CHAPTER 1
INTRODUCTION

Robust control problems for uncertain systems have been extensively stud-
ied for the past two decades. Different types of parametric uncertainty descriptions
including norm bounded uncertainty, positive real uncertainty and polytopic un-

certainty can be found in literature, [3], [7], [9], {10], [11] and [13].

In 1999, M. C. de Olivelra, J. Bernussou and J. C Geromel [9] studied the

robust stability of linear discrete-time uncertain system described by
Tpyy = A(a):ck (1.1)

where the dynamic matrix A{a) belongs to a convex polytopic set defined as

A = {A(&) : A(a) = Zn: O:’iAi, Xn: x; = 1, o Z 0} (12)

i=1 g=]

The following result are obtained.

Theorem 1.1 [9] The following conditions are equivalent :

(i) There exists o symmetric matriz P > 0 such that

ATPA; — P <.

(1) There ezist a symmetric metriz P and a matriz G such that

P ATGT
> 0.
GA G+GT-P

Theorem 1.2 [9] Uncertain system (1.1) is robustly stable in uncertainty domain

(1.2) if there exist symmetric matrices P; and G such that

P ATG |
>0 fordl i=1,2,...,N.

G4A; G+GT-P




In 2001, D. C. W. Ramos and P. L. D. Peres [10] studied the robust

stability of linear discrete-time uncertain system given by
z(t+ 1) = Az(t) (1.3)

where z € R™ and A € R™" is not precisely known, but belongs to a convex
bounded (polytopic type) uncertain domain D
D= {A(a) TA@) =) oA,y =104 > o}, (14)
f=1 =1
such that

ATPA,—P<—I, i=1,2,...,N.

The following lemma is the main result in their studied

Lemma 1.1 [10] If there exist positive definite Lyapunov matrices P;, 1 =1,2,...,N
such that

AFPA—-P<-I, i=12,...,N
1
T T T .
A:'PiAJ+AJRA%+AzR?A’L_2PE_'PJ<mfa 1—1,2,...,N,
i#£7,3i=.2,...,N
ATPA; + AL P.A; + AT P A, + AL P;A;
6
T T ;
+A2PkAJ+AJPkAi—2(R+R?+Pk)<m! ’1,—1,2,...,N—2,
j=i+1,2,..., N—1,

k=j+12,..., N
then the uncertain system (1.3) with A{a) € D is robustly stable.

In 2001, J. Daafouz and J. Bernussou [3] studied the robust stability of

discrete-time systems with time varying parameteric uncertainties given by

2(k+1) = AER)a(k), | (L5)
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where z € R" is the stafe vector, £ is unknown but bounded time-varying param-
eter. The structure of the dynamical matrix 4 is assumed to be the form

N N
AER)) = D &) A, E(R) 20, D &(k) =1 (1.6)
i=1

i=1

The following result are obtained.

Theorem 1.3 [3] System (1.5) is poly-quadratically stable if and only if there exist
symmetric positive definite matrices S;, S; and matrices G; of appropriate dimen-

sions such that

Gi+Gl ~8 GTAf
AG, s,

forali=1,2,...,nandj=12,...,n.

> 0,

In recent years, stability of different classes of neural networks with time
delay, such as additive neural networks, cellular neural networks, bidirectional as-
sociative neural networks, Lotka-Volterra neural networks has been extensively
studied and various stability conditions have been obtained for these models of
neural networks. -A neural network is computing paradigm that is looesly mod-
eled after cortical structures of the brain. It consists of interconnected processing
elements called neurons that work together to produce an output function. The
output of a neural network relies on the cooperation of the individual neurons
within the network to operate. Processing of information by neural networks is
often done in parallel rather than on series (or sequentially). Since it relies on its
member neurons collectively to perform its function. There are many researcher
studying on robust stability problems for continuous-time neural networks, {7}, [11]

and [13].

