kij(t) = 〈B, gt〉 for all 1 ≤ t ≤ p− 1.

(ii) Obviously, gt /∈ Mi ∪Mj since gt = ei + tej and 1 ≤ t ≤ p− 1.

Suppose that there exists s such that 1 ≤ s 6= t ≤ p− 1 and gt ∈ Kij(s).

Then there exists a ∈ Kij(s) such that

gt = a = (ā1, ā2, ..., ai−1, āi, ai+1, ..., aj−1, ais + ajp, aj+1, ...).

Consider components i and j of gt, we get āi = 1̄ and t̄ = ais+ajp = s̄+ajp where

āj ∈ Zpk .

If āj = 0̄, then t̄ = s̄ which implies s = t, a contradiction.

If āj 6= 0̄, then t̄ = s̄ + ajp /∈ {1̄, 2̄, . . . , p− 1 }, a contradiction.

Thus we must have gt /∈ Kij(s) for all s distinct from t.

Hence gt /∈ Mi ∪Mj ∪ (∪s6=tKij(s)) where 1 ≤ s 6= t ≤ p− 1. ¤

Proposition 3.2.16. Let = = {Mi, Mj, Kij(1), Kij(2), ..., Kij(p − 2), Kij(p − 1)}.
Then = does not force linearity on V = Z(N)

pk .

Proof. Let S1 = Kij(1), S2 = Kij(2), ..., Sp−1 = Kij(p− 1), Sp = Mi, Sp+1 = Mj and

0̄ 6= a ∈ Ann(〈p̄〉), then ag1 6= 0 where g1 = ei + ej. We have by Lemma 3.2.15.

that Kij(1) = 〈B, g1〉, so for convenience let B = 〈b1, b2, b3, . . . 〉.
We choose pk−1 ∈ Ann(〈p̄〉) and define f : V → V by

f(v) =





βpk−1g1 , v ∈ S1 = Kij(1) and v =
∑

y=1 βyby + βg1,

0 , v ∈ Sx, x 6= 1.

We first show that f is well-defined.

If v ∈ S1 is also represented as v =
∑

y=1 γyby + γg1, then we have (β − γ)g1 ∈ B.

This means that β − γ ∈ 〈p̄〉, since if β − γ /∈ 〈p̄〉, then gcd(β − γ, p) = 1, we

must have 〈β − γ〉 = Zpk , so there exists m ∈ Zpk such that m(β − γ) = 1̄, then

g1 = 1g1 = m(β − γ)g1 ∈ B, a contradiction.

Since pk−1 ∈ Ann(〈p̄〉), then (β − γ)pk−1g1 = 0, i.e., βpk−1g1 = γpk−1g1.

Suppose that v ∈ S1 ∩ Sx, x 6= 1.

Thus v also has representation, v =
∑

y=1 δyby + δg1 since v ∈ S1, then

v −∑
y=1 δyby = δg1.
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Since
∑

y=1 δyby ∈ Sx by Lemma 3.2.14, then δg1 ∈ Sx, which implies δ̄ ∈ 〈p̄〉, since

if δ̄ /∈ 〈p̄〉, then gcd(δ, p) = 1, we must have 〈δ̄〉 = Zpk , so there exists n̄ ∈ Zpk such

that n̄(δ̄) = 1̄, then g1 = 1g1 = n(δ)g1 ∈ Sx, a contradiction by Lemma 3.2.15.

Consequently f(v) = δpk−1ej = 0.

Thus f is well-defined on V.

We note that f is not the zero function since f(g1) = pk−1g1 6= 0.

Next, we show that f ∈ MZ
pk

(Z(N)

pk ).

For v ∈ S1 , say v =
∑

y=1 βyby + βg1 and for any r̄ ∈ Zpk , we have rv ∈ S1, so

rf(v) = rβpk−1g1 = f(rv).

Now suppose v ∈ Sx, x 6= 1.

Then f(v) = 0 and for any r̄ ∈ Zpk , rf(v) = 0.

Moreover, rv ∈ Sx, which implies f(rv) = 0.

Thus rf(v) = f(rv) for all r̄ ∈ Zpk and v ∈ V.

Hence f ∈ MZ
pk

(Z(N)

pk ).

Next, we show that f is linear on each Sx in =.

For each v1 =
∑

y=1 βyby+βg1, v2 =
∑

y=1 δyby+δg1 ∈ S1, we have f(v1) = βpk−1g1

and f(v2) = δpk−1g1. Since S1 is a module, v1 + v2 ∈ S1, so f(v1 + v2) =

f(
∑

y=1(δy+βy)by+(δ+β)g1) = (δ+β)pk−1g1 = δpk−1g1+βpk−1g1 = f(v1)+f(v2).

