Chapter 3

Fixed Point Iterations for
Nonexpansive Mappings

3.1 Weak and Strong Convergence to a Fixed Point
of Nonexpansive Mapping

In this section, a new class of three-step iterative scheme is introduced and
studied. The scheme is defined as follows:

Let X be a normed space, C a nonempty convex subset of X, P: X = C a
nonexpansive retraction of X onto C, and T : ¢' — X a given mapping. Then
for a given z; € C, compute the sequence {z,}, {y} and {z,} by the iterative
scheme

zn = P((1—a,—by)z, + a Tz, + bpuy),
Yn P((1 — ¢y, —dn)zn + cnT2n + dovy), (3.1)
Tpgl = P((]- — Qp — 6n)yn + Ofr:.:-"!mﬂ-”'rl + ﬁnwn)a n oz 13

where {u,}, {vs}, {w,} are bounded sequences in C and {a,}, {b,},{c.}, {d.},
{a}, {Bn} are appropriate sequences in [0, 1].

In this section, we prove weak and strong convergence theorems for the three-
step iterative scheme (3.1) for a nonexpansive nonself-mapping in a uniformly
convex Banach space. In order to prove our main results, the following lemma
is needed.

Lemma 3.1.1 Let X be a uniformly convez Banach space, C' a nonempty closed
conver nonerpansive retract of X with P as a nonezpansive retraction, and
T : C — X o nonezpansive nonself-mapping with F(T) # 0. Suppose that
{an}, {Bn}: {an}, {bn}, {cn} and {d,} are real sequences in [0, 1] such that c,+d,
and an + fBn are in [0,1] for alln > 1 and 307 by < 00, 320 dy < 00,
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> oo Bn < oo. For a given 71 € C, let {xn},{yn} and {z,} be the sequences
defined as in (3.1).

(i) If p is a fized point of T', then lim, o ||z — p]| exists.

(it) If 0 < liminf, o o < Hmsup, .o (0 + Bn) < 1, then lim, o ||T2, ~
yn” =0.

(i) If 0 < limsup,_, . (an+5,) < 1 and 0 < liminf, e ¢ < limsup,,_, (¢t
dy) < 1, then lim, o [[TZ, — 2,]] = 0.

() If 0 < liminf, o o < limsup,,, . (an+5,) < 1, and 0 < liminf, o cp <
limsup,, ,.,(cn + dn) < 1 and limsup,_,, ¢, < 1 then lim, ;o ||Tz, — z4|| = 0.

Proof.(i) Let p € F(T), and

My = sup{flu, —pll : n > 1},
M, sup{|[v, — pli : n > 1},
M; = sup{||lw,—p| :n>1},

1l

M = max{M;:i=1,2,3}.
Using (3.1), we have
2o =2l = [P((1—an =~ by)2n + anTTn + baus) — P(p)||
< (1 = an — ba)zn + T zn + bau,) — pl|
< (]- — Qp — bn)uxn 7 p“ + a’n”Txn Y, T(p)” + bn”un - p”
< (1 —lp — bn)”"ﬂn —p“ + a'n"xn 7 p” + bn“un - p”
S ”:Bn - p” + Mbm
lyn =2l = IIP((1—en — dn)zn + caTZn + dnvn) — P(p)
< (1 —co—do)||zn — Pl + callzn — pll + Md,
< (1 —-cy—dp)(lzn —pll + Mby) + callzn — p|| + Md,
< llzn —pll + Mb, + Md,,
and so
[Zni1 Pl = [IP((1 — an — Bu)yn + @aT2n + Sown) — P(p)||
< (1 — Cnp — ﬁn)”yn X P” + a’n”mn ) p” + ﬁn”wn T p“
< (1 - Qp — ﬁn)(”zn —p” + Mb, + Mdn) + an”xn - p” + MB,
< lzn —pll + M(bn + dn + fr)-

Hence the assertion (i) follows from Lemma 2.1.3.

(ii) By (i), we know that lim,_,q ||z, — pf| exists for any p € F(T'). It follows
that {z, — p},{Tz, — p} and {y, — p} are bounded. Also, {u, — p}, {vn — P}
and {w, — p} are bounded by the assumption. Now we set
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ri = sup{fiz. —pll:n 21},
ry = sup{[{Tz —p|:n 21},
rg = sup{llyn —pll : 2 1},
ry = sup{llz. —pll: n =1},

rs = sup{|lu, —p|:n>1},
r¢ = sup{|lv, —pll :n > 1},
rr = sup{||lw, —p|| : n 2> 1},
r = max{r;:i=1,234,586,7} (3.2)

By using Lemma 2.2.13 we have

”Zn - P”2
llyn — pl|®

and so
|Zns1 — I}

A A IAIA

(A (A EA IAIA

VAN

[ VAN

IP((1 — @n = bn)Zn + @aTZn + baun) — P(0)[®

(1 = @ — bp)(@n — B) + an(T 2y — D) + by (i — D) |2
(1= @n — bu)llzn — PII* + @ullTZ0 — Pl + bullun — pII?
— an(1 = Gn — ba)g([ITZn — )

(1 —an — bn)ljzn — pli® + anllzn — pl? + b b, — ik
“In — p”2 + szn:

IP((1 — cn = dn)zn + caTTn + dnvn) — P(p)]|”

(1 — ca — dn}(zn — D) + ca(Tzn — ) + dn(n — p)||2
(1= €n — dn)llza — PlI* + callTZn — pII* -+ dallva — 2[”
— ¢afl — en — dn)g{||T2n — zal)

(1 —Cn — dn)”zn _pllz + cn”xn - p||2 + dn”vn —P”2
—= enll = e — dn)g([|[T'Zn — 2all)

(1= cn —da)(lizn — pHZ +7%b5) + Callzn — pl* + rdp
= ¢a(l = en = du)g([| T2 — 2a|)