In 2005, Y. He, Q. G. Wang and W. X. Zang [7] studied the global ro-
bust stability for delayed neural networks with polytopic type uncertainties system
described by |

2(t) = —Az(t) + Wof (2(2)) + Wi f(2(t - 7())) (1.7)
where z(-) = [z1(}, 22(), ..., za(-)]" is the neuron state vector,

fz() = [filz()), falza())y - -+ 5 falzn())]T is the neuron activation function.
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A = diag{ay,as,...,a,} is a diagonal matrix with positive entries, Wy and W)
are the connection weight matrix and the delayed connection weight matrix. The
matrices A, Wy, W, are subject to uncertainties and satisfy real convex polytopic

model :
|4 wo w]eo

P P

Q:= { [4©) wi© W@ =D &[a wa W] Dl&=1 &> 0}
k=1 k=1 18)
where Ay = diag{aik, @at, - - . ,ank} are diagonal matrices with positive entries,
Wor, Wi, K = 1,2,...,p, are constant matrices of compatible dimensions, and &
are time-invariant uncertainties. Note that Eq. (1.8) represents polytopic type un-
certainties for system (1.7). The delay 7(%) is a time-varying differentiable function

and satisfies '
) <d<1 (1.9)

where d is a constant. The functions f;(-) satisfies the following condition:

ngl,gzllsﬂja f_,(U)zO, VZJ#O,_T:].,Z,,TL, (110)

3
which is equivalent to the following one:

filz)f(z) ~ mz] <0, f5(0) =0, §=1,2,....7n.

A criterion of global robust stability for delayed neuron networks with polytopic

type uncertainties is derived as follows :

Theorem 1.4 [7] The origin of system (1.7) with fixed matrices A, Wy and W
and subject to conditions (1.9) and (1.10) is globally asymptotically stable if there
ezist P=PT >0, R=RT >0, Q = QT > 0, A = diag{\1,X2,..., )} = 0,
T = diag{ts,ta,...,ta} = 0, S = diag{s1,9s,...,8.} = 0 and any appropriate
dimensional matrices H;, i = 1,2 such that the following LMI (1.11) is feasible,

[ Dy D2 0 P14 —H1W1‘
37, B9 0 By  —HaWy
P = 0 0 —-(1-d)R 0 es | <0 (L1
T, o1, 0 Q-2T 0
-WiH] -WiHy 50 0 Bs5 |




where

&y = HHA+ ATHY + R,
@y = P+ H) + ATHY,
D1y = —H1Wy+ 6T,

$g0 = Hy -+ HY,

oy = A — HaWy,

B55 = ~(1 —d)Q — 25,
© = diag{1, pia, - - - s n}-

Theorem 1.5 [7] The origin of system (1.7) with polytopic type uncertainties (1.8)
and subject to conditions (1.9) and (1.10} is globally roéjustly stable if there exist
P.=FPr >0, B, =R >0, Qr = QFf > 0, Ap = diag{Aik, A2k>- -, Aui} = 0,
Ty = diag{tik, tok; - - - tuk} = 0, Sk = diag{sik, Soks---,5nk} 20, k=1,...,p and
any appropriate dimensional matrices H;, i = 1,2 such that the following LMIs

(1.12) is feasible for k =1,...,p,

3 o 0 o) —H Wi
[@]” o) 0 {7  —H,Wy
ok =] 0 —(1— d)Ry 0 08, | <0 (L12)
L N 0 Qr — 2T} 0
-WELHT -WEHf S5 0 o

where

o) = Hy A, + ATHT + Ry,
®% = P, + H; + ATHY,
) = —H,Wy + 0T,

o) = H, + HT,

o) = Ay — HaW,

8 = —(1— d)Qx — 25,
O = diag{u1, 2y -+ tin}-

In 2005, H. Zhang and X. Liao [13] studied the LMI-based robust stability

analysis of neural networks with time-varying delay given by

(t) = —(A+ AA)z(t) + (W + AW)g(z(t)) -+ (W1 + AW)g(z(t — 7())) (1.13)
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where z(t) = [z,(t), 2(2), . - ., zo(t)] is the neuron state vector,

A = diag{ay,as,...,a,} is a positive diagonal matrix, W and W are intercon-
nection weight matrices, and 0 < 7(t) < 7 is differentiable time delay, and it
assumed that 7(t) < d < 1, AA, AW, AW, are parametric uncertainties and
9(z(-)) = [1(z1(-}}, g2(@a(:)) - . - , gulzn())] is the neuron activation function which
satisfies condition

os%ﬂgk, g:(0) =0, Vz; £0, j=1,2,...,n,
i

which is equivalent to
9i(x) [ fi{z;) - kz;] <0, f5{0)=0, 7=1,2,...,n, kER.
The uncertainties AA, AW and AW are defined by
AA = HyFyEy, AW = HFE and AW, = HiFi1Fy

where Hy, H, Hy, E;, F and E; are known constant matrices of appropriate
dimensions, Fy, F' and F are unknown matrices representing the parameter un-

certainty, which satisfy
FIFy<I, FTF <Tand FTF, <1

where I is the identity matrix of appropriate dimensions. The main result obtained

in [13] is the following :