Then f is linear on S1.

Since f(Sx) = 0 for all x 6= 1, then f is linear on Sx, x 6= 1.

Hence f is linear on each Sx in =.

Because g1 + g2 /∈ S1 since if g1 + g2 ∈ S1, we get g2 = (g1 + g2) − g1 ∈ S1, a

contradiction by Lemma 3.2.15.

However, f(g1) + f(g2) = pk−1g1 + 0 6= 0 = f(g1 + g2).

This shows that f /∈ EndZ
pk

(V).

Thus = does not force linearity on V. ¤

Next, we show that fln(V) ≤ p + 2 where V = Z(N)

pk .

Proposition 3.2.17. Let V = Z(N)

pk , then fln(V) ≤ p + 2.
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Proof. Since V = Z(N)

pk where Zpk is a local ring and has 〈p̄〉 as a unique maximal

ideal of Zpk . Moreover Zpk/〈p〉 is a field of cardinality p. Then by Theorem 3.1.10.

we get fln(V) ≤ p + 2. ¤

Lemma 3.2.18. Let ∪`
i=1Si = V where Si is a maximal submodule of V and

` ≤ p, then

(i) 〈p̄〉V is a submodule of Si.

(ii) Si/〈p̄〉V is a proper subspace of V/〈p̄〉V over the field Zpk/〈p̄〉.
(iii) ∪`

i=1[Si/〈p̄〉V] is a subspace of V/〈p̄〉V over the field Zpk/〈p̄〉.
Proof. (i) Clearly 〈p̄〉V is a submodule of V.

Next, we will show that 〈p̄〉V ⊆ Si where Si is maximal submodule of V.

Let Si be a maximal submodule of V and (āk) ∈ 〈p̄〉V, then we consider in two

case:

Case i: Si = Mj.

Let (āk) ∈ 〈p̄〉V = 〈pe1, pe2, pe3, . . . 〉.
Then

(āk) = a1pe1 + a2pe2 + · · ·+ aj−1pej−1 + ajpej + aj+1pej+1 + · · ·+ ampem

= (a1p)e1 + (a2p)e2 + · · ·+ (aj−1p)ej−1 + aj(pej) + (aj+1p)ej+1 + · · ·+ (amp)em

Thus (āk) ∈ 〈e1, e2, . . . , ej−1, pej, ej+1, . . . 〉 = Mj.

Hence 〈p̄〉V ⊆ Mj.

Case ii: Si = Kuv(t) where 1 ≤ t ≤ p− 1.

Let (āk) ∈ 〈p̄〉V = 〈pe1, pe2, pe3, . . . 〉.
Then

(āk) =a1pe1 + a2pe2 + · · ·+ au−1peu−1 + aupeu + au+1peu+1 + . . .

+ av−1pev−1 + avpev + av+1pev+1 + · · ·+ ampem

=a1pe1 + a2pe2 + · · ·+ au−1peu−1 + aup(eu + tev) + au+1peu+1 + . . .

+ av−1pev−1 + (av − aut)pev + av+1pev+1 + · · ·+ ampem.

Thus (āk) ∈ 〈e1, e2, . . . , eu−1, (eu + tev), eu+1, . . . , ev−1, pev, ev+1, . . . 〉.
Hence (āk) ∈ Kuv(t) where 1 ≤ t ≤ p− 1.
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Thus from both cases we get 〈p̄〉V ⊆ Si.

Therefore 〈p̄〉V is submodule of Si.

(ii) By (i) we have 〈p̄〉V is a submodule of Si, then Si/〈p̄〉V is de-

fined, so we get Si/〈p̄〉V is a subspace of V/〈p̄〉V over the field Zpk/〈p̄〉 see Theorem

3.1.7. and proper since Si is maximal submodule of V.

(iii) Since ∪`
i=1[Si/〈p̄〉V] = (∪`

i=1Si)/〈p̄〉V = V/〈p̄〉V. ¤

Proposition 3.2.19. If = = {S1, S2, . . . , S`}, ` ≤ p is a collection of maximal

submodules of V = Z(N)

pk , then = does not force linearity on V.

Proof. Suppose that = forces linearity on V, then by Lemma 3.2.2. we get

∪`
i=1Si = V.

We have V/〈p̄〉V is a vector space over the field Zpk/〈p̄〉 under addition and scalar

multiplication defined by

(v1 + 〈p̄〉V) + (v2 + 〈p̄〉V) = (v1 + v2) + 〈p̄〉V.

and (r + 〈p̄〉)(v + 〈p̄〉V) = rv + 〈p̄〉V.

Since = = {S1, S2, . . . , S`} is a collection of maximal submodules of V, we must

have V/〈p̄〉V = ∪`
i=1Si/〈p̄〉V = ∪`

i=1(Si/〈p̄〉V).