(1 = d)l|zn — 2| + b0 + r2d,

~ ca(l — cn — dn)g({{T%n — zall)

%0 — pI? + rn + r?dn,

”P((l — Gy — ,Bn)yn + Tz, + ann) - P(p)||2
“(1 — Oy — ﬁn)yn + ap Tz + frwn — p”2

”(1 — O — ﬁn)(yn -p)+ an(Txn - p) + Br(wn — p)”2
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(1= an — Ba)llyn — plI” + el T2n — plI* + Ballwn — 2|
- Q’n(l - O — ﬂn)g(”Tmn - yn”)
(1 —on — B)|lyn _15'”2 + anllzn — p”2 + Bullw, — pl|?
- an(l = Qp — ﬁn)g(”Txn - yn”)
(1 — a0 = Ba)(l|zn — pIPP + 720 + r?dp) + anllzn — plI* + 776,
Ny an(l — Qp — ﬁn)g(”Txﬂ - yn”)
(1 = Bu)llzn — p|I* + 7200 + rdp + 125,
- an(l -~ Qn — ﬁn)g(”Txn > yn“)
< |lzn = p|? + 7%, +r2d, + 128,
- Ofn(l - G — ﬁn)g(”Tmn m yn,“)
< |z = p“2 + r2(bn +dn+ Bn) — an(l — an ~ Bo)9(||Tzn — wnl),

[A

IA

IA

IA

which leads to the following:

(1 = on = Bo)9(|T2Zn — ) < llza — pII* = ||2nt1 — pI?
+r2(by + dp 4 Ba), (3.3)

If 0 < liminf, e n < limsup, o (cn + Ba) < 1, then there exist a pos-
itive integer ng and n,7" € (0,1) such that 0 < n < a, and a, + 8, < 7 <
1 for all n > ngy. It follows from (3.3) that

(1 = 7)g([T%n — yull) < llzn — pII* — ll20s1 — pI?
+72(b, + dp + B, (3.4)

for all n > ng. Applying (3.4) for m > ng, we have

S ol — ) < = 3 (70 =PI = fl3mss — 5l
n(1—17)

n=ng =g

+7° Y by +dn + ﬁn))

n=ng
1 2
S~ lil%n —p

n(l - ') (” o 7

+7° Z (by +dp + ﬁn)) : (3.5)
n=rgy

Letting m — oo in the inequality (3.5), we get that 3 > g([|Tz, — va|]) <
oo, and therefore lim, o, g(||7Z, — yn||) = 0. Since g is strictly increasing and
continuous at 0 with g(0) = 0, it follows that lim, e |[TZr — yn|| = 0.
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(i) If 0 < limsup, _, (o +5,) < 1and 0 < liminf,_o0 ¢, < limsup,_, (co+
dn) < 1, then by the same argument as that given in (i}, it can be shown that
limy, o0 [|T2n — 2af] = 0.

(iv) If0 < liminf, . a, < limsup,, (0 +5n) < 1,and 0 < liminf,.,o, ¢, <
limsup,_,..(cn +dy) < 1 and limsup,,_,., a, < 1, by (ii) and (iii) we have

lim |[Tz, — y,|| = 0 and lim ||Tz, — 2,[] = 0. (3.6)
n—roo TT— 00
From y, = P((1 — ¢p ~ dy)zn + cnTT, + dpvy), we have

IP((1 = ¢n — dn)zn + T Ty + dnvn) — P(z2)|

”yn - xn” =
< A = cn = dn)zn + caTTp + dnvn — 2,
a ”(zn 7 -'En) + Cn(Txn - Zn) + dn(vn = zn)”
< Mz = zall + cal|Tzn — 2l + dnllvn — 24|
= ||P((1 = an — bn)2Zn + anTzy + byu;) — Pz,
+ allTzn — 2n|| + dallvn — 2l
< (1~ @n = ba)a + anTTn + bpn — 2,||

+ ol T — zal| + dalfve — 24|
= lan(Tzn — za) + bn(un — z0)|
+ C[Tzn — 2n| + dnllvn — 2|
< ul|T20 — zal| + bnflun — .||
+ eal|Tzn — 2n|| + dnllvn — 2|
< Tz — 20| + eul|T2n — 2| + 27, + 2rd,,,

where 7 is defined by (3.2). Thus

”Txn - xn” < ”T-Tn < yn” -+ ”yn = xn”
< ”TIn - yn“ + an“Txn — Zn|| + ealiTa, — Zal|
+ 2rb, + 2rd,,

and so
(1 — e )l Tzn — 25| < || TT0 — Yl + ol TZn ~ 2al| + 27b, + 2rd,.

Since limsup,,_, . an, < 1 and limy, 00 by = liMy e dy, = 0, it follows from
(3.6) that limg. e |72, — za[l = 0. O

Theorem 3.1.2 Let X be a uniformly conver Banach space, C o nonempty
closed convez nonexpansive retract of X with P as a nonexpansive retraction,
and T : C — X a completely continuous nonezpansive nonself-mapping with
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F(T) # 0. Suppose that {an}, {Bu}, {an}, {bn}, {cn} and {d.} are sequences of
real numbers in [0, 1] with ¢, +d,, € [0,1] and an + B, € [0,1] for alln > 1, and
Dy bn <00, 3007 dn < 00, 3.2 B, < 00, and

(1) 0 <liminf, . o, < limsup,,_, (o, + Bn) <1, and
(i) 0 <liminf, . ¢, < limsup, . (ca + dn) < 1 and limsup,,_,.. ¢, < 1.

For {zn},{yn} and {z,} being the sequences defined by the three-step iterative
scheme (3.1), we have {z,}, {y.} and {z,} converge strongly to a fired point of
T.

