CHAPTER 3
MAIN RESULTS

In this chapter, we present some new condition for robust stability of
discrete-time linear parameter dependent cellular neural networks with time delay.
Based on Lyapunov stability theory and linear matrix inequality (LMI) techniques,
stability conditions for time delayed neural networks are derived by using the S-
procedure. There are 2 parts in this chapter. In section 3.1, we derive new sufficient
conditions for robust stability of system without matrices uncertainties. There
results are extended to establish the robust stability criterion for discrete-time
cellular neural networks with time delay systems with polytopic type uncertainties
in section 3.2. Some numerical simulations are given to illustrate the effectiveness

of our theoretical results.
Consider the following state equation

u(k +1) = —[A(§) + AdJu(k) + [WV(€) + AW]g(u(k)) + W)
+ AWh)g(u(k — 7)) +b (3.1)

where u(k) = [ui(k),...,un(k)]" € R™ is the neuron state vector,
9(u()) = {g1(a())s- - -, ga(wa())]T is the activation function, b = [by,...,b.]7 is
constant input vector, A(£) is positive diagonal matrix, W(£) and Wy(€) are the

interconnection matrices of polytopic type where

lae) we) wmE]en

o= {[a0 W m©] =64 w w, Se-1 620} @)

i=1 FES )
where A;, W; and Wi; are known constant matrices and AA, AW and AW; are

uncertainty matrices which are of the form

AA = HgFgEo, AW = HFE and AW] = H1F1E1 (33)
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where Hy, H, H|, Ey, E and E; are known constant matrices Fy, F and Fy are

unknown matrices which satisfy
FiR<I, FFF<Tand FTR <I (3.4)

where [ is the identity matrix of appropriate dimension. Assume that the activa-

tion functions in (3.1) satisfies the following condition

Osgj(fg:;j(y) <l Vo, yeR, oy, j=1,2...,n

where [; > 0, for j = 1,2,...,n are constants. We shift the equilibrium u* to the
zero solution by the transform z(k) = u(k) — »*. Then we obtain the new system
z(k +1) = —[A(§) + AAz(k) + [W () + AW f(=(k)) + W1(§) + AW f (@ (k — 7))
(3.5)
where (k) = [21(k), z2(k),...,z.(k)] is the state vector of the transformed sys-
tem, with fi(z;(k)) = g;(z;(k) +u}) — g;(«}), 7 =1,2,...,n and J; satisfies the
condition
fj(xj)(fj(xj) N ljmj) <0, J=12,...,n (36)
Inequality (3.6) is equivalent to the following condition
i)l <blzl, 1=1,2,....,n
and
F) S hzifi(zy), i=1,2...,n, (3.7)
A(§) is positive diagonal matrix, W(£) and Wy{£) are the interconnection matrices

are the interconnection matrices of polytopic type where

4 we we]en

a-{[a0 W m©] -> s w . i&:l, &2 0},

i=1
where A;, W; and W); are known constant matrices and AA, AW, AW, are

uncertainty matrices which are of the form

AA = HoFgEg, AW = HFE and AWl = -HlFlE]_
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where Hy, H, Hy, Fy, E and E; are known constant matrices Fy, F and Fy are

unknown matrices which satisfy
FiFy<I, FTF<I and FIR <I

where 7 is the identity matrix of appropriate dimension.

3.1 Robust Stability of Discrete-Time Cellular Neural
Networks with Time Delay Systems

In this we deal with the problem for robust stability of the zero solution of
discrete-time linear parameter dependent cellular neural networks with time delay
without polytopic type uncertainties. Let A = A(£), W = W(£) and W, = Wy(¢)

be constant matrices

Theorem 3.1.1. The zero solution of system (3.5) is robustly stable if there exist
P=PT'>0,G=GT>0,Q=Q">0and L = diag{ly,la,...,ln} > 0 with
T = 0 such that the following LMI holds

1,1) 0 0
M=| o0 (22 o0 |<0 (3.8)
0 0 (3,3)

where
(1,1) = ATPA — P+ e ATPWWTPA+ e AT PH,EyET HT PA
+eATPHEETHTPA + ¢ETHI PWWTPH,Ey
+ eEy HIPHEETHT PHyEy + e ATPH By EF HT PA
+ eATPW,WT PA + ¢EL HY PW\WIPHoEy + G+ Q
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+ eLWT PWy\WIPWL + ¢EF HT PH\E\ET HT PHy
+eLWTPHEETHTPWL + ¢ LWT PH,E\ETHF PW L
+ By HY PHyEy + e LETHT PWyWIPHEL + LWTPWL
+ LETHTPHEL + ¢ ' 4 667117,

(2,2) = eLETH{ PHEETHT PH,E\ L + e LW H,E\ET HT PW, L,
+ LETHIPH\E\L + LWT PW, L + 8¢~1L% - Q,

3,3y = ~1G.

Proof. Consider the Lyapunov function candidate

k

k
V(z) =z"(k)Pz(k) + > (r—k+i2"@)Gz@)+ > 27()Qu().

t=k—7+1 i=k—7+1

The Lyapunov difference along any trajectory of solution of (3.5) is given by

AV(z(k)) = V(z(k +1)) — V(z(k))
== (A+ BA)(®) + (W + AW)F(R) + (W + AW (ot — )]

x P [ — (A+ AA)(k) + (W + AW) f(2(k)) + (Wy + AW f(2(t — T))]
k
~ ' (k)Px(k) + 72" (K)Gz(k) — > 27 (i)Gz(3)

i=k—7+1

+ 37 (k) Qz(k) — 2T(k — 7)Qz(k — 7).
By condition (3.3), we get

AV (z(k)) = [ — (A + HoFoFo)a(k) + (W + HFE) f(z(k) + (Wi + HiFLEy)
x f(a(e~ )] P[~ (A+ HoRuBo)a(k) + (W + HFE)f(a(k))

+ (W + H Ry By F(w(t — T))] — 2T(k)Pa(k) + 2T (k) Ga(k)
k

— Y 2T()Gz(E) + 2T (k)Qa(k) — 2T (k — )Qz(k — 7)

i=k—7-1
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= T (k)(A+ HoFyBy)TP(A+ HyFyEp)z(k) — 2T (k) (A + HoFpEo)T

x P(W + HFE)f(z(k)) — 7 (k)(A + HoFo Eo)* P(Wy + HL F\ Fy)
X f(z(k — 7)) — fT (= (k) (W + HFE)T P(A + HyFyFp)z(k)
+ fT(2(k))(W + HFE)'P(W + HFE) f(z(k)) + f7((k))
x (W + HFEYTP(Wy + Hi R E) f(z(k — 7)) — fT(z(k - 7))
x (W1 + HiFLE:)TP(A 4+ HoFy By (k) + f7(x(k — 7)) (Wy
+ H\F )T P(W + HFE) f(z(k)) + fT(z(k — 7)) (W) + HiFy Fy)T
x P(Wy + H\FL By ) f(z(k — 7)) — 2T (k) Pz(k) + 72T (k)G (k)