We have S1/〈p̄〉V, S2/〈p̄〉V, . . . , S`/〈p̄〉V are finitely many subspaces of V/〈p̄〉V
over Zpk/〈p̄〉 with ` ≤ p = | Zpk / 〈p̄〉 | and ∪`

i=1(Si/〈p̄〉V) is a subspace of

V/〈p̄〉V.

By Lemma 3.1.8. we get there exists j such that 1 ≤ j ≤ ` and Sj/〈p̄〉V ⊇ Si/〈p̄〉V
for all i 6= j.

We prove that Si ⊆ Sj for all i 6= j.

Suppose not, then there exists i 6= j and Si * Sj. So there exists x ∈ Si and

x /∈ Sj.

This means that x + 〈p̄〉V ∈ Si/〈p̄〉V and x + 〈p̄〉V /∈ Sj/〈p̄〉V.

Hence Si/〈p̄〉V * Sj/〈p̄〉V , a contradiction.

Thus Si ⊆ Sj for all i 6= j.

Therefore V = ∪`
i=1Si ⊆ Sj, so V = Sj which contradicts to the maximality of Sj.

Hence = = {S1, S2, . . . , S`} does not force linearity on V. ¤
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Lemma 3.2.20. Every proper submodule of V = Z(N)

pk is contained in a maxi-

mal submodule.

Proof. Let W be a proper submodule of V.

For each u, v ∈ N, let

Wuv = {(x̄u, x̄v) ∈ Zpk ⊕ Zpk | there is (āi) ∈ W such that xu = au and xv = av}.
We prove that Wuv is a submodule of Zpk ⊕ Zpk .

Let (b̄u, b̄v), (c̄u, c̄v) ∈ Wuv, then there exists (−c̄u,−c̄v) ∈ Wuv such that

c̄u + (−c̄u) = 0̄ and c̄v + (−c̄v) = 0̄ since W is subgroup of V.

Then (b̄u, b̄v) + (−c̄u,−c̄v) = (b̄u− c̄u, b̄v − c̄v) ∈ Wuv because W is subgroup of V.

Hence Wuv is a subgroup of Zpk ⊕ Zpk .

Let s̄ ∈ Zpk and (x̄u, x̄v) ∈ Wuv.

If s̄ = 0̄, s̄(x̄u, x̄v) = 0̄(x̄u, x̄v) = (0̄, 0̄) ∈ Wuv.

If 1̄ ≤ s̄ < pk, then s̄(x̄u, x̄v) = s(x̄u, x̄v) = (x̄u, x̄v) + (x̄u, x̄v) + · · ·+ (x̄u, x̄v)︸ ︷︷ ︸
s times

.

Since (x̄u, x̄v) ∈ Wuv and Wuv is a group, (x̄u, x̄v)+(x̄u, x̄v)+ · · ·+(x̄u, x̄v) ∈ Wuv.

Thus s̄(x̄u, x̄v) ∈ Wuv for all s̄ ∈ Zpk and (x̄u, x̄v) ∈ Wuv.

Therefore Wuv is a submodule of Zpk ⊕ Zpk .

Since Zpk ⊕ Zpk is finitely generated, every submodule of Zpk ⊕ Zpk is contained

in a maximal submodule. Thus Wuv ⊆ 〈(1̄, t̄)〉 ⊕ 〈(0̄, p̄)〉 where 1 ≤ t ≤ p − 1

or Wuv ⊆ 〈(0̄, 1̄)〉 ⊕ 〈(p̄, 0̄)〉, by Lemma 3.2.10. Therefore W ⊆ Kuv(t) where

1 ≤ t ≤ p− 1 or W ⊆ Mu.

By Proposition 3.2.12, maximal submodules of V are of the form Mi or Kuv(t)

where 1 ≤ t ≤ p− 1, i, u, v ∈ N.

Thus the prove is complete. ¤

Corollary 3.2.21. If = = {S1, S2, . . . , S`}, ` ≤ p is a collection of proper submod-

ule of V = Z(N)

pk , then = does not force linearity on V.

Proof. Let = = {S1, S2, . . . , S`}, ` ≤ p be a collection of proper submodules of V,

then by Lemma 3.2.20. we get =′
= {S′1, S′2, . . . , S′t} , 1 ≤ t ≤ l the collection of

maximal submodules of V such that for each 1 ≤ i ≤ t there exists 1 ≤ j ≤ t with
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Si ⊆ S
′
j.

Thus by Proposition 3.2.19, we get =′
does not force linearity on V, this means

that there exists a homogeneous function f such that f|
S
′
j

are linear but f is not

linear on V where 1 ≤ j ≤ t.

Thus f is linear on each Si in = but not linear on V.