Proof. By Lemma 3.1.1(iv), we have

lim [Tz, —z,|]| = 0. (3.7)
n—oo

Since T is completely continuous and {z,} C C is bounded, there exists a
subsequence {zn,} of {z,} such that {Tz, } converges. Therefore from (3.7),
{#n, } converges. Let ¢ = limy 00 5. By the continuity of T' and (3.7) we have
that Tg = q, so ¢ is a fixed point of 7. By Lemma 3.1.1(i), lim, . ||z, — ¢||
exists. Then limg_,o0 ||2Zn, — ¢[| = 0. Thus limp 0 ||z2 — ¢l] = 0. Since ||y, —
Zpll = 0 as n — oo, and

zn = zall = {IP(( = an — b2)2n + @nTZn + butin) — P(za)|l
< (1= an = bp)zn + 0 Tzy + bytin, — 4|
< a||TTn — Za|| + ballttn — Za|| = 0 as n — oo,
it follows that lim, ,co ¥ = ¢ and lim,, e 2, = ¢ . O

For a, = b, = 0, then Theorem 3.1.2 can be reduced to the two-step iteration
with errors.

Corollary 3.1.3 Let X be o uniformly conver Banach space, C a nonempty
closed conver nonezpansive retract of X with P as a nonezpansive retraction,
and T : C — X a completely continuous nonezpansive nonself-mapping with
F(T) # 0. Suppose that {c,}, {dn}, {an}, {Bn} are real sequences in [0, 1] satis-
fying

(i) 0 <liminf, . @, < limsup,_, . (cn + Bn) < 1, and

(ii) 0 <liminf, ¢, < limsup,_, (¢, + dn) < 1.

For a given z, € C, define

In = P((l —Cp — dn)xn - CnTxn + dnvn):
Tnyr = P((1—on — Bo)yn + @nTzn + Brwn), n> 1.

Then {x,} and {y,} converge strongly to a fized point of T.
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In the next result, we prove the weak convergence of the three-step iterative
scheme (3.1) for nonexpansive nonself-mappings in a uniformly convex Banach
space satisfying Opial’s condition.

Theorem 3.1.4 Let X be a uniformly conver Banach space which satisfies Opial’s
condition, C a nonempty closed conver nonezpansive retract of X with P as a
nonezpansive retraction, and T : C' — X a nonezpansive nonself-mapping with
F(T) # 0. Suppose that {an}, {Bn}s{an}, {6}, {cn}, {dn} are sequences of real
numbers in [0, 1] with ¢, + d, € [0,1] and a, + B, € [0,1] for alln > 1, and
S ool by <00, D dy <00, 9 o0 fBr < 00, and

(i) 0 <liminf, e ey < limsup, ,e(@n + Br) <1, and
(i) 0 <liminf, o ¢, < limsup,_,(cn +ds) < 1 and limsup,,_,, a, < 1.

Let {z,} be the sequence defined by three-step iterative scheme (8.1). Then
{zn} converges weakly to a fized point of T

Proof. By using the same proof as in Theorem 3.1.2, it can be shown that
limg, o0 ||TZn —%x|| = 0. Since X is uniformly convex and {z,} is bounded,
we may assume that z, — u weakly as n — oo, without loss of generality.
By Lemma 2.3.5, we have u € F(T'). Suppose that subsequences {z,, } and
{Zm,} of {z,} converge weakly to v and v, respectively. From Lemma 2.3.5,
u,v € F(T). By Lemma 3.1.1(i), limy e ||Zn — %|| and limy.,eo |20 — || exist.
It follows from Lemma 2.2.16 that u = v. Therefore {z,} converges weakly to
fixed point of 7. O

When a, = b, = 0 in Theorem 3.1.4, we obtain the weak convergence
theorem of the two-step iteration with errors as follows:

Corollary 3.1.5 Let X be a uniformly convez Banach space which satisfies Opial’s
condition, C' a nonempty closed convez nonerpansive retract of X with P as a
nonexpansive retraction, and T : C — X o nonezpansive nonself-mapping with
F(T) # 0. Suppose that {c,}, {dn}, {an}, {Bn} are sequences of real numbers in
[0,1] such that

(i) 0<liminf,_e 0 < limsup, (0, + Ba) <1, and
(i7) 0 < liminf,_ o cn < limsup, o (cn +dn) < 1.

For a given x, € C, define

Yo = P(1—c¢p— dy)Tn + T Tq + dpin),
T4t — P((]- — Gy — ﬁn)yn -+ O!,-,,Tilin + 6nwn): n 2 1.

Then {zn} converges weakly to a fized point of T
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Let X be a normed space, C a nonempty convex subset of X, P: X — C
the nonexpansive retraction of X onto C, and 7' : ¢ — X a given mapping.
Then for a given z; € C, compute the sequence {z,}, {y.} and {z,} by the
iterative scheme

Zn = PlaaTZn + (1 = n — V) Tn + Ynlin)
Yn = P(bnTzn +c Tz, + (1 —by —Cp—~ ,U'n)mn + .U'nvn) (38)
Tppr = PlanTyn + Balzy + (1 — @n — B — An)Za -+ Aqwn), n>1,

where {a.}, {bn}, {ca}, {an}, {Bn}, {n}, {1}, {An} are appropriate sequences
in [0,1] and {u,}, {v,} and {w,} are bounded sequences in C.

Ifa, =ch = Bn = Yo = ttn = An = 0, then (3.8) reduces to the iteration
scheme defined by Shahzad [33]
Yo = POpTz,+ (1 —bn)zn)
Lo+l — P(anTyn. =+ (1 ~ an)xn)v n 2 17 (39)

where {0, }, {a,} are appropriate sequences in [0, 1].