- ka: T ()Gx (i) + 2T (k) Qz (k) — 2T (k — 7)Qux(k — 7).

ikt

By Lemma 2.3.5, condition (3.4) and condition (3.7), we have

T (k) ATP(HyEy Fy) + 2% (k) (Ho Eo Fo )T PAz(k)

< exT(k)AT P(H FyEo)(HoFoFo)T PAx(k) 4 e a7 (k) (k)

< ex” (k) AT PHyEoEY HY PAz(k) + e 'z (k)z(k), (3.9) -
—a? (k)ATPW f(z(k)) ~ ¥ (=(k))WT P Ax(k)

< eaT (k) ATPWWTPAz(k) + e 7 (x(k)) f(x(k))

< ex¥ (k) ATPWWTPAx(k) + ¢ a7 (k) LPx(k), (3.10)
—2(k)ATP(HFE)f(z(k)) — f*(z(k))(HFE)" PAx(k)

< e’ (k) AT P(HFE)(HFE)"PAz(k) + ¢ f(z(k)) f (s(k))

< ezt (K)ATPHEETHTPAx(k) + ¢ 1T (x(k)) f(z(k))

< exT(k)ATPHEETH’i"PAx(k) + e 12T (k) L2 (k), (3.11)
~z" (k)(HoFoEo)T PW f(z(k)) — fT(z(k))W ' P(HoFoEo)x(k)

< e’ (k)(HoFoEo)" PWWT P(HoFoEo)a(k) + 7 ¥ (z (k) f (x(k))

< ex”(k)Eq Hy PWWTPHyEgz(k) + ¢ /7 (2(k)) f(2(k))

< exT(k)EYHY PWWT PHyFpz(k) + € '« (k) L2z(k), (3.12)
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~a" (k) (HoFo Eo)" P(HFE) f (2(k)) — f*(x(k))(HF E)" P(HoFy Eo)=(k)
exT (k)(HoFoEo)T P(HF E)(HFE)T P(HyFoEp)z(k) + 7 f1 (x(k)) f (2 (k))
ex” (k)EI Hy PHEETHTPHyEp)z(k) + ¢ ¥ (@(k)) f(z(k))
ex? (k)ETHE PHEETHT PHyEy)x(k) + e 27 (k) Lz (k), (3.13)
—2T (B)ATPW: f(z(k — 7)) — fF(z(k — 7))WT PAz(k)

< ex(B)ATPWIWT PAx(k) + ¢ L f T (a(k — 7)) f(a(k — 7))

< et (k)ATPWWTIPAz(k) + e a7 (k — 7)L2x{k — 7), (3.14)
—2T(KYAT P(Hy FLEy) fz(k — 7)) — fF(a(k — 7)) (Hy FLEy) T P Az (k)

< ezt (R)ATP(H FLE)(Hi R E)T PAz (k) + ¢ fF(z(k — ) fla(k — 7))

< ex¥(k)ATPH,E\ETHT PAx(k) + e T (2(k — 7)) f(z(k — 7))

< ez (k) AT PH, B ETHT P Ax(k) + € *aT (k — 7)L(k — 7), (3.15)
—aT (k) (HoFoEo)" PW, f(z(k — 7)) — fT(x(k — 7))W{ P(HoFoFo)x(k)

< exT(k)(HoFoEo)T PWiWT P(HyFoEo)z(k) 4 € fT (z(k — 7)) flz(k — 7))

< ex”(k)E§ Hy PWAW] PHoEo(k) + ¢ f7(z(k — 7)) fla(k — 7))

< ex’ (k) Ey HE PWiWT PHyEoz(k) + e 2aT(k — 1) L22(k — 1), (3.16)
—a" (k) HoFo Bo)* P(HLFLEY) f(z(k — 7)) — fT (2 (k — )/ EHL Fy Ey)T

x P(HoFyEg)z(k)
< ex” (k) (HoFoEo)T P(Hy Fy Ey ) (HyFy By )T P(Hy FoEo)z (k)
+e T (a(k — 7)) f(w(k — 7))

< ez(K)ETH{ PH\ExETHT PHy Eyz(k) + € 2 fT (x(k — 7)) f(z(k — 7))

< e (K)ETHL PH\ By ETHF PHyEyz(k) + e 2T (k — 1) LPz(k — 7),  (3.17)
FFa(k)WT P(HFE) f(z(k)) + [T (a(k)(HF E)" PW f(z(k))

< ef M (a(k))WT P(HF E)(HFE)"PW f(z(k)) + ¢ ' T (x(k)) f (x(k))

< ef(z(k)WT PHEETHT PW f(x(k)) + ¢ * f¥ (x(k)) f (=(k))

< eV (K)LWTPHEETHTPW Lz(k) + ¢ ‘=¥ (k) LPz(k), (3.18)
JH @ RNWTPW, f(z(k - 7)) + [Tk — 7)) W PW f(z(k))

< ef (@(®R)WTPWIW] PW f(x(k)) + ¢ fT(2(k — 7)) fz(k — 7))

< et (k) LWT PW\WIPW Lz (k) + e 2T (k — 1) L2x(k — ) (3.19)

[FAY FANR PAY
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FH(=®)WTP(HL\ R B f(z(k — 7)) — fT(z(k — 7)) (HLFLE)T PW f(z(k))
< ef(x(k))WT P(HFL By )(Hy FLE)TPW f(z(k))
+ e [T (@(k — 7)) f(w(k — 7))
cf T (w(k))WT PH1 By ET HY PW f(z(k)) + 7' T (x(k — 7)) f(a(k — 7))
< ez’ (k)LWT PH B, E] H PW Lz(k)) + ¢ 27 (k — 1) L (k — 1), (3.20)
T (k) HFEY PW, f(a(k — 7)) + [T (z(k — 7))W{ P(HF E) f (z(k))
< e (@(W))(HF EYT PWWT P(HFE) f(5(k)) + € 7 (w(k ~ 7)) f 2k — 7))
< ef (k) ETH' PW,W{ PHE f(x(k)) + ¢ {7 (2(k — 7)) f(alk — 7))
< exT(k)LETHT PW\WTPHELz(k) + ¢ 'z (k — ) L%k — 1), (3.21)
fHatk — 1)) BT P(HFE) f(z(k)) + fT(2(k))(HF E)TP(H, FL Ey) f (z(k — 7))
< efT(z(k— r))(HlFlEl)TP(HFEj(HFE)TP(HlFlEl) Flx(k—1))
+ e fT (k) f(=(k))
< ef"(a(k)ET)HT PHEETH PH, By f(a(k)) + €™ 7 (2(k) £ (2())
< eT(k)LET)HT PHEET HT PH, E; La(k) + € o7 (k) Lz (k), (3.22)