So = does not force linearity on V. ¤

By Proposition 3.2.17, we have fln(V) ≤ p + 2 and Proposition 3.2.13 and

Corollary 3.2.21 show that fln(V) /∈ {0, 1, 2, . . . , p}. Hence fln(V) = p + 1 or

p + 2.

3.3 Forcing linearity number for Z(N)
2

Let V = Z(N)
2 and u, v be fixed positive integers such that u < v.

Then Mi = 〈e1, e2, . . . , ei−1, 0, ei+1, . . . 〉 and

Kuv(1) = 〈e1, e2, ..., eu−1, eu + ev, eu+1, ..., ev−1, 0, ev+1, ...〉
= {(x1, x2, x3, ...) ∈ V|(xu, xv) ∈ 〈(1, 1)〉 ⊕ 〈(0, 0)〉}.
= {(x1, x2, x3, . . . ) | (xu, xv) ∈ 〈(1, 1)〉}

since p = 2 and k = 1.

Lemma 3.3.1. Let Mi, Mj, Mk where i < j < k be maximal submodules of V,

then Mi ∪Mj ∪Mk $ V.

Proof. Let U = Mi ∪Mj ∪Mk , then we choose (at) ∈ V be such that

at =





1 , t ∈ {i, j, k},

0 , otherwise.

Thus it is obvious that (at) /∈ U. ¤

We aim to prove that

Ki1j1(1)∪Ki2j2(1)∪Ki3j3(1) = V where i1 ≤ i2 ≤ i3 iff i1 = i2, j2 = j3 and j1 = i3.

Let S = {i1, i2, i3}, T = {j1, j2, j3} and X = S ∪ T.
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For each x, y ∈ X define

x ∼ y ⇔ x = y.

Then ∼ is an equivalence relation on X . Let { P1, P2, P3, ..., Pn } be the partition

of X with respect to ∼ . Let C =
⋃s1

k=1 Pik where Pik ∩ T = Ø and C
′
=

⋃s2

k=1 Pjk

where Pjk
∩ S = Ø.

Lemma 3.3.2. (i) C = S \ T and C
′
= T \ S.

(ii) i1 ∈ C and j3 ∈ C
′
.

Proof. (i) Let x ∈ C, then there exist k such that x ∈ Pik where Pik ∩ T = Ø.

Thus x ∈ Pik and x /∈ T.Since Pik ⊂ S, then x ∈ S and x /∈ T, so x ∈ S \ T,

consequently C ⊆ S \ T.

Converse, let x ∈ S \ T. Then x ∈ S and x /∈ T.

Thus there exist k such that x ∈ Pik where Pik ∩ T = Ø.

Hence x ∈ ⋃s
k=1 Pik = C.Then x ∈ C.

Consequently, we get S \ T ⊆ C.

Thus complete the prove and similarly we can show that C
′
= T \ S.

(ii) is obvious. ¤

Proposition 3.3.3. Let Ki1j1(1), Ki2j2(1) and Ki3j3(1) be all distinct. Then

Ki1j1(1)∪Ki2j2(1)∪Ki3j3(1) = V where i1 ≤ i2 ≤ i3 if and only if i1 = i2, j2 = j3

and j1 = i3.

Proof.(⇒) Let S = {i1, i2, i3}, T = {j1, j2, j3} and X = S ∪ T.

Then i1 < j1, i2 < j2 and i3 < j3.

For each x, y ∈ X define

x ∼ y ⇐⇒ x = y.

Then ∼ is an equivalence relation on X. Let {P1, P2, ..., Pn} be the partition of X

with respect to ∼. Let C =
⋃s1

k=1 Pik where Pik ∩T = Ø and C
′
=

⋃s2

k=1 Pjk
where
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Pjk
∩S = Ø.

For convenience let U = Ki1j1(1) ∪Ki2j2(1) ∪Ki3j3(1).

We first show that i1 = i2.

Suppose not, so i2 6= i1 and i3 6= i1. Then we consider in three cases :

Case 1: If S ∩ T = Ø, then we choose (ak) ∈ V be such that

ak =





1 if k ∈ C,

0 otherwise.

Thus we get,

(ak) /∈ Ki1j1(1) since ai1 = 1, aj1 = 0.

(ak) /∈ Ki2j2(1) since ai2 = 1, aj2 = 0.

(ak) /∈ Ki3j3(1) since ai3 = 1, aj3 = 0.

Then (ak) /∈ U, a contradiction.

Case 2: If |S ∩ T| = 1, then suppose C1 = S ∩ T and consider as follow:

If j1 = i2, then we choose (ak) ∈ V be such that

ak =





1 if k ∈ C1 ∪ {i3},

0 otherwise.