If T : C — C, then the iterative scheme (3.8) reduces to the three-step
iterations with errors

Zn = nTZp+ (1= an — Yn)ZTn + Ynlin
Un = bz + i Tan + (1= by — € — Ua)Tn + faln (3.10)
Tnty1 = anTyn + ﬁnTzn ahy (1 — COp — ﬁn - /\n)a:n = ApwWn, m2>1,

where {a.}, {bu}, {cn}, {@n}, {Bn}, {ta}, {tin}, {Mn} are appropriate sequences
in [0,1] and {u,}, {v,} end {w,} are bounded sequences in C.

Ifa, = ¢, = Bn = Yo = Pn = Ap = 0, then the iterative scheme (3.10)

reduces to the Ishikawa iterative scheme

Yn = N (1 i bn)mn
Zppr = apTyn+ (1 —on)zn, n21, (3.11)

where {b,}, {on} are appropriate sequences in {0, 1].

Weak and strong convergence theorems of the new three-step iterative scheme
(3.8) for nonexpansive nonself-mapping in a uniformly convex Banach space are
given in this section. The following lemma is needed.

Lemma 3.1.6 Let X be a uniformly convex Banach space, and let C be a nonempty

closed conver nonezpansive retract of X with P as a nonezpansive retraction.
Let T : C — X be a nonexpansive nonself-mapping with F(T) # 0. Let
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{an} {bn}i {en}. {an},  {Ba}, {m}: {n} and {Xn} be real sequences in [0,1]
such that an + Y, by + ¢+ pin and o+ B+ Ap are in [0,1] for alln > 1, and
Doy Y < 00, 2% iy < 00, S02 Ay < 00, and let {u,}, {v,} and{w,} be
bounded sequences in C. For a given z, € C, let {zn}, {yn} and {z,} be the
sequences defined as in (3.8).

(i) If q is o fized point of T, then lim,_,, |7, — q|| exists.

(i) If 0 < liminf, o 0, < limsup, o (0n + Bn + An) < 1
then lim,_o [Ty —zaf| = 0.

(i1i) If either 0 < liminf, o B, < limsup, ,(Qn + Br + X)) < 1 or
0 <liminf, o 0n and 0 < liminfy oo b < limsup,, o (bn + Cn 4 pin} < 1, then
lim, oo || T2, — z,)| = 0.

(1v) If the following conditions

(1) 0 <liminf, 0, < limsup, o (0n + B + Xn) <1 and

(2) either 0<liminf, e Br < limsup, . (an + B, +Ap) <1 and

limsup, ,,an <1 or 0 <liminf, e b, < hmsupn_,oo(b Fentpn) <1
are satisfied, then limy, o, | Tz, — z,|| = 0.

Proof. Let g € F(T), by boundedness of the sequence {u,}, {v.} and {w,},
we can put

M = max{sup ||u, ~ ql|, sup|lv. —gll, sup |lw, —ql}.
n>t n>1 n>1
(i) For each n > 1, we have
lns1 — gl = [PlanTyn + BuTzn + (1 — @ — B — An)Zn + Aawa) — P(g)|
= “anTyn - 6nTzn + (1 — Cp — ﬁn - /\n)xn + Apwn, — Q'”
< on||Tyn — gl + Bl T2 — 4l

+ (1 —on — Bu — A)llza ~ gl + Anllwn — 4]
S. an”yn - QH -t ﬁn”zn - QH + (1 — Oty — ﬁn - /\n)llmn - 9” + M/\n.a

(3.12)
”zn —q|l = |1P(anTz, + (1= n — Y)zn + Yrlln) — P(Q)”
< || Tz, — gll + (1 — an — 1) ||zn — |l + valltin — qll
< ap||lzn — al+(1—-an~ Ye)llTn — gl + My
< |lzn = gll + My, (3.13)

and

lgn = all = |1P(baT 20 + € Tn 4 (1 — b — €0 — pin)Tn + o) — P(g)||
< bn“Tzn — Q'“ + CnIIT$n — QH
+ (1 —bp~cp — ﬂn)”xn - QH + Jun“Un — Q'”
< bnllzn — gl + callzn = gll + (1 = by — ¢ — pin)|2n — gll + Mpn
< bnllze — gl 4 (1 = bp)l|zn — Il + M pi.
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From (3.13) we get

”yn - QH S bn(”-xn - QH + M'Yn) + (1 — bn)umn - QH + M:U'n
= |lzn — all + €y, (3.14)

wh:,}re €y = Mbpyn + Muy. Since 37 ¥, < 00 and Yo7 pn < 00, we have
domr, €y < 00
From (3.12), (3.13) and (3.14) we get

[Znt1 — all < en(llzn — all + €y) + Balllzn — all + M)
+ (1 —ap— B — Ad)|lza — qll+ M,
= on||zn — gl + anelly + Ballzn — gl + MBrv,
+ (1= 0n = B — M)llzn — gl + M),
< flzn — gl + €3y, (3.15)
where 5?2) = ane’(‘l) + MBnvn + M, Since > o7, 6?2) < 00 we obtained from
(3.15) and Lemma 2.1.3 that lim,_, ||z, — q|} exists.

(ii) By (i) we have that lim,_, ||z — ¢|| exists for any ¢ € F(T). It follows
from (3.13) and (3.14) that {z, — ¢}, {Tzn — ¢}, {zn — ¢}, {T20 — ¢}, {¥n — ¢}
and {T'y, — ¢} are bounded sequences. This allows us to put

K = max{M, sup ||z, — q||, sup [Tz, — ql|, sup {|z. — ¢,
n>l n>l n>1
sup |72, — ql|, sup ||yn — ¢l|, sup |Ty. — ¢||}-
n>1 n>1 a>1

Since 0 < liminf,_,o, @, < limsup, , (05 + Bn -+ M) < 1. It follows from
(3.13) and (3.14) that

l2n — alI* < [lzn — qlI* + €y (3.16)
19 = 4ll* < llzn — gl + €y, (3.17)

where €fy) = M?y] + 2M Ky, and €fyy = ()’ + 2K ). Since Y o2, €y < 00
and > 07, €y < 00, by Lemma 2.2.14, there is a continuous strictly increasing
convex function g : 0, co) — [0, 00), g(0) = 0 such that

1Az + By + vz + pw|* < Alzl® + Bllyll® + vll2l? + pllw|® — A8g(||z — fU“) )
3.18

for all z,y,z,w € Bx and all A, 8,7, € [0,1] with A+ 8+ v = 1. By (3.16),
(3.17) and (3.18), we have
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||$n+1 - QI]2 = “P(anTyn e

+ (1= an — o — M)z + Aawa) — P(9)f?