IA

fH(alk — )W P(HLFLE) f(z(k — 7)) + [T (@(k — 7)) (EL FLE)TPWy f(w(k — 7))
< efT(z(k — 7))W{ P(HLFLE))(H\ FLE) T PW, f(z(k — 7))
+ e f(a(k — 7)) f(2(k - 7))
< ef™(a(k — 7))WF PHE,ETHT PW, f(o(k — 7))
+e (@b — 7)) f(a(k — 7))
< ex(k — 7)) LW PH,E\ETHT PW1 La(k — 1) + € 'z (k — 7)) LPz(k — 1),
(3.23)
=T (k)(HoFoEo) T P(HyFyFo)z(k) < 2 (k)ET HT PHyFy, (3.24)
FH(@(k — 7)) (HL P BT P(HL LBy f(a(k — 7))
< ff(a(k —7))E H PH, By f(z(k — 7))
< #7(k — 7)LETHT PH\Ey La(k — 1), (3.25)
@k — )W PW:f(z(k — 7)) < o7 (k — 7)LW{ PWiLa(k — 7), (3.26)
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Fla(k)YWTPW f(z(k)) < 27 (k)LWTPW Lz (k). (3.27)
By Using (3.9) - (3.27) and.Lemma, 2.3.5, we obtain

AV (z(k)) < 27 () [ATPA — P+ cATPWWTPA + eATPH,E,ETHE P A
+ cATPHEETHTPA + ¢ETH PWWTPHE, + 7G + Q
+ eATPH,E\ETHTPA + LWL H By ETHT PWL L
+ eETHIPHEETHY PHyEy + < LW PHEETH'PWL
+ eATPW\WIPA + eEX HY PW\WTIPHyE, + E3 Hy PHoFy
+ eETHI PH B\ ET HT PHyEy + eLWT PW W PWL
+ eLWTPH, B ETHI PWL + ¢ LETHT PW, W] PHEL
4 LETHTPHEL + LWTPWL + 711 + 66—11,2] (k)
+2T(k— 1) [eLEfH;‘F PHEETHTPH,E L
+ LEFHTPH,\E\L + LWTPW,L + 8611 — Q, ] w(k —7)

_(% i m(i))T(TG)(%

i=k—7+1

k

Let y = [:[;T(k) 2Tk —7) (% Z m(z))T] T. We have

i=k—7+1

AV(z) <y"My <0,

Hence system (3.5) is asymptotically stable and by Definition 2.3.4, the system
(3.5) is robustly stable. The proof is complete. O
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Example 3.1.1. Consider the CNNs (3.5} without parameter matrices where

. {a(l) 0 } - [w(l) 0.5}, _— [wl(l) 0.8 J
0 a2 0.5 w(2) 0.8 w2}

. (_0.003 0015 —~0.035  0.042
0 — 3 = 3
—0.018 0.025 0.008 —0.004
’- 0.002 —0.036 0.9 0 0.8 0
Hl = 3 FO = ’ F= 3
—0.006 0.007 0 -1 0 09

= [—1 OJ , B = Hy, E=H, E = H, e=02 r=1,
0 1
a(l), e(2) € [0.09, 0.15], w(1), w(2), w (1), wi1(2) € [-0.9, ~0.1]
J1{z) = 0.4tanh(z), fo(z) = 0.2tanh(z).
By using the Matlab LMI toolbox, we can solved for matrices P, @, G and L which
satisfies the criterion of Theorem 3.1.1, thus the zero solution of systemn (3.5) is

robust stability system (3.1) is robust stability. A solution of (3.5) is given by
30.458 10.852 2256 0.825

P= , G= ,
10.852 29.584 0.825 1.358

10253 7.804 0002 0
0= , L \
7894  6.451 0 0.007

The simulation is illustrated in Fig. 3.1.
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Figure 3.1: The solution trajectory of system (3.5) in Example 3.1.1.

Theorem 3.1.2. The zero solution of system (3.5) is robusily stable if there exist
P=PT>0, Q=07 >0, T = diag{t,ta,...,tn} >0, S = diag{s1,52,...,5n}
> 0 and scalars eg > 0, e > 0 and e; > 0 such that the following LMI holds

M, © TIl. -ATPW;

x [l O LS

® ® [l W7TPW,
M= « * * I

* * % *

* % * *

| * * s %

where
[T = ATPA— P+ Q + eoEY By,
Iz = —ATPW - LT,

sz =-Q,

ATPH,
0
~WTPH,
—WTPH,

s
%

*

—ATPH
0
WTPH
WIPH
—HTPH
Hﬁﬁ

*

—ATPH,
0
WwTPH,
WTPH,
—HFPH,
HTPH,
HTT

<0

(3.28)
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[lss = WTPW — 2T + ¢ETE,
Tl = WTPW, — 25 + e, ETE,,
[Iss = Hy PHo — eol,

[Ies = HTPH —el,

Tlpy = HFPH, - e,1.

Proof Consider the Lyapunov function candidate
k=1

V(z) = 2" (k)Pz(k) + > a7 (7)Qa(j).

j=k—7

The Lyapunov difference along any trajectory of solution of (3.5) is given by

AV (z(k)) = V(z(k + 1)} — V(z(k))
=[[ = (A+ AA)a(k) + (W + AW)(a(k) + (Wi -+ AWL) fale )]
X P| = (A+AN)(k) -+ (W + AW) f(&(K)) + (Ws + AWA) f(a(t - )|
— T (k) Pz (k) + T (k)Qz(k) — zT(k — 7)Qu(k — 7).
By condition (3.3), we get
AV(@(k) = | = (A+ HoFoEo)a(k) + (W + HFE) f(a(k)) -+ (Wi + Hy Fy Fy)
x f(a(t~7))] TP[ — (A + HyFyBo)a(k) + (W + HFE) f(2(k))
+(Wa + HUFLBy) f(a(t — 7))| — 27 (k) Pa(k) + 27 (k) Qa(k)
— 2T (k—1)Qz(k —7) |
= 37 (k)(A+ HoFyEo)T P(A + HoFoEo)x(k) — z7(k)(A + HoFyEy)T
x P(W + HFE)f(z(k)) — 2" (k)(A + HoFoBo)T P(Wh + H\FL Ey)
x f(z(k — 7)) — fH{z(k)}(W + HFE)TP(A + HoFyEo)z(k)
+ {1 (z(k))(W + HFE)"P(W + HFE)f(z(k)) + /" («(k))
x (W + HFE)Y"P(Wy 4+ H\FLEy) f(z(k — 7)) — fT(z(k — 1))
x (Wi + Hi R\ E\)TP(A + HyFoEo)z (k) + ¥ (z(k — 7)) (W
+ MR E)TP(W + HFE) f(x(k)) + T (z(k — T))(Wy + HiF\E;)T
x P(Wi + H1FL E)) f(z(k — 1)) — 2T (k) Px(k) + 27 (k) Qz(k)
— 2Tk — 7)Qx(k — 7).
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By condition (3.6), we get
Filas (R fi(5(k)) — lizs(R)) €0, j=1,2,...,n (3.29)
and
filz;(k — ) (filzilk — 7)) — Lzi(k — 7)) <0, j=1,2,...,n (3.30)