Thus we get,

(ak) /∈ Ki1j1(1) since ai1 = 0, aj1 = 1.

(ak) /∈ Ki2j2(1) since ai2 = 1, aj2 = 0.

(ak) /∈ Ki3j3(1) since ai3 = 1, aj3 = 0.

Then (ak) /∈ U, a contradiction.

If j1 = i3, then we choose (ak) ∈ V as follow

ak =





1 if k ∈ C1 ∪ {i2},

0 otherwise.
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Thus we get,

(ak) /∈ Ki1j1(1) since ai1 = 0, aj1 = 1.

(ak) /∈ Ki2j2(1) since ai2 = 1, aj2 = 0.

(ak) /∈ Ki3j3(1) since ai3 = 1, aj3 = 0.

Then (ak) /∈ U, a contradiction.

If j2 = i3, then we choose (ak) ∈ V be such that

ak =





1 if k ∈ C1 ∪ {i1},

0 otherwise.

Thus we get ,

(ak) /∈ Ki1j1(1) since ai1 = 1, aj1 = 0.

(ak) /∈ Ki2j2(1) since ai2 = 0, aj2 = 1.

(ak) /∈ Ki3j3(1) since ai3 = 1, aj3 = 0.

Then (ak) /∈ U, a contradiction.

Case 3: If |S ∩ T| = 2, then j1 = i2 and j2 = i3. Suppose C1 = {j1}, then

we choose (ak) ∈ V as follow

ak =





1 if k ∈ C1 ∪ C
′
,

0 otherwise.

Thus we get,

(ak) /∈ Ki1j1(1) since ai1 = 0, aj1 = 1.

(ak) /∈ Ki2j2(1) since ai2 = 1, aj2 = 0.

(ak) /∈ Ki3j3(1) since ai3 = 0, aj3 = 1.

Then (ak) /∈ U, a contradiction.

Hence by the three cases, we get i1 = i2.

So j1 6= j2.

Suppose j1 < j2
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Now, we will show that j2 = j3.

Suppose that j2 6= j3, then we have j1 6= j2 and j2 6= j3.

Case 1: If S ∩ T = Ø, then we choose (ak) ∈ V be such that

ak =





1 if k ∈ C,

0 otherwise.

Thus we get,

(ak) /∈ Ki1j1(1) since ai1 = 1, aj1 = 0.

(ak) /∈ Ki2j2(1) since ai2 = 1, aj2 = 0.

(ak) /∈ Ki3j3(1) since ai3 = 1, aj3 = 0.

Then (ak) /∈ U, a contradiction.

Case 2: If |S ∩ T| = 1, then suppose C1 = S ∩ T and consider as follow:

If j1 = i3, then we choose (ak) ∈ V be such that

ak =





1 if k ∈ C1 ∪ {j2},

0 otherwise.

Thus we get,

(ak) /∈ Ki1j1(1) since ai1 = 0, aj1 = 1.

(ak) /∈ Ki2j2(1) since ai2 = 0, aj2 = 1.

(ak) /∈ Ki3j3(1) since ai3 = 1, aj3 = 0.

Then (ak) /∈ U, a contradiction.

If j2 = i3, then we choose (ak) ∈ V be such that

ak =





1 if k ∈ C1 ∪ {j1},

0 otherwise.

Thus we get,

(ak) /∈ Ki1j1(1) since ai1 = 0, aj1 = 1.
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(ak) /∈ Ki2j2(1) since ai2 = 0, aj2 = 1.

(ak) /∈ Ki3j3(1) since ai3 = 1, aj3 = 0.

Then (ak) /∈ U, a contradiction.

Hence by both cases we must have j2 = j3.

Finally, we will show that j1 = i3. Suppose that j1 6= i3, then we choose (ak) ∈ V

as follow

ak =





1 if k ∈ {i1, i3},

0 otherwise.

Thus we get,

(ak) /∈ Ki1j1(1) since ai1 = 1, aj1 = 0.

(ak) /∈ Ki2j2(1) since ai2 = 1, aj2 = 0.

(ak) /∈ Ki3j3(1) since ai3 = 1, aj3 = 0.

Then (ak) /∈ U, a contradiction.

Hence j1 = i3.

(⇐) Let i1 = i2 = i , j2 = j3 = ` and j1 = i3 = j.

We show that Kij(1) ∪Ki`(1) ∪Kj`(1) = V.

Let (ak) ∈ V. We consider the components i, j and ` of (ak).

Since Z2 = {0, 1} there are at least two components from i, j and ` which have

the same values.

Then (ak) ∈ Kij(1) or Ki`(1) or Kj`(1).