< lew(Tyn — @) + BTz — q)
+ (1 —0n — B — Aa)(@n — q) + An(wn — Q)Hz

< on[[Tyn — gli* + BullTz0 — ol
+ (1= an—Bn = A)llZn - QHQ + Anllwn — Q'“2
—an(l — ay — B~ M) g(|Tyn ~ Znlf)

< an”yn r 4 q”2 + ﬂn“zn > QI[2 + (1 — Gp — ﬁn - An)”xn W\ Q'||2
+ KX, — an(l — an — Bn — A)g([|Tyn — za|[)

< on(lizn — all® + €fyy) + Balllzn — al® + €3
+ (1= an = B — M)l|Zn — |2 + K2\,
— a{l = o — B — (1Tt = 22

= apllz. — gl + On€lyy + BnllTn — qll* + Brels)
+(1—an—fn— A Tn — QHQ + K2,
— nlL = 0 — By = M)o(ITn — 3l

< lzn — QH2 + 5?5} —an(l — an = Bn — M) 9([[Tyn — zall), (3.19)

where €y = ameyy + Baely) + KM It is worth to note here that 3577, ) <
oo since 3 7% €l < 00,3 07 €y < 00, and Y27 A, < co. Since 0 <
liminf, o 0, € limsup, , {on + Bn + An) < 1, there exists nyg € N and
01,62 € (0,1) such that 0 < & < o, and o + Br + Ay < J3 < 1 for all

n > ng. Hence, by (3.19), we have

m m m
51(1=5) 3 9Ty = zl) € 3 (o — al = lomss — gl + 3 e
n=np n=ngp n=rng
= llzno — all* + > sy (3.20)
n=ng
Since » 2 €5y < 00, by iétting m — oo in (3.20) we get > 72 g(||Tyn —

Zn}|) < oo, and therefore lim,, . g(||Tyn—2]|) = 0. Since g is strictly increasing
and continuous at 0 with g(0) = 0, it follows that lim, o [Ty — z,|l = 0.

(iii) First, we assume that 0 < lim infp_e0 Bn < limsup,_,_ (0n+Ba+Ap) <
1. By (3.18), we have
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[Zn41 — 4l < emllyn — all* + Bullzn — gl?

+ (1 — Qp — ﬁn = )\n)“xn - QH2 + KZAH
— Bl —an — Bn — Xn)g(|| T2, — Tafl)

< an(llzn — all* + ) + Bulllza — al® + €fyy)
+ (1 —Op — ﬁn - /\n)”xn = QHQ + KZ)\n
- ﬁn(l = p — /Bn R )\n)g(”Tzn = xn”)

= ol zs — glI* + an€ly + Ballzn — gli* + Bucly
+ (1~ n = B — A)llzn = gl + K22
v ﬂn(l — Gy ﬁn - )\n)g(”Tzn - xn”)

< “mn - q“2 + 6?5) - ﬁn(l — Qp — an - )\n)g(“Tzn iy xn”): (3'21)

where €5y = anelyy +bacly + K 2Ap. Since 0 < liminf, o0 B, < limsup, _, (o, +

Pn + An) <1, there exists ng € N and &1, 65 € (0,1) such that 0 < &; < B, and
Qn + Bn+ An < 83 < 1 for all n > ny. Hence, by (3.21), we have € =

negy) + Putly + K 2 Xn-

51~ 6) > 9Tz~ zal) < 3 (len = all” = 120 — gl + 3 ey
n=ng n=ngp n=no
= [l2ng = all* + D €fs)- (3.22)

L=mng

Since )77 €l < 00, by letting m — oo in (3.22) we get 300 g(|| Tz —
Tn||) < 0o, and therefore limy, 0 9(|| T2, — 3, ) = 0. Since g is strictly increasing
and continuous at 0 with g(0) = 0, it follows that lim, e || T2, — 2] = 0.

Next, we assume that 0 < liminf,,_, o ¢, and liminf,,_,o, b, < limsup,,_, (by+
Cn -+ pin) < 1. By (3.16) and (3.18), we have
v — 9'”2 = ”P(bnTzn + ¢ Tzy
+ (1 — by —en — Ju'n)xn + fatn) — P(Q)”2
< 12Tz — @) + ca(T2n — q)
+ (1 —bp—cn— .U*n)(zn i Q) + nu'n('un - Q)
< bal[ T2 = gl + eal| T2 — gl
+ (1 — by — ¢y - run)”wn 7 Q'l|2 + ﬂ‘n”vn » Q‘||2
= ba(l = bp — cn — p1a)9([|T 20 — 2])
< bz — 9’”2 + eallzn — Q||2
+ (1= b — o — )| T — gff” + pn K

I”
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— bp(1 = bn — o — ptn)g(| T2 — 2nl[)
< bo(llzn — all® + €s)) + callen = all®
-+ (1 — by, —cp— ,U'n)”mn - Q||2 + /J'nKz
— bp(1 = by — o — ) g{|| T2 — Zal])
< ||zn — qll* + €fs) = (1 = be — en — 1) 9([| T2 — zall), (3.23)

where €fyy = b€l + un K 2,
By (3.16), (3.18) and (3.23), we also have

|21 — @l* = | P{@nTyn + BuT 2

+(1—ap—fFn— /\n)xn < )\nwn) - P(Q)”2
< llaa(Tyn — @) + Ba(T2a — q)