Then, by applying S-procedure, system (3.5) is asymptotically stable if there exist
T = diag{t:,ts,...,t,} > 0 and S = diag{s1,s2,-.., 5.} = 0 such that

AV (k) -2 tjfj [2;(&))(fi(zs(k)) — Liz;(K)]

=1

— 2 sifi(mik — Ofi(zi(k) — ik — D] <y My (3.31)

=1

where
y=[zT(k) 2Tk —7) fT@k) fflaz(—7)) (Fokx(k)T (FEf(a(k))T
(R By f(z(k — 1)),

M, © I, ~ATPW: ATPH, —ATPH —ATPH,]
s Tl O LS 0 0 0
s & [l WTPW, -WTPH, WTPH WTPH,
M =] % x * I -WIPH, WTPH WITPH1
* * ® * ILs —~HTPH —HYIPH;
* * * % ® I H'PH,
| * * * * * * 11 |

where
[[,,=ATPA-P+Q,
Iz = —ATPW — LT,
I =-@,

Iss = WTPW — 27,
H44=W1TPW1“*25,
[1ss = Hg PH,,

[les = HFPH,
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H77:H1TPH1-

From (3.4}, we have foreg >0, ¢ >0, e; >0

€ [Foon(k)}T[Foon(kj] < egz” (k)BT Fyx(k),
e[FEf(z(k)FEf(z(k))] < efT(z(k))E"Ef(z(k)),

e[ FLELf (a(k — T R B f (2(k — 7))] < eofT (z(k — 7)) E{ Ev f(2(k — 7).
(3.32)

Substituting (3.32) into (3.31), we get LMI (3.28). Therefore,
AV (z(k)) < ¥ My < 0.

From the Lyapunov stability theorem, the system is asymptotically stable and by
Definition 2.3.4 we get the system (3.5) is robustly stable. O

Example 3.1.2. Consider the CNNs (3.5) without parameter matrices where

i [a(l) 0 ] oo [0.1 ——w(l)] Ry { 0.1 —wl(l)] ’
0 a(2) w(2) —02 w(2) -0.2

—0.003 0015 —0.035  0.042
H(] - ) H = b]
0018 —0.025 0.008  —0.004
0.002  —0.036 1 0 0.9 0
H]_ = 3 L= 3 FU = H
_0.006  0.007 0 1 0 -1
08 0 1 0
F= ) F1: 1E0 5 HU: e Ha El = Hl:
0 09 0 1

fi(z) = tanh(z), fo(z) = tanh(z).
a(1), a(2) €[0.09, 0.3], w(1), w(2) €[0.09, 0.5], wi(1), wi(2) €[0.09, 0.3]

By using the Matlab LMI toolbox, we can solved for matrices P,@Q, S and T' and
constant ey, e and e; which satisfies the criterion of Theorem 3.1.2, thus the zero

solution of system (3.5) is robust stability system (3.1} is robust stability.
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A solution of (3.5) is given by

—79.0100 187.6041 —32.5821 73.3814

o [5e8796 0 o 804508 0
0  548796] 0  80.4508|

eo = 121.0134, e = 122.1542, ¢; = 120.8576.

[233.4198 -79.0100} { 76.6728 —32.5821}

The simulation is illustrated in Fig. 3.2.

|

o I

(4] (4]

T e S

o 10 20 30 40 50

Figure 3.2: The solutions trajectory of system (3.5) in Example 3.1.2.
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Theorem 3.1.3. The zero solution of system (3.5) is robustly stable if there exist
P=PT'>0,Q=Q" >0, T = diag{ts,ts,--.,ta} >0, S= diag{sy, ss,...,50}
> 0 and scalars € > 0, eg > 0, e > 0 and e; > 0 such that the following LMI
holds

[TI, 0 Tl, -ATPW, ATPH, —ATPH —ATPH,
5 I O LS 0 0 0
x  x [l WI'PW, -WTPH, WTPH WTPH,
M=| 4+ % « M. -WfPH, WIPH W{PH,|<0
* * * * ILss ~HYPH —HIPH,
* * * * % Tes HTPH,
* * * * * *. Il

L J
(3.33)

where

Il = AY(P™' — e T HoHY )A + e B By — P+ Q -+ eo Bf By,

[1; = —ATPW — LT,

H22 =@,
Il =WT(P ' — e *HHT)W + ¢ETE — 2T +- ¢E”E,

]___[44 = WlT(P_l — E—lﬂlﬂdf‘)wg + €ETE1 — 25+ elEfEl,

Proof Consider the Lyapunov function candidate
k—1
V(z) = z"(k)P(k) + Y 27(5)Qz(j).
j=k—1

The Lyapunov difference of system along any trajectory of solution (3.5) is given

by
AV(z(k)) =V{(z(k + 1)) — V(z(k))
=[ ~ A+ DAY(®) + (W + AW)F (k) + (W + AW (ot — )]
x P = (A+AAYT(R) + (W + AW) f(a(k)) + (Wi + AWL) f(a(t — f))]

— 3T (k) Px(k) + 7 (k)Qz(k) — 2T (k — 7)Qz(k — 7).
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By condition (3.3), we get

AV (z(k)) = [ — (A + HoFoEo)zlk) + (W + HFE)f(a(k)) + (Wi + HLF\Ey)
x fla(t— 1—))] TP[ — (A+ HoFyEo)x(k) + (W + HFE) f(z(k))
+ (Wi + FyRE) f(a(t —~ 7)] = 57 () Po(k) + 27 (1)@ (k)

— 2T (k — 7)Qz(k — 7).
By Lemma 2.3.3, condition (3.29) and (3.30) we get

AV (x(k)) =27 (k) (AT(P—I —  HoHY) A+ eBY By (k) — o7 (k)(A+ HoFo By)T
x P(W + HFE) f(x(k)) — «T (k)(A + HyoFo Ey)T P(W, + H F,E;)
X f(z(k —~ 7)) — fL(=(k)}(W + HFE)T P(A+ HyFyBy)x(k)
+ P () (WP~ — " HET)W + eE7E ) f(s(k)) + 7 (2(k))
< (W + HFEYTP(Ws + HyFuB) f(alk — 7)) — 7 (@l — 7)) (W
+ HyFL BT P(A + HyFyEo)z (k) -|~ izl — )Wy + HF Fy)TP
x (W -+ HFE)f(o(k)) + £ (o(k — r) (WH (P~ — e B, HDYWT
+ BT By f(a(k - 7)) — &7 (B) Pa(k) + 7 (£) Qu (k)

— T(k — 7)Qx(k — 7).