Thus V ⊆ Kij(1) ∪Ki`(1) ∪Kj`(1) and the prove is complete. ¤

Next, we prove that, if M` , Kij(1) and S are maximal submodules of

V with M` ∪Kij(1) ∪ S = V, then S = Mi or Mj and ` = i or j.

Lemma 3.3.4. Ki1j1(1) ∪Ki2j2(1) $ V where i1 ≤ i2.

Proof. We have i1 < j1, i2 < j2 and i1 ≤ i2.
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If i1 = i2, then j1 6= j2. So choose (ak) ∈ V be such that

ak =





1 , k ∈ {j1, j2}

0 , otherwise.

Then (ak) /∈ Ki1j1(1) ∪Ki2j2(1).

If i1 < i2, then we consider in two cases:

j1 = j2: Let (ak) ∈ V be such that

ak =





1 , k ∈ {i1, i2}

0 , otherwise.

Then (ak) /∈ Ki1j1(1) ∪Ki2j2(1).

j1 6= j2: Let (ak) ∈ V be such that

ak =





1 , k ∈ {i2, j1}

0 , otherwise.

Thus (ak) /∈ Ki1j1(1) ∪Ki2j2(1). ¤

Proposition 3.3.5. M` ∪ Kij(1) ∪ S = V where S is a maximal submodule of

V if and only if ` = i and S = Mj; or ` = j and S = Mi.

Proof. (⇒) Let M`∪Kij(1)∪S = V such that S is a maximal submodule of V.

We show that S = Mt or S = Kuv(1).

If S = Kuv(1), we consider in two cases:

Case 1: If ` ∈ {i, j, u, v}, then M` ∪Kij(1) ∪Kuv(1) ⊆ Kij(1) ∪Kuv(1) $ V.

Case 2: If ` /∈ {i, j, u, v}, then there is (ak) ∈ V − Kij(1) ∪ Kuv(1). Let (bk) ∈ V

be such that

bk =





1 , k = `

ak , k 6= `.

So (bk) /∈ M` ∪Kij(1) ∪Kuv(1) and thus M` ∪Kij(1) ∪Kuv(1) $ V.

Thus S = Kuv(1) can not be happen and hence S = Mt.

Next, we prove that {`, t} = {i, j}.
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If ` /∈ {i, j}, then we consider in two cases.

Case 1: If t /∈ {i, j}, then choose (ak) ∈ V be such that

ak =





1 , k ∈ {`, t, i}

0 , otherwise.

Then (ak) /∈ M` ∪Kij(1) ∪Mt.

Case 2: If t ∈ {i, j}, in this case we consider in two subcases.

(1) If t = i, then choose (ak) ∈ V be such that

ak =





1 , k ∈ {`, i}

0 , otherwise.

Then (ak) /∈ M` ∪Kij(1) ∪Mt.

(2) If t = j, then choose (ak) ∈ V be such that

ak =





1 , k ∈ {`, j}

0 , otherwise.

Then (ak) /∈ M` ∪Kij(1) ∪Mt.

Thus, we see that if ` /∈ {i, j}, then M` ∪ Kij(1) ∪Mt $ V, which contradics to

our assumption.

Similarly, if t /∈ {i, j}, also leads to a contradiction.

Thus {`, t} ⊆ {i, j}.
Now, we prove that ` 6= t.

Suppose that ` = t, then M` ∪Kij(1) ∪ S = M` ∪Kij(1) ∪M` = M` ∪Kij(1) $ V.

Since, if ` = i we choose (ak) ∈ V be such that a` = 1 = ai, aj = 0, then

(ak) /∈ M` ∪Kij(1), which is a contradiction.

If ` = j we choose (ak) ∈ V be such that ai = 0, a` = 1 = aj, then

(ak) /∈ M` ∪Kij(1), which is a contradiction.

Thus ` 6= t and {`, t} = {i, j}.
Therefore, ` = i and S = Mj; or ` = j and S = Mi.
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(⇐) If ` = i and S = Mj, then M` ∪ Kij(1) ∪ S = Mi ∪ Kij(1) ∪Mj = V by

Lemma 3.2.14.

If ` = j and S = Mi, then M` ∪ Kij(1) ∪ S = Mj ∪ Kij(1) ∪Mi = V by

Lemma 3.2.14. ¤

Lemma 3.3.6.

(i) Kij(1) ∩Ki`(1) ∩Kj`(1) = 〈e1, e2, ..., ei−1, (ei + ej + e`), ei+1, ..., ej−1,

0, ej+1, ..., e`−1, 0, e`+1, ...〉.
(ii) Mi ∩Mj ∩Kij(1) = 〈e1, e2, . . . , ei−1, 0, ei+1, . . . , ej−1, 0, ej+1, . . . 〉.
Proof. (i) Let (ak) ∈ Kij(1) ∩Ki`(1) ∩Kj`(1), consider as follow.