+ (1 = an — Bn — An)(Tn — q) + Mn(wn — )
< onllyn — QH2 + Ballzn — QHZ + {1 = an = B — M)l|2n — QI|2 + K%\,
< an(|len — gl + €y = bl = bn — €n — 1a) ([T 20 — 2all))

+ Balllza — all* + €f)) + (1 — @n = o — Aa)llza — al” + KX
= anl|zn — glI* + anels) — nbal(l — bn — cn —~ 1n)9([|T2n — Zall)

+ Ballzn — all* + Baelyy + (1 = @n = B — An)lza — ¢l + K*),
< |zn — gll* + €y — 0nba(l — ba — cn — pa) 91T 20 — 20 i},

2
I

n mn n 2 (324)
Where 6(7) - ane(ﬁ) + ﬁnf(s) -+ K )\n.

It is worth to note here that oo, €fy) < cosince Yo7, €fgy < 00,2 00, €y <
00, and Y 02 A, < 00.

By our assumption 0 < liminf,_,e @, and 0 < liminf, o by < limsup,, (b,
+ €, + tn) < 1, there exists ng € N and 6,6, € (0,1) such that 0 < §; < an,
0 < &, < by and by + ¢ + ptr < 63 < 1 for all n > ny. Hence, by (3.24), we have

m m m
21— 62) > 9Tz — zall) £ D (120 — all” = @i —al®) + Y
n=ng n=ng n=ng
= {lzn, — al* + D - (3.25)

=1y

Since 3 07, €y < 00, by letting m — oo in (3.25) we get Yo e 9T 20 —
Za|]) < 00, and therefore lim, o0 ¢(||T2.—24l}) = 0. Since g is strictly increasing

and continuous at 0 with g(0) = 0, it follows that lim, . ||T2, — Zo|| = 0.
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(iv) Suppose that the conditions (1) and (2) are satisfied. Then by (ii) and
(iii), we have

lim [Ty, — 2,|| =0 and lim ||Tz, — z,J| = 0. (3.26)
n-3co n—oco

From z, = P(a, T+ (1 — @y — V) Zn + Yatin) and y, = P(b, T2, +c, Tz, +
(L =bn —Cn = pa)Zn + invy), we have ||z, — .|| < @ul|TZ0 — Zal| + Yl ta — Zal|
and ||y — all < 0nl|T2n — 2|l + al|Tzn — Tl + pallve — 2]

It follows that

Tz, — Znfl LTz — Tzp|| + [Tz, — Zal|
< lzp ~ Zoll + [Tz — 24|
< an|| Tz, — mn” + 'Yn”un — zal| + ”Tzn - mn”:

which implies
(1 = a)lITzn = Znf] < Yullun — 2l + T2 — zal|.
If limsup, . @, < 1, this together with (3.26) and lim,_, 7, = 0 imply
that lim,_,e0 [|T2n — 24| = 0.
If limsup,_,,(bn + ¢n + 1) < 1, there exists a positive integer Ny and
n € (0,1) such that
Ch Sbp+cntpn<n Vn2> N,

Then for n > Ny, we have

1720 — Zall < [|T2n — Tynll + [[Tyn — zall
< ”xn - yn” + “Tyn = xn”
< bp||T2n = Tol| + al|Tzn — Zn||
+ bnllvn — Zall + [|[Tyn — 2al|
S ballT 20 — znll + 2l Tzn — 24|
+ tallvn — Zall + [[Tyn — za]l.

Hence
(1~ Tzn — T || < b || T2, — Tnll + tin||vn — 2a|| + | Tyn — zal|.

This together with (3.26) and the fact that y, — 0 as n — co imply
limy oo | T2n — za|| = 0.
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Theorem 3.1.7 Let X be a uniformly conver Banach space, and let C be a
nonempty closed conver nonezpansive retract of X with P as a nonezpansive
retraction. Let T : C — X be a completely continuous nonexpansive nonself-
mapping with F(T) # 0. Let {an}: {bn}: {Cn}a {an}a {ﬁn}J {'Yﬂ}’ {nun} and {)\n}
be sequences of real numbers in [0,1] with an + ¥, € [0,1], by + Cn + ftn € [0, 1]
and on + Bp + Ay € [0,1) for alln > 1, and 322 7y < 00, 300 p, <
00, 3 0 An < co. If

(i) 0 <min{liminf, e 0, liminfy oo B} < limsup,, . (0m + B + M) <
1 and limsup, . ¢, <1 or

(i) 0 <liminf, . o, < lim SUPp, 00l @ntBntAn) < 1 and 0 < liminf,_,q by
< limsup,, .00 (bn + cn + 1) < 1,

then the sequences {z,},{yn} and {z,} defined by the iterative scheme (3.8)
converge strongly to a fized point of T.

Proof. It follows from Lemma 3.1.6(i) that {z,} is bounded. Again by
Lemma 3.1.6 , we have

lim [Ty, —z,|]| = 0,

n—roQ

lim ||Tz, —z.l = 0, (3.27)
n—o0

lim |Tz, —z,|| = O.

n—00

Since T is completely continuous and {z,} is bounded, there exists a subse-
quence {z, } of {z,} such that {Tz, } converges. Hence, by lim, o || Ty —
Zo|| = 0, it follows that {z,,} converges. Let lim,_,o, 5, = q. By continuity of
T and (3.27) we have that T'q = ¢, so ¢ is a fixed point of T. By Lemma 3.1.6
(i), limpse0 f| 2, — | exists. But limy_o0 [|Zn, — gl = 0, 50 limp_se0 ||, — g]| = 0.
By (3.27), we have