Then, by applying S-procedure, system is asymptotically stable if there exist
T = diag{t,,t2,...,ta} > 0 and S = diag{s, $2,..., 5} = 0 such that

AV (@ (k) =2 ) _tflwi (k) (fi(zs (k) — Lz (k)

—2 " s;fi{mi(k — ) fi(zi(k) — izs(k— 1) <y"Myy  (3.34)

=1

where
y=[z"(k) 2T(k—7) f(a(k)) fF=k—T) (FoEzk)" (FEf(z(k)T
(FLE f(z(k — T))TI,
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M, © T[l, —ATPW, ATPH, —A"PH -ATPH,
[l O LS 0 0 0
* + [l, W'PW, -WTPH, WTPH WTPH,
Mi=]x % «x . -WFPH, WIPH W{PH,
* * * * I Lss —HIPH —HIPH
% % % * * ITss HTPH,
® * * * * * I~
where — -
[y = AT(P~! — e \H,HY)A+ €ETEy — P+ Q, [[3 = —AYPW — LT,
[l =@,

[Ly; = WT(P~! — e " HHT)W + ¢ETE — 2T,
H44 = WiT(P_l — ENIH]_HE‘)WE‘ + 6E¥1E1 e 25,

s =0, [l =0, Il =0.
Substituting (3.32) into (3.34), we get LMI (3.33). Therefore,

AV (z(k)) < y"My <0.

From the Lyapunov stability theorem, the system is asymptotically stable and by
Definition 2.3.4 we get the system (3.5) is robustly stable. O

Example 3.1.3. Consider the CNNs (3.5) without parameter matrices where.

i [a(l) 0 } - [0.1 -—w(l)], — [ 0.1 ~—w1(1)],
0 af2) w(?) —02 wi(2)  —02

0.003 —0.005 —0.035 0.042
HO = ’ H= 3
' —0.001 —0.006 0.008 —0.004
: 0.002 —0.036 1.1 0 09 0
Hl = ] L = 3 FO = b
—0.006  0.007 0 1.1 0 -1
08 0 -1 0
F= 3 F1= }EO = HU) E = H} El = Hl)
0 09 0 1

fi(z) = tanh(z), fo(z) = tanh(z), ¢ =2,
a(1), a(2) €[0.09, 0.3}, w(l),w(2) €[0.09, 0.5], wi(1), wi(2) € [0.09, 0.3]
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By using the Matlab LMI toolbox, we can solved for matrices P, ¢}, S and T
and constant eg, e and e; which satisfies the criterion of Theorem 3.1.3, thus the
zero solution of system (3.5) is robust stability system (3.1) is robust stability. A

solution of (3.5) is given by

o | 8167 26588 1.0314  —0.4968
—26588  6.6406 | —0.4968  1.1640 |

0.7505 0 3.9311 0
S= , T'= )
0 0.7505 0 3.9311

eg = 4.8915, e = 5.3373, e; = 4.9354.

The simulation is illustrated in Fig. 3.3.

0 10 20 30 40 50

Figure 3.3: The solution trajectory of system (3.5} in Example 3.1.3.
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3.2 Robust Stability of Discrete-Time Cellular Neural
Networks with Time Delay Systems with Polytopic
Type Uncertainties

In this section we extend result in 3.1 to obtain robust stability criteria for
discrete-time cellular neural networks with time delay system with polytopic type
uncertainties (3.2), Theorem 3.1.2 and 3.1.3 will be extended to provide an LMI-

base robust stability conditions for system (3.5) with polytopic type uncertainties.

Theorem 3.2.1. The zero solution of system (3.5) with polytopic type uncertain-
ties (3.2) is robustly stable if there exist P, = PF > 0, @Q; = Q7 >0, T; =
diag{tii, tai, . .- tni} > 0, S; = diag{s1i,8%,...,5ni} 2 0 and scalarsey; >0, e; >

Oandey; >0,1=1,2,...,N satisfy this condition

(2) Mg+ N<~1I,i=12,...,N

1
—T
(V-1

i=1,2...,N, i#j j=1,2,...,N

(1) Mg+ Mjas+ Mige +2N;+ N; <

(448 Miju+ Mg+ Miag+ My + My + M ;4
6

—T

(N —1)2""

i=1,2..,N-2 j=i+1,2,...,N—1, [=1,2,...,N, (3.35)

+2N; + 2N + 2N, <

. where

M=
| ATRA 0 —ATRW, —ATRWy ATRH, —ATRH —ATRH,
0 0 0 0 0 0
—WFPA 0 WIBW, WFBWy -WERH, WIRH WEFPH
~WIPA, 0 WERW, WERWy -WEPH, WEIPH WELPH,
HEPA 0 —HIPW, -HfBWi O 0 0
~HTPA; 0 HTPW, HTPWy 0 0 0
-BTPA; 0 HTRW: HTPWy 0 0 0
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N, =
0.0 o -1 o 0 0 0
0 -@ o0 IS 0 0 0
I 0 [u@ 0 0 0 0
0 IS 0 Jl.G) o 0 o |
o 0o 0 0  [L.() —-HFPH —HTPRH,
o 0 0 0 -HTRH, [l HTP.H
6o 0 0 0 —HTPH, HFPH  [.()

and [1,,(i) = e B o — B + Qi, [1aa(i) = —2T; + e ETE,
[14()) = —2Si + enE{ Bv, [l5s(i) = Hg PiHo — eail, Ileo(i) = H'PH — el
'H'n(i) =-H;PP5H1 —end.

Proof Consider the Lyapunov function candidate

N N k-1
Vig(k), &) =Y a"(B)&Pa®) + Y Y o ()&Qsz().

