Chapter 3

MAIN RESULTS

In this chapter we find the solution of nonlinear equations of product of the
operators &* and the operator (& +m?)*, next we studied the relation or property
of its solution.

Theorem 3.1 Consider the nonlinear equation
&"(@ + m*)Fu(z) = f(z, AFOFLELE(® + m?)Fu(z)) (3.1)

where the operator & and &*(P +m?)* are defined by (1.1)and (1.7) respectively,
A*1 4s the Laplace operator defined by (1.6), OF is the ultra-hyperbolic operator
defined by (1.5), and the operator L, and Ly are defined by (1.3) and (1.4), respec-
tively. Let f be defined and having continuous first derivative for all z € QU 09,
where (2 is an open subset of R™ and 9Q denotes the boundary of Q and n is even

with n > 4. Suppose [ is bounded, that is
|f(z, AFOFLE L (@ + mP)Fu(z))| < N (3.2)
for all x € 2 and the boundary condition
AR LS (@ + m?)Fu(z) = 0 (3.3)
for all x € 02. Then we obtain

U(CC) =(—1)k_1Y2k,2k,2k,2k(U7Ua w, z,m) * (i)quQk(z) * (—Z')Q/zszk(w)

* Bgi(u) » Ry (v) ¥ W(z) (3.4)
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as a solution of (3.1) with the boundary condition
u(x) =RE (u) * ()2 S (w) * (1) 2 Tar(2) * Yag 2k 26,26 (0, v, w, 2, M)
* (~1)? (B ()™ (3:5)

forx € 0, m = (";4}, k=123,4,..., W(x) is a continuous function for x €
Quon.

Proof. The nonlinear equation (3.1) can be written in the form
& (& +m?)*u(z) = OFLILE(d + m?)Fu(z)

= ANTIOFLELE (@ + m®)Fu(x)

= f(z, AF 'O LELE (@ + mP)Fu(z)) (3.6)
since u(z) has continuous derivative up to order 8k for & = 2,3,4,... we can
assume that

OFITFLELE (@ 4+ m®)Fu(z) = W(x) (3.7}

for all z € Q. Thus, (3.6) can be written in the form

& (@ + m?)u(z) = AW (z) = f(z, W(z)) (3.8)
by (3.2), we have the condition

[fz, W(z))| < N (3.9)

for all z € £2, by (3.3) we have the condition

W(z) = AF'OF LA LA (@ + m*)Fu(z) = 0, (3.10)
for x € 9. Consider the equations (3.8) (3.9) and (3.10) by Lemma 2.3.12
there exists a unique solution W{z) of (3.8) which satisfy the boundary condi-

tion (3.10). Now consider the equation (3.7), convolving both side of (3.7) by
(—1)*"'Rg,_,(v), we obtain |

(1) Ryye_yy(v) * AR OFLILE (@ + m?)Pu(a) = (1) Ry (v) * w(z)
by the properties of convolution and (2.32) we have
(D Ry () v w(z) = [AFH((-1)* T Ry (v)] * TP LELE(® + mP)*Fu(z)
= &% OFLEL3 (D +m?)*u(z)

= CFLALE(@ + m?)ulz).
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Convolving both sides of above equation by RZ, (u), (—1)¥(—i)%/2Sa(w),
(~1)%(4)¥/?Tor(2) and Yoy gk 26,95 (w, v, w, z,m2) respectively, then by Lemma 2.3.7,
Lemma 2.3.9 and Theorem 2.3.13 we obtain
W) =Yap,om,2,26 (0, v, w, 2, M) * (=1)°(6) V> Ty (2) * (—1)*(—1)7/2 S (w)
* Ry (u) # (wl)k_lRf(k—n(U) x* W(z)
=(—1)*"Yor o on 2k (1, v, w, 2, M) * (z')Q/zTgk(z) * (—z’)“"/gSZk(w)
* RE(u) Rige_1y(v) * W(z) (3.11)

as a solution of (3.1) as required.

Next, consider the equation
AFIOFLELY (@ + mP)Fu(z) = 0
for all z € 9€). By Lemma 2.3.11 we have
OFLELE(® + m?)ou(s) = (R (@)™ (3.12)

where m = %,n > 4 and n is even. Convolving both sides of above equation
by RE(u) * (—2)9/2So(w) * (5)9/2Tor(2) * Yar ok,2k,0: (2, v, w, 2,m), we obtain
u(z) =Rap, () * (=6)"Sop (w) * ())7* Tor(2) * Yor ot oh 20w, v, w, 2,m)
% (—1)*2 (Rze(k—z)(v))(m) (3.13)
forz € 0 and k= 2,3,4,.... 0
In particular, convolving both side of equation (3.11) by (—l)k‘le(l_k) (v) *
()T (2) » (—4)¥/2S5_sx(w) we obtain '
(—1)F RSy gy (0) % (8)PToi(2) * ()72 _a{w) # u(z)
= Ri(%) * Yog or, 28,26 (4, v, w, 2, m) * W(x)
by Lemma 2.3.14 and Lemma 2.3.9. f weput o =y=v=—-2rand 8 =75 = 2k in

equation (2.29) we obtain Y_g, ok —or —2-(u, v, w, z,m) is an elementary solution of

(A +m?)* operator, see [10]. Thus by Lemma 2.3.7 and Theorem 2.3.13 we obtain

V(@) = (1" "Ry _y(v) * (VT2 (2) * (—1)72S_pi(w) * u(z)
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as a solution of the equation OF{A + m?)*V(z) = W(z). f we put k = 1,p =
n,q = 0 then the solution V(z) is the solution of the inhomogeneous biharmonic

equation

NV (z) = g(z, AV (z))

where g(z, AV (z)) = W(z) — m2AV(z).



