CHAPTER 1
INTRODUCTION

In the last decades, there has been an increasing interest in obtaining
sufficient conditions for the oscillation and/or nonoscillation of solutions of second
order linear and nonlinear neutral delay differential equations because of their
importance in various applications. For instance, in biological applications, delay
equations give better description of fluctuations in population than the ordinary
ones. Also neutral delay differential equations have been used to describe various
processes in physics and engineering sciences.

This nonlinear equations can be considered as a natural generalization of

the half-linear differential equation
(r®)e' ()1 (1) + q(B)|u(®)]* u(t) =0, a >0, (1.1)

which has been the object of intensive studies by many authors (for example,
see [1,9,15]). In 2000. the extension of the results of Philos [12] for differential
equation

(repe () Q1" ®) + ) (w(t) =0, a >0, (1.2
was obtained by Manojlovié [10].

In order to present the oscillation criteria of Manojlovié [10] we first intro-
duce, following Philos [12], the class of functions P which will be extensively used
in the sequel. Namely, let D = {(t,s) :t > s >t} and D = {(t,5) : t > 5 > £¢}.
We will say that the function H € C(D;R) belongs to the class P if it satisfies

the following two conditions:
(1) H(t,t)=0fort >ty and H(t,s) >0 for (t,5) € Dy,

(2) H has a continuous and nonpositive partial derivative in Dy with respect to

the second variable.

Theorem 1.1 (Manojlovié [10, Theorem 2.4]) Suppose that
f'(w)

T2 K>0 for u#0, (C)
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and there ezists the function p € C'([to.00); (0,00)) and h. H € C(D;R) such
that H belongs to the class P and

h(t,8) = —EH(t. s) is nonnegative continuous function on D.

Then equation (1.2) is oscillatory if

1
lim s UD —=5 -

e HE, te)/ plontsri 9 = 525 S )]s =0

where G(t, s) =

( ) ] o 1 o a+1
o H(t,s) and ﬁ_aKa(aJrl) .

Theorem 1.2 (Manojlovié [10, Theorem 2.5]) Let condition (C,) holds and let the

functions H and h be defined as in Theorem 1.1, and moreover, suppose that

. . \. (8
g [}f& ot H(t,to)] % 00 (C2)

Then equation (1.2) is oscillatory if there ezists p € C'([to, 00); (0, 00)) such that

L [eers) () e
h m sup T 1o) ];0 ot s) (h(i_.s) + mh’(t,.&)) (4s)ds < oo,

and there exists a continuous function ¢ on [tg, 00) such that

s Y, 5 : P(S)r(8) ot =
tl_lglgbU.p F(t,_T)/T [p(s)q(s)H(t, ) — 6H°‘( )G (t,s ]dS > o(T),

for T >ty and

/‘ (;boﬂ( )ds B8, (CS)

ra(s)

where ¢ (s) = max{d(s),0}.

Theorem 1.3 (Manojlovié {10, Theorem 2.6]) Let condition (Cy), (Cz) hold and
let the functions H and h be defined as in Theorem 1.1. Then equation (1.2) s
oscillatory if there ezists p € C*([lo, 0); (0,00)) such that

lim sup

lim H(l - f p($)q(s)H(L, s)ds < o0,

and there exists a continuous function @ on [tg,00) such that

lim inf ;q—(i—T) /T [o()a(s)B (2, 5) - 6?}015 ; Go*(t, 5)|ds > o(T),

and (Cs) holds.
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In recent years, DZurina and Stavroulakis 6], Sun and Meng [14], and

Agarwal [1] considered the second order delay differential equation
(rOl (" (1) + glulo ()" ulo(®)) =0, a>0.  (L3)

DZurina and Stavroulakis [6] are established some new oscillation criteria for the

second order retarded differential equation (1.3).

Theorem 1.4 Let o > 1. Suppose that

Jim 1) = i, [ (oo5) "o =0 A
and for some k € (0,1),
¥ {id / ac'(t) o
/ (e ®)ate) 4k3(a(t))ré(g(t))) =

Then Eq.(1.3) is oscillatory.

Theorem 1.5 Let 0 < a < 1. Assume that (Cy) holds and

e B aco'(t) ]
/ (Rt 4}?2%(0“))?%_1(a(t))f)(t))dz‘_oo,

where

l-a

p(t) = (r_(crl(tﬁ /roo Q(S)dS)T-
Then Eq.(1.3) is oscillatory.

In 2006, Xu and Meng [16] concerned with the oscillatory behavior of
solutions of the second order quasi-linear neutral delay differential equations of

the form

('r(f.) | (u(t) + p(t)u(t — T))l|a_l (u(t) + p(t)u(t — T))I) +q(t) f(u(o(t))) =0. (1.4)
Xu and Meng [16] proved the following oscillation criteria for equation (1.4).

Theorem 1.6 Assume that (Cy) holds and
f(w)

|ule—Tu

Then Eq.(1.4) is oscillatory if

T B T a'(
/ (ﬁR (a(8))n(t) — (a i 1) R(o(t )r\g(o(t))

> B3>0 foru#0, [ isa constant.

where p(t) = (1) (1 p(o(1)))".



The results of Dzurina and Stavroulakis [6] have been improved and ex-

tended to neutral delay differential equations by Xu and Meng [16].

Motivated by the work of the above results, we are concerned with the
oscillatory behavior problem of the solutions of the follwing second order nonlinear

neutral delay differential equations of the form

(PP ()] (u(t) + pOu(r©)) "™ (w0 + p(u((2)') + a(0)f (u(o(1))) =
(E)
for t > to, where a > 0 is a constant. Throughout this thesis we suppose that the
following conditions hold:
er 1 ag
(H)) re Cl([tg,oo);]R), r(t) >0 and R(¢) ::fta (@) ds — oo as t — oo,

(Ha) ¥, f € C(R:R), 0 < ¢p(u) < M and uf(u) >0 for us0, M is a constant,
(H3) p,q € C([to,0); R), 0 < p(t) <1 and q(t) >0,

(Hy) T€ C(:[tg, oo);R), T(t) <t and lim 7(t) = oo,

t—oc

(Hs) o € C'([to,0); R), 0’(t) > 0, o(t) <t and lim o(t) = o0.

t—oo

In this thesis, we shall continue in this direction the study of oscillatory
properties of Eq.(E). The purpose of this thesis is to improve, generalize and extend
the above-mentioned results. We shall further the investigation and offer some
criteria for oscillation of Eq.(E).

This thesis is organized as follows. In next Chapter, we present some
notations and preliminaries. The main results of oscillation criteria and applica-
tions for neutral differential equations are given in Chapter 3. The final Chapter
provides conclusion of oscillation criteria for second order nonlinear neutral delay

differential equations.