=1 =1 i=k—T

The Lyapunov difference along any trajectory of solution of (3.5) is given by
AV(a(k), §) = [~ (AE©) + AA)z(k) + (W(§) + AW) f(a(k) + (Wi(6) + AW)
T
< flote = )| PO~ (A€ + 4)alr) + (7(©) + &)
X (2(k)) + (Wa(&) + AW (w(t = 7))] = s () P(E)(k)
+ 2" (B)QE)2(k) — = (k- )QE)ak - 7).
By condition (3.3), we get
AV(a(k), &) =[ — (A(§) + HoFsFo)a(k) + (W(€) + HFE)f(a(k))
+ (W) + ERB) f(alt— )] PO - (A€) + HoFyBo)a(#)

+(W() + HFE) f(a(k)) + (Wa(€) + HaFiB) f(w(t — 7))]
— o7 (B P() (k) + 2T (B))Q(E)o (k) — 7 (k — T)Q(€)a(k — 7),
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and by condition (3.29) and (3.30) therefore applying S-procedure, system is asymp-

totically stable if there exist T(¢)
S(8)

= diag{s1, Sai, - - -

AV(z(k), &) — QZZ& tifilmi (R))(f (x5 (k) —

i=1 j=1

= diag{tn, foiyeney
,Sni} = 0 such that

tni} = 0 and

L (k)]

N n
=23 bisiifilmik — T filmik — 1) — Lzi(k — 7))

i=1 J—-l

—ZaZ@Z&[ T(k) (AT Py~ P+ Qs Ja(k)]

+ ;& ;gj ;gz T(k)( ~ AT PW, ~ Lﬂ-) f(:c(k))]
4 ng ;g, 2& 27 (k) ( - ATRWu) f(a(k - 7))

K Zf’ ;gj Z& 2 (k) (AT P o ) (Fo B ()]

\ ;: ¢ Jz_l:gj Zg, 27(k)( — ATBH ) (FEf(a(k))]

" g 3 ;% Z &[=7(5) (- AT P ) (BuBs (o — )]
4 ;& ;5-" ;ja 27 (k — 7)(@:) ol - 7]

+ Z ¢, legj fo 27k —7)(£8:) o(ks — 7)]

n ;gzlf Zf‘ 7@ (k) (~ WE P A~ LT:)a(®)]
+ Zg, ;gj ;‘& 7 (@) (WF B;W, — 2T3) f((k))]
+;a;§j;a IRCONAAAED)

+ f}g zNjf zNj»s 7 (@R~ WEP;Ho ) (FoBoa(k))]
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F 3636 S 6 [ (W R FES )]

=1 j=1 I=1

+ SN; & igj i@ [fT(a:(k)) (W,.Taﬂl) (FiBy f (2(k — 1')))]

i=1 =1 I=1

N N N
+&> &Y & k- )

i=1 J"‘l =1

~ WEPA; ):r:(k)]

+Z§££;Z&[F(xk N(L8:)w(k— )]

i=1 J-—-l I=1

+Z§,Z@Za[f’f a(k — 7)) (WERW:) £(2(0))]

i=1 _7“"1 =1

+ Z&- Efj Z& (7@l — ) (WERWu — 25:) £ (a(k ~ 7))]

i=1 =1

+Z&Z§Z&

i=1 i=1 =1

+Z&Z@Za

i=1 3 =1 =1

+Z§~.ij th

=1 J—-l =1

+Z&Z§JZQ

i=1 3-1

+Z§zZ€J Z&

=1 3—1

+Z§i25j2&

i=1 3_1 =1

+Z§Z§: Z‘fl

i=1 i=1

+Z§Z@Z&

i=1 J =1 =1

+Z§-Z@Za

f=1 j=1 =1

_1-—1

N N N
+Z§«:ij2&_

=1 gj=1 I=1

17k — )~ WEP;Ho) (FoBoa(k))]
7@k — ) (WEPH ) (FEf2(k))]

7 (alh— ) (WERHL ) (B f (a(k = )]
(FoEom(k)) (HTP A; ):c(k)]
(FoEocc(k)

HTP; W) Fla( k))]

(-
(FoBo(k)) ( — HYP W) £ (all — )]
(FoBox(k)) ( HE P.Ho ) (FaEoa(k))]
H P.H)(FEf(z(k)))]

FgEU:E(k))

(
(FoEoz(k)) (
(- HEPH) (BB (s~ 1)

(FEf@(®)( ~ H'PA;)a(k)]




where y =

N N N
+Z§eE§jZ§E_

i=1 j=1 I=1

N N N
+Z§Z§j2§z

=1  j=1 =1

N N N
+I LD 5 &

=1 J--l =1

+Z&Z§.Z&

=1 j=1 =1

+Z@E§;Z§,

=1 j=1 =1

N N N
+ Z&'ijZ&

=1 j=1 =1

+Z§;Z§JZ&

t=1 J--l =1

+Z}&Z@Z&

i=1 J"“l =1

+Zaz)§32a

i=1 J—-l =1

+Z§;Z§g Zfz

i=1 3 =1 =1

+Z&Z@-Z&

=1 4=1 =1
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(FEf(a:(k)))(H’-"fz-W)f(x(k))]
(FEf(@(o))(HTPWa) f(w(k - )]
(FEf(a(k)( — HP.Ho) (FoBoa(k))|

(FEf(2(i){HTRH) (FEf(z(k))]

(
(PE N (TR (i f ol 7))
(BB (a(k = 1)~ HF PyAs (k)]
(RBF ok — 1) (BT By £ (k)]
(FLE: f(2(k = 7)) (HT B W) £(a(k = 7))
(R fa— 7))~ B RH) (Rt

(BB f @k~ 7)) (HT RH ) (FBf(z(k)))]

(FEf(z(k - 7) (HTPHI)(FlEl Flalk - T)))]. (3.36)

. Substituting (3.32) into (3.36). Therefore

AV(a(k), §) < Zf“’[ Misi+ N v

1—1

+ Z&' Z &y* [M'i,j,i + M5 + M+ 2N; 4 NJ‘] y

=]

N-2

+3 & Z & Z&y

i=1  j=it+l I=j+1

[27(k) 2T(k—7) fT(x(k)) fTa(k—7)) (FoEox(k))" (FEf(x(k)))"

(FLE f((k — 7))

i# j=1
S Msjst + M,l,j + Mj,i,[ + ‘lw:‘f,l,i .
Mg+ My +2N; + 2N; + 2N,
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By condition {3.35) ,we have

N N
AV, 8 < | T8 - s D €6
- i= i=1 j#4; §=1
6 N-2 N-1 N
TN + Z Z Z fi‘fj‘ftf]

=1 j=i+1li=j+1

We define © and A as

N N-2 N
EZE@@ GP=(N-1)) 8-> > &>,
i=1 j=1 i=1 i=1 j#i; j=1
N N-1 N N N N-2 N-1 N
A>3 N aG -2 =(N=-2)), > &4-6>. > > &4 >0
i=1 j=i+1l=j+1 i=1 j#i; j=1 i=1 j=i+li=j+1

and compute (V — 1)© + A, we obtain

N-2 N-1 N

N—1) & - Zj Z ge—6> > Y &hia>0.

i=1 i=1 j#i; j=1 =1 j=i41 =541

Thus AV (z(k), £) < 0 From the Lyapunov stability theorem, the system is asymp-
totically stable and by Definition 2.3.4 we get the system (3.5) is robustly stable.Cd
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Example 3.2.1. Consider the CNNs (3.5) with polytopic type uncertainties with