19 = Zall = | P(baT2n + cnTn
+ (1 —bp —Cp — I—Ln)xn + /-I'nUn) - P(:]:n)”
S bal|Tz — 2ol + enl|Tzn — Zall + pin|ve — 24|
— 0 (as n — 00),

and
||zn - xn“ = || P{anTzn + (1—a,— Yn)}Tn + Yaln) — P(xn)”
< 0y||Tzn — Zn|| + Yalltir ~ T |
— 0 {as n — o0).
It follows that limp oo ¥ = ¢ and limy, o0 2, = ¢q . O

If T is a self-mapping, then the iterative scheme (3.8) reduces to that of
(3.10) and the following result is directly obtained by Theorem 3.1.7.
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Theorem 3.1.8 Let X be a uniformly convez Banach space, and C a nonempty
closed convez subset of X. Let T' be a completely continuous nonexrpansive self-
mapping of C' with F(T) # 0. Let {an}, {ba}, {cn}, {en}, {Bn} be sequences of
real numbers in [0, 1] with b, + ¢, € [0,1] and o + B, € [0,1] for alln > 1 . If

(i) 0 < min{liminf,_,c o, iminfp oo B} < limsup, . (@n+Bu+An) < 1
and limsup,_ . a, <1 or

(i) 0 <liminf, ,o o, < limsup,,_, (@p+FrtAn) < 1and0 < liminf, o b,
S limsup, o (by +cn + pn) < 1,

then the sequences {z,}, {yn} and {2z,} defined by the iterations (8.10) converge
strongly to o fized point of T.

When ¢, = f, = ¥, = 4 = A\, = 0 in Theorem 3.1.7 , the following result
is obtained.

Theorem 3.1.9 Let X be a uniformly convezr Banach space, and let C be a
nonempty closed conver nonezpansive retract of X with P as a nonezpansive
retraction. Let T : C ~» X be a completely continuous nonezpansive nonself-
mapping with F(T) # 0. Let {an}, {bn}, {a} be real sequences in [0, 1] satisfying

() 0 < liminfy, 0 b, < limsup, b, < 1, and

(#4) 0 < liminf, 0 o < limsup, ., o < 1,

For a given z, € C, define

zy = PlayTzn, + (1~ ay)z,)
Yo = P Tz, +(1—b)z,), n>1
Tny1 = PlaaTyn + (1 — an)z,).

Then {zn},{yn} and {2,} converge strongly to a fized point of T.

When a, = ¢, = 8 = ¥ = ptn = Ay = 0 in Theorem 3.1.7 , we obtain the
following result.

Theorem 3.1.10 Let X be a uniformly convez Banach space, and let C be a
nonempty closed conver nonezpansive retract of X with P as a nonezpansive
retraction. Let T : C — X be a completely continuous nonezpansive nonself-
mapping with F(T) # 0. Let {b,}, {an} be a real sequence in {0, 1] satisfying

() 0 < liminf,e0 b, < limsup, . b, < 1,and

(44) 0 < liminf,_, o, < limsup,_, oy < 1.

For a given 2, € C, define

Yn = PbTz,+(1—by)zs)
ZTny1 = PlowTyn + (1~ an)zs), n>1.

Then {z,} and {y,} converge strongly to a fized point of T



33

The mapping T : C — X with F(T) # 0 is said to satisfy condition(A)
[32] if there is a nondecreasing function f : [0,00) — [0, c0) with f(0) = 0 and
f(r} > 0 for all r € (0, c0) such that for all z € C

| — Tzll 2 fd(z, F(T))).

The following result gives strong convergence theorem for nonexpansive
nonself-mapping in a uniformly convex Banach space satisfying the condition{A).

Theorem 3.1.11 Let X be a uniformly conver Banach space, and let C be a
nonempty closed conver nonezpansive retract of X with P as a monezpansive
retraction. Let T : C — X be a nonezpansive nonself-mapping with F(T) #
0. Let {an}, {ba}, {cn}, {an}, {Bu}s{m}, {un} and {)\.} be sequences of real
numbers in [0, 1] with an+v, € [0,1], by+cnt+pn € [0,1] and an+ B+ € [0, 1]
foralln>1, and 3777 ¥ < 00, 3 oo fn < 00, D ooo Ap < 00. Suppose that
T satisfies condition(A). If

(i) 0 < min{liminf, ;o @, liminf, o, fn} < limsup,,_, (0n + Br + An) <
1 and limsup,_, a, <1 or

(11) 0 <liminf, ,o, 0n < limsup, . (Gn+Bnt+rn) <1 and0 < liminf, . b,
< limsup,_, (b + €n + ta) < 1,

then the sequences {z,} defined by the iterative scheme (3.8) converge strongly
to some fized point of T.

Proof. Let g € F(T). Then, as in Lemma 3.1.6, {z,} is bounded, lim,_, o, || —
g|| exists and
|Znt1 — gl < llza — gl + €)s

where ) >, €y < o0 foralln > 1. This implies that d(zn+1, £(T)) < d(za, F(T))

+ €f and so, by Lemma 2.1.3, limg, 0 d(z5, F(T)) exists. Also, by Lemma
3.1.6, lim, o ||zn — T'z,|| = 0. Since T satisfies condition(A), we conclude that
limp o d(zn, F(T)) = 0. Next we show that {z,} is a Cauchy sequence.

Since limyeo d(zn, F(T7)) = 0 and > 77, €fy < o0, given any ¢ > 0, there
exists a natural number n, such that d(z,, F(T)) < § and >0 e‘é) < £ for
all n > ngy. So we can find y* € F(T') such that ||z,, — y*|| < £. For n > ng and
m > 1, we have

[£ntm = Zall = [|Zn4m — y7I + [fzn — o7

n
< Nne = 41l + llme — 971+ Y €y

k=nyp

<S4yt
4 4 9 7
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This shows that {z,} is a Cauchy sequence and so is convergent since X is
complete. Let lim,. o & = u. Then d(u, F(T)) = 0. It follows that v € F(T).
This completes the proof. a

For ap = ¢, = Bp = Yn = tn = Ap = 0, the iterative scheme (3.8) reduces to
that of (3.9) and the following result is directly obtained by Theorem 3.1.11.