If ai = 0, then aj = 0 and a` = 0.

Thus (ak) = (a1, a2, . . . , ai−1, 0, ai+1, . . . , aj−1, 0, aj+1, . . . , a`−1, 0, a`+1, . . . ).

= a1e1 + a2e2 + · · ·+ ai−1ei−1 + 0(ei) + ai+1ei+1 + · · ·+ aj−1ej−1

+ 0(ej) + aj+1ej+1 + · · ·+ a`−1e`−1 + 0(e`) + a`+1e`+1 + . . . .

= a1e1 + a2e2 + · · ·+ ai−1ei−1 + 0(ei + ej + e`) + ai+1ei+1 + . . .

+ aj−1ej−1 + 0 + aj+1ej+1 + · · ·+ a`−1e`−1 + 0 + a`+1e`+1 + . . . .

Then (ak) ∈ 〈e1, e2, . . . , ei−1, (ei+ej+e`), ei+1, . . . , ej−1, 0, ej+1, . . . , e`−1, 0, e`+1, . . . 〉.

If ai = 1, then aj = 1 and a` = 1.

By the same prove as above then we get

(ak) ∈ 〈e1, e2, ..., ei−1, (ei + ej + e`), ei+1, ..., ej−1, 0, ej+1, ..., e`−1, 0, e`+1, ...〉 .

Conversely,

let (ak) ∈ 〈e1, e2, ..., ei−1, (ei + ej + e`), ei+1, ..., ej−1, 0, ej+1, ..., e`−1, 0, e`+1, ...〉 .

Then (ak) = a1e1 + a2e2 + · · ·+ ai−1ei−1 + ai(ei + ej + e`) + ai+1ei+1 + . . .

+ aj−1ej−1 + 0 + aj+1ej+1 + · · ·+ a`−1e`−1 + 0 + a`+1e`+1 + . . . .

= (a1, a2, . . . , ai−1, ai, ai+1, . . . , aj−1, ai, aj+1, . . . , a`−1, ai, a`+1, . . . ).

Thus (ak) ∈ Kij(1) ∩Ki`(1) ∩Kj`(1) since the components i, j , ` are the same.
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Therefore Kij(1)∩Ki`(1)∩Kj`(1) = 〈e1, e2, ..., ei−1, (ei+ej+e`), ei+1, ..., ej−1, 0, ej+1,

..., e`−1, 0, e`+1, ...〉
(ii) By Lemma 3.2.14. let p = 2.

Therefore Mi ∩Mj ∩Kij(1) = 〈e1, e2, . . . , ei−1, 0, ei+1, . . . , ej−1, 0, ej+1, . . . 〉. ¤

For convenience, let

B = 〈e1, e2, . . . , ei−1, 0, ei+1, . . . , ej−1, 0, ej+1, . . . 〉,
C = 〈e1, e2, . . . , ei−1, (ei + ej + e`), ei+1, . . . , ej−1, 0, ej+1, . . . , e`−1, 0, e`+1, . . . 〉,
and g1 = ei + ej.

Lemma 3.3.7. (i) Kij(1) = 〈C, e`〉 if i < j < `.

(ii) Kij(1) = 〈B, g1〉.
Proof. (i) It is clear that e` ∈ Kij(1) and C ⊆ Kij(1).

Then 〈C, e`〉 ⊆ Kij(1).

Conversely , let (ak) ∈ Kij(1).

Thus (ak) = a1e1 + a2e2 + · · ·+ ai−1ei−1 + ai(ei + ej) + ai+1ei+1 + · · ·+ aj−1ej−1

+ 0ej + aj+1ej+1 + · · ·+ a`−1e`−1 + a`e` + a`+1e`+1 + · · ·+ amem

= (a1, a2, . . . , ai−1, ai, ai+1, . . . , aj−1, ai, aj+1, . . . , a`−1, a`, a`+1, . . . )

= (a1, a2, . . . , ai−1, ai, ai+1, . . . , aj−1, ai, aj+1, . . . , a`−1, ai − ai + a`, a`+1, . . . )

= (a1, a2, . . . , ai−1, ai, ai+1, . . . , aj−1, ai, aj+1, . . . , a`−1, ai, a`+1, . . . ) + (a` − ai)e`

= (a1e1 + a2e2 + · · ·+ ai−1ei−1 + ai(ei + ej + e`) + ai+1ei+1 + · · ·+ aj−1ej−1

+ 0ej + aj+1ej+1 + · · ·+ a`−1e`−1 + 0e` + a`+1e`+1 + · · ·+ amem) + (a` − ai)e`.

Hence (ak) ∈ 〈C, e`〉 and we must have Kij(1) ⊆ 〈C, e`〉.
Therefore Kij(1) = 〈C, e`〉 where i < j < `.