N = 2 where
03 0 02 0
Al = 3 A2 — 1
0 02
0.1 —-05 —0.5
W1 = 1
{0.09 —~{. 2:l [ —0.2}
01 -03 —0.2
Wi =
0.1 —-0.2 —0.2
_—0.003 0.015 —0.035
Hy = , H=
—0.018 -0.025 0.008 -
[ 0002 —0.036] 10
Hl = 3 L= 3
—0.006  0.007 0 1
0.9 0 0.8 0
Fg = 3 F - s F1 =
0 -1 0 09

0.042
0.004|

-1
0

0
1 2

fi(z) = tanh(z), fa(z) =tanh(z), By = Hy, £ = H By = H

By using the Matlab LMI toolbox, we can solved for matrices P ,Q;, S; and

T:, i =1, 2,3 which satisfy the criterion of Theorem 3.2.1, thus the zero solution of

system (3.5) is robust stability system (3.1) is robust stability. A set of solutions

of (3.5) are given the following

> . [ 77.3679 ~34.0999] « { 99.7607 —12.6706]
| 340009 124.2649 _126706  57.2807
e 209749 © ] ok [26.5428 0 }
| 0 200749 0 265428

egr = 49.3011, e; = 49.5071, e;; = 49.3053,

The simulation is illustrated in Fig. 3.4.
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x1
-——-x2

0] 10 20 30 40 50

Figure 3.4: The solutions trajectory of system (3.5) in Example 3.2.1.

P 127.2143 —48.2870} [ 51.5535 —19.3739}
a = ) 9 = )

—48.2870 140.5125 —19.3739  57.2807

26.5189 0 40.4664 0
82 = ’ Ty = 3
0 26.5189 0 40.4664

egy = 64.5882, e, = 64.8376, e;p = 64.5850,
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The simulation is illustrated in Fig. 3.5.

10 20 30 40 80

Figure 3.5: The solutions trajectory of system (3.5) in Example 3.2.1.
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Theorem 3.2.2. The zero solution of system (3.5) with polytopic type uncertain-
ties (3.2) is robustly stable if there exist P; = PY >0, @ = QF >0, T; =
diag{tis, tai,-- -, tni} = 0, S; = diag{su,52%,...,5:u} = 0 and scalars € > 0,

e >0, e;>0ande; >0,1=1,2,..., N satisfy this condition where

(2) M +N;<-I,i=12,...,N

. 1
(Z’L) M,i,j + Mj,i,i -} Mi,j'«; -+ 2N; -l-.le < ml,
i=12,...,N, i#3j, j=12,...,N
(38) Miju+ Mig; + Mg+ M+ My ; + My,
6
+2N; +2N; + 2N < (N_—"ﬁif,

i=1,2,...,N-2 j=i+12,...,N—1,1=12,...,N, (3.37)

where
M,j,l =
[ onG) 0 —ATRW, -—ATRWy, ATPH, -ATRH —AfPH,
0 0 0 0 0 0 0
~WiPA: 0 0a(d) WiPWy -WIFH, WIPRH W{BH
~WiPd: 0 WIRW, 014(7) ~WEPH, WELPH W{FH
H{PA: 0 -HyPW; —H{PWy 0 0 0
_HTPA;, 0 HTPW, HTRW 0 0 0
-H[PA 0 H{PW: H{PWy 0 0 0

011(5) = AT(P;' — e T HoHY YAy, 033(3) = WI(P — e XHHT)W,
Oua(i) = W(FP; ! — e HLHT )WY,
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N; =

_Hn (") 0 ~LT; 0 0 0 0

0 —-Q; 0 LS; 0 0 0
~LT, 0 J[lu6 0 0 0 0

0 LS; 0 1% 0 0 0 ,
0 0 0 0 [Is() —-HIRH —HyPH
0 0 0 0 —H'RHy [led) HYPH
0 0 0 0 —-H{RHy, H{PH [Iln() |

and [1,,(6) = eETEy + e ET B — P, + Qs, [1s3(6) = ¢ETE — 2T, + ¢,ETE,
[14a(®) = eET Ex — 28 + e B Bn, J55(0) = —ewil, Tlee(d) = —eil,
[12(3) = —enl.

Proof Consider the Lyapunov function candidate

N N k-1
V(zk), &) =Y a"(k)&GPzk) + Y > " (1)&Qs ().

=1 i=1 l=k—r

The Lyapunov difference along any trajectory of solution of (3.5) is given by
AV(a(k), §) = [~ (A©) + AA)a(k) + (W (€) -+ AW)F(@(k)) + (W(E) + AW2)
x f(o(t - f))] PO - (A + AA)a(h) + (W () + AW)
x f(z(k)) + (W(€) + AWL) f(o(t — 7)) — 27 (k) P(§)a(k)
+ 37 (B)QE () — 7k — QE)z(k ~ )
by condition (3.3) we get
AV(a(k), &) =[ — (AE) + HoFEo)a(k) + (W(€) + HFE) f(z(k)) + (Wa(€)
+IRB) (e~ )] PO~ (4€) + HoFsBo)a(h)
+ (W(¢) + HFE)f(z(k)) + (Wa(§) + LA By) f(a(t — 7))]
— T (K)PE)a(E) + 2" ()QE)a(k) — 37 (k - QU )(k — )
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by Lemma 2.3.3, condition (3.29) and (3.30) therefore applying S-procedure, sys-
tem is asymptotically stable if there exist T'(¢) = diag{ti, t2,---,tni} = 0 and
S(ﬁ) = diag{sh-, 894y ey Smt} 2 0 such that

N =n
AV (z(k), &) -2 Z Zf,-tj,-fj[:cj (BN (fi{z;(k)) — (k)]

ki

-2 Z > &sgfila;(k — T)fi(as(k — 1) — Gz (k — 7)]

i=1 =1
N N N

=>"6Y 6.6 [xT(k) (Af(P,-"l — e LHoHT) A + eEg Eo — P,

=l =1 (=1

+Q)a(9] + 32636 S &[0 - ATP - IT) a0

i=1 =1 [=]

+ Za Zsj Za 27 (k) ( - AT B;W) £l — 7))

i=1 j-—

i Za S Za o (k) (AT Py Ho ) (FoBol(h))]

i=1 =1
+ Z&Z&;;Z& (k)
i=1 j=1 i=1

(
N N N
66 a[o" ) - ATRH) (B S (et - 7))]

=1 j=1 l=1

N N N \
326263 [k —)(Q)ate 1)
¢;1 J;l l;l _
+ Z‘Et Z*EJ Zf! :cT(k — T)(Lsz)x(k 7) ]