Theorem 1.6 [13] If there exist a symmetric positive definite matriz P, a positive
diagonal definite matriz D = diag(d,,d, ..., d,), and scalarsey > 0, € >0, e; >0
such that the following LMI holds

r

(1,1) PW PW, —~PH, PH PH
WTP  (2,2) DW, —~DH, DH DH
o | WP WD —(1-dQ+eFB 0 o0 _,
~HTP ~HID 0 —el 0 0
HTP  HTD 0 0 —el 0
| HTP  HTD 0 0 0 —el]
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where (1,1) = —(PA+ AYP) + euEf Ey and (2,2) = —(2/k)DA+ Q + DW +
WTD 4+ eETE then the origin of system (1.13) is robustly stable for all time delay
0<t{t)<mand 7{t) <d< 1.

In 2006, V. Singh [11] studied the global robust stability for delayed cellular
neural networks based on norm-bounded uncertainties defined by the following

state equations :
#(t) = —z(t) + (A + AA) f(z(@®)) + (B+ AB) f(z(t — 7)) (1.14)

where z(t) = [z1(t), z2(t), - . . , T2 (£)] is the neuron state vector, A = {a;;} € R™*",
B = {b;} € B*™ are the weight coefficients of the neurons, A4 and AB are
parametric uncertainties in A and B, f(z(-)) = [fi{z1(4), fol®al)) - - -, fulza(-))]
is the neuron activation function which satisfies

0< @ <1, g(0)=0, Vz; £0, i=12,...,n

Definition 1.1 [11] The system (1.14) is globally robustly stable if there is a unique
equilibrium point z* = [z}, 23, ..., 5] of system, which is globally asymptotically

stable in the presence of the parametric uncertainties AA and AB.
The uncertainties A4 and AB are assumed to satisfies
AA=HFE 4 AB=H1F1E1

where H, Hy, E and E; are known constant matrices of appropriate dimensions,

F, Fy are unknown matriceés representing the parameter uncertainty, which satisfy
FTr<I, FIR<I

where [ is the identity matrix of appropriate dimensions. In order establish the

main result, V. Singh used the following well-known lemma

Lemma 1.4 [11] Let U, V, W, and M be real matrices of appropriate dimensions
with M satisfying M = M7T, then

M+UVW +WTVTUT <0




8

for all VTV < I, if and only if there exists a scalar ¢ > 0 such that
M+ lUUT + eWTW < 0.
The main result {11] is stated in the following.

Theorem 1.6 [11] The system (1.14) is globally robustly stable if there is a posi-
tive definite matriz P = PT = {p;} € R™*", positive definite diagonal matrices
D = diag{d; > 0} € R™", C' = diag{c; > 0} € R™" and § = diag{s; > 0} €
R™*" positive semidefinite diagonal matrices K = diag{k; < 0} € R™" and

= diag{l; < 0} € R™" and scalars &1 > 0 and ez > 0 satisfying the following
LMI :

[ oP_§  _PA-K ~PB 0 —PH —PH)
_ATP_K §-eETE _DB 0 -DH -DH
~BTP —BTD  C+4+2L—E'E ~L 0 0 ],
0 0 -L s 0 0
—HTP —HTp 0 0 27 0
| -HTP ~HTD 0 0 0  al |

where § =2D +2K — DA — ATD - C.

In summary, from (7], {11] and [13] authors gave sufficient condition for
robust stability of continuous time neural networks with uncertainties. There
has been far less research studying an’ interesting problem of robust stability for
discrete-time neural networks. In this thesis, we proposed to study robust sta-
bility problem for discrete-time neural networks. In Chapter 3 we give sufficient
conditions for robust stability of zero solution of discrete-time linear parameter de-
pendent cellular neural networks (CNNs) with time delay. Numerical simulations
are also given to illustrate the efficiency of our theoretical results. Conclusion is

provided in Chapter 4.