(ii) is obvious by Lemma 3.2.15. when t = 1. ¤

Similarly as above lemma we can show that

(i) Ki`(1) = 〈C, ej〉 if i < j < `.

(ii) Kj`(1) = 〈C, ei〉 if i < j < `.
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(iii) Mi = 〈B, ej〉 if i 6= j.

(iv) Mj = 〈B, ei〉 if i 6= j.

Proposition 3.3.8. Let = = {Kij(1), Ki`(1), Kj`(1)}. Then = does not force

linearity on V.

Proof. Let S1 = Kij(1) , S2 = Ki`(1) and S3 = Kj`(1).

Then V = S1 ∪ S2 ∪ S3 and S1 = Kij(1) = 〈C, e`〉 where i < j < `.

For convenience, we put C = 〈c1, c2, c3, . . . 〉.
Since e` 6= 0, we define f : V → V by

f(v) =





βe` , v ∈ S1 and v =
∑

s=1 βscs + βe`,

0 , v ∈ S2 ∪ S3.

We first show that f is well-defined.

If v ∈ S1 is also represented as v =
∑

s=1 γscs + γe`, then we have (β− γ)e` ∈ C.

This mean that (β − γ) = 0, since if (β − γ) 6= 0, then (β − γ) = 1, then we get

e` = (β − γ)e` ∈ C which is a contradiction.

Consequently (β − γ)e` = 0e` = 0. Hence βe` = γe`.

Suppose that v ∈ S1 ∩ St, t 6= 1.

Then v also has a representation, v =
∑

s=1 δscs + δe`.

Since
∑

s=1 δscs ∈ St, we obtain δe` ∈ St which implies δ = 0.

Consequently f(v) = δe` = 0e` = 0.

Thus f is well-defined on V.

We note that f is not the zero function since f(e`) = e` 6= 0.

Next, we show that f ∈ MZ2(Z
(N)
2 ).

For v ∈ S1, say v =
∑

s=1 βscs + βe` and for r ∈ Z2, we have rv ∈ S1, so

rf(v) = rβe` = f(rv).

Now, suppose v ∈ St, t 6= 1.

Then f(v) = 0 and for any r ∈ Z2, rf(v) = 0.

Moreover, rv ∈ St, which implies f(rv) = 0.

Thus , rf(v) = f(rv) for all r ∈ Z2 and v ∈ V.

Hence f ∈ MZ2(Z
(N)
2 ).
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It is clear that f is linear on each St in =.

Since ei + e` /∈ S1 , f(ei + e`) = 0.

But f(ei) + f(e`) = 0 + e` 6= 0.

Then f /∈ EndZ2(Z
(N)
2 ).

This shows that = does not force linearity on V. ¤

Proposition 3.3.9. Let = = {Mi, Mj, Kij(1)}. Then = does not force linearity

on V.

Proof. Since p = 2 and k = 1 , then by Proposition 3.2.16 we get = does not

force linearity on V = Z(N)
2 . ¤

Next, we show that fln(V) = 4 where V = Z(N)
2 .

Proposition 3.3.10. The forcing linearity number of V = Z(N)
2 is 4.

Proof. By Proposition 3.2.13, Proposition 3.2.17. and Corollary 3.2.21, we get

fin(V) ≤ 4 and fln(V) /∈ {0, 1, 2}.
Now, we show that fln(V) 6= 3.

Let = = {S1, S2, S3} be a collection of proper submodules of V, then by Lemma

3.2.20. there exists =′
= {S ′

1, S
′
2, S

′
3} a collection of maximal submodules of V

such that Si ⊆ S
′
i for all i = 1, 2, 3.

If ∪3
i=1S

′
i & V, then =′

does not force linearity on V by Proposition 3.1.6.

If ∪3
i=1S

′
i = V, then by Proposition 3.3.3 and Proposition 3.3.5 we get =′

=

{Kij(1), Ki`(1), Kj`(1)} or =′
= {Mi, Mj, Kij(1)}, we consider in two cases:

Case i: If =′
= {Kij(1), Ki`(1), Kj`(1)}, then by Proposition 3.3.8 we get =′

does

not force linearity on V. This means that there exists a homogeneous function f

such that f is linear on each S
′
i in =′

but f is not linear on V.

Thus f is linear on each Si in = but not linear on V where 1 ≤ i ≤ 3.

Then we get = does not force linearity on V.

Case ii : If =′
= {Mi, Mj, Kij(1)}, then by Proposition 3.3.9 we get =′

does not

force linearity on V. By considering as the above case, then we get = does not
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force linearity on V.

Thus from both cases we must have fln(V) 6= 3. Therefore fln(V) = 4.¤
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