~ ATPH)(FEf (b))

i=1 J-—-l l=1

F3E Y6 17 (o) (- Wi PyAs — LT3 (k)]
i=1 i=1 =1

+ Za Z 2 Zja () (W (B - < XHHT)W,

+ BB — 2T3) f(o(k)) | + Z@Zg Zg, (7 (@) (WF ByW ()|

i=1 j=1 =1
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F3E36 Z& |7 @)~ WF B Ho ) (FoBoa(k))]

i=] _1—

6 |77 () (WE B H ) (FESf (2(k)))]

N N N _
+363 6 [ @®) (WERH ) (FEf(z(k— )]
i=1 J-—-]. =1
+363 636 (e — ) { - WhP Ao (k)|
=1 J—"l =1
+Z§i2gj25¢ (- 1) (LSi)a(k - 7)]
i=1 j=1 =1
N N N
30636 6| @k — ) (WERW:) f=(k))]
i=1 J—I =1

+ZaZ¢; Za FRECEE)

i=1 7=1 =1

(WP — e H H )W, + BT B,

—25;) f(all— )] + Zg,- Zgj Z &l 17 @k — 1) ( - WEP;Ho ) (Fo By (k)]

+ZaZ§JZa

+Z&Z§;Z§z
i=1 =1

+Z£,Z¢JZ§¢

i=1 J=

—l—Z&ZQ‘Z&.

=1

N N N
+I &> &Y &

=1 =1 i=1

N N N
+Y 6> &> &

i=1 J-—-l =1

+25125,Za

=1 I=1

i=1 =1

i=1  j=1 =1

(o — 7)) (WERH) (FBfo(k))|
(2l - ) (WERH: ) (R B S (a(k = 7))
(Foon(k))(Hg‘Rin)x(k)]

(oo (k) — HEBW:) (o (k)]

(F0E0$ (k) ( HTPqu)f(x(k T T))]
(FoBox()) ( — HERH ) (FES (a()]
(FOan:(ls))( Hy Rﬂl) (Fy By f (w(k - r)))]




+Z&,Z£,Z&

i=1 3"1 =1

+Zf=Z§:Z§t

i=1 _1=1 I=1

+Z&-Z@-Za

i=1 J—l =1

+Z€:Z§J z&

=1 i=1

+Z&Z£j2a

=1 =1 =1

+Z&Z§JZ&

i=l _7—1 I=1

+Z§-Z§;Z&

i=1 _1=1 I=1

+Z¢.Z§,Z§z

=1  j=1 =1

+Z&Z§J Z&

i=1 _7—1 =1

+Z§=Z§J Z&

i=1 j=1

”
(FEf(a(k))( — HTPs)a(k)|
(FEf(a(0)) (HTPW;) £ (k)]

(PE () (BT W) fat—7)]
(FEf(2(k)( - H"PHo ) (FEoa(k))|
(FEf (z(k) )(HTPHI)(FlEl fla(k— T)))]
(BB f @k = 1) = HT PyA:)o(B)]
(FiExf(a(k — 7)) (HTB;W:) £ (w(R)|
(RE:f(a(k — 7)) (HT B;Was) £ a(k -~ )
HY BHo ) (FoBoa(k)) |

(FlElf(x(k — 7))

(-
(FlEl Flalk — 7)) (HTP H) (FE f(af k)))]

(3.38)

Substituting (3.32) into (3.38). Therefore

Z&a T[M,“JrN]y

AV{z(k)

where

zul

+E& Z &7 [ Muga + Migj+ Mysa+ 2Nit Ny |

=1 J#4 =1

N-2 NI
+Z&Z&Z&y Mesa # Moag & Miga+ Mos [
i=1 F=i+1l I=j+1 +M1,J+M,Jz+2N +2N +2M

y=["k) s"(k—7) fT=k)) fFelk—1)) (FoEox(k))" (FEf(z(k))"
(P By f(z(k —~ m))T7,
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By condition (3.37) ,we have

N N
AV( < —Y [Zfa N 1)22 Z 57'26-71
i=1 j#i; j=1
N-2 N-1 N
St > eeady
i=1 j=i+lil=741
We define © and A as
N--2
©= ZZ&(@ &) = Zfa > Z £ >0,
i=1 j=1 =] i=1 J#z, j=1
N N-1 N N-2 N-1 N
A= > > L -aP=(N-2 Z Z ge-6Y > > &&&h >0
i=1 j=it+li=j+1 i=1 j#4; j=1 i=1 j=i-p1l=j+1

and compute (N — 1)© + A, we obtain

N-2 N-1 N

N-1) 263 Z Z E€-6>. 3 Y ag4 >0

i=1 j#i; j=1 i=1 f=i+1lI=j+1

Thus AV (z(k), €) < 0 From the Lyapunov stability theorem, the system is asymp-
totically stable and by Definition 2.3.4 we get the system (3.5) is robustly stable.[]
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Example 3.2.2. Consider the CNNs (3.5) with polytopic type uncertainties with
N = 2 where

_0.3 0 02 0
Al = 3 A2 = ’
¢ 0.2 0 01
FO.l 0.5 31 -0.3
W}_ = ) W2 = bl
04 -—-0.2 0.1 —-0.2
0.1 -02 0.1 -0.15
Wn = 3 Wm = 3
1 -0.2 0.09 —-02
’- 0003 —-0.005 . [—0.035 0.042 J

H(_]: 3 H= b]
-0.001 —D.OOGJ 0.008 —0.004

H]Z

[ 0002  —0.036] N EER
—0.006 0.007 J’ 0 11

09 0 08 0 -1 0
= , F= , F1= 3
0 -1 0 09 g 1
f1($) =2tanh(:z:)', fg(.’IJ) = 1.25(]3.1111(2}), ED = Ho, EF = H, E]_ = Hl, €=2.

By using the Matlab LMI toolbox, we can solved for matrices F; ,Q;, S; and
T, i = 1,2, 3 which satisfy which satisfies the criterion of Theorem 3.2.2, thus the
zero solution of system (3.5) is robust stability system (3.1) is robust stability. A

set of solutions of (3.5) are given the following

102.5121 —58.5343 13.6395 —5.2266
1= 3 = 3
—b8.5343 117.5862 —5.2266 24.0687

10 |06476 0 0.7463 0
Sl = 10 ] Tl = 4
0 0.6476 0 0.7463

€ = 546859, €1 = 553860, €11 = 549032,

The simulation is illustrated in Fig. 3.6.
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Figure 3.6: The solutions trajectory of system (3.5) in Example 3.2.2.

. [ 13.4897 —9.4789] o {0.9926 —0.8419] |
| 04789 15.7616 —0.8419  0.1266
6o 08128 0 } _[ss2 o
0 08128 0 53231

€py = 71652, €y = 75813, €12 = 72984,

The simulation is illustrated in Fig. 3.7.
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Figure 3.7: The solutions trajectory of system (3.5) in Example 3.2.2.