Theorem 3.1.12 ([33, Theorem 3.6]) Let X be a uniformly convez Banach space,
and let C be a nonempty closed conver nonezrpansive retract of X with P as a
nonezpansive retraction. Let T : C — X be a nonezpansive nonself-mapping
with F(T) # 0. Let {oy,} and {b,} be sequences in [¢,1 — €] for some € € (0,1).
Suppose that T satisfies condition(A). Then the sequences {z,} defined by the
iterative scheme (3.9) converge strongly to some fized point of T.

In the next result, we prove weak convergence of the iterative scheme (3.8)
for nonexpansive nonself-mapping in a uniformly convex Banach space satisfying
Opial’s condition.

Theorem 3.1.13 Let X be a uniformly conver Banach space which satisfies
Opial’s condition, and C a nonempty closed convezr nonezpansive retract of
X with P as a nonezpansive retraction. Let T : C — X be o nonexpansive
nonself-mapping with F(T) # 0. Let {a.}, {b}, {cn}, {0}, {Ba}, {n}, {2n} be
sequences of real numbers in [0, 1] with an + Ya, bn + €n -+ fn and cn + By + Mg
are in [0,1] for alln > 1, and Y00 Y < 00, D ooy fhn <O, D nt ) Ay < 00. If

(i} 0 < min{liminf, ., @, liminf, o B} < limsup, o (@n+BatAn) <1
and Imsup, , @, <1 or

(it) 0 < liminf, oo @n < limsup, ,o(tn+Bn+Aa) <1 and0 < liminf,_ e bn
< limsup,,_,qo0(0n + o + tin) < 1,

then the sequence {x,},{y.} and {z,} defined by the iterative scheme (3.8)
converge weakly to a fized point of T.

Proof. It follows from Lemma 3.1.6 that lim, |72, — z.] = 0and
limy o0 ||T2n — Tal| = 0. Since X is uniformly convex and {z,} is bounded,
we may assume that z, > u weakly as n — oo, without loss of generality. By
Lemma 2.3.5, we have u € F(T"). Suppose that subsequences {z,, } and {z,,} of
{z,} converge weakly to u and v, respectively. From Lemma 2.3.5, u,v € F(T).
By Lemma, 3.1.6 (i), limp_ye0 || 7 — || and limy, e {|z, —v|| exist. It follows from
Lemma 2.2.16 that u = v. Therefore {z,} converges weakly to a fixed point u
of T. Since |lyn — Znll < 0al|T2n — Zn|| + calT2n — 2ol + tallve — 2a]| = O (as
n — o) and |2, — Za|| € @allTZn — Za|| + Yalltn — zaf]l = 0 {as n — o0)
and z, — u weakly as n — oo, it follows that y, — u and z, — u weakly as
n— 00. O



35

3.2 Common Fixed Points of Nonexpansive Mappings

We introduce the following implicit iterative scheme for a finite family of
nonexpansive mappings in a Banach space. The scheme is defined as follows:

Let X be a normed linear space, let C be a nonempty convex subset of X,
let {T;:i€ J} (here J ={1,2,...,N}) be a finite family of nonexpansive self-
mappings of C. Suppose that {on} and {8,} are two real sequences in [0, 1].
Then for an arbitrary 2y € C, the sequence {z,} is generated as follows:

zy = ayzg+ bhlize + (1 — oy — f1) vz,
Ty = ooz + BTz + (1 — ap — B2) 152,

v = anzy_1+BnIvznoy + (1 —an ~ By)TvzN,

Tner = anaZy + BvpIvaizy + (1 — ava — Byve1) Tve1 T4t

which can be written in the following compact form:
Tn = OpTp1 + BoTnZny + (1 —an — Bp)Tnzs, V21,  (3.28)

where T, = Tyimod vy (here the modN function takes values in J).

We note that Xu and Ori’s iteration is a special case of the above implicit
iterative scheme. If B, = 0, then (3.28) reduces to Xu and Ori’s iteration [46].

In this section, we prove weak and strong convergence of the implicit itera-
tion process (3.28) to a common fixed point for a finite family of nonexpansive
mappings in a uniformly convex Banach space.

Lemma 3.2.1 Let X be a uniformly convez Banach space and let C be a nonempty
closed convex subset of X. Let {T; : ¢ € J} be N nonezpansive self-mappings of
C with F = ML F(T;) # 0 (here F(T;) denotes the set of fized points of Tj).

Let {en} and {B,} be real sequences in [0,1] such that c, + B, is in [0,1] for all
n 21 and 0 < liminf, . an, < limsup,,_, (o, + B,) < 1. From an arbitrary

zo € C, define the sequence {z,} by (3.28).

(1) If z* € F, then lim,_, ||z, — *|| ezists.
(i) For all 1€ J, lim, o (|2 — Tyza|| = 0.

Proof. Let z* € F. (i) For each n > 1, we have
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”wn - :B*” == [Ianxn—l + 6nTn$n—1 + (1 - O — 671)Tn$n - 33*”
< @p||zn_y — 7| + BallTazn—y — |+ {1 - oy - Bl Tz — z*||
< anf|zn-1 — | + Balltas — ¥ + (L—ap = Bn)llzn — z*|]
= (an + Bo)lltn_y ~ N+ (1~ om — Ba)llzn — 7.
This implies that
lzn — 2*|| < l|2noy — 27
It implies by Lemma 2.1.3 that lim, . ||z, — *|| exists.
(ii) We shall show that lim, e [|Zn_1 — Thz,|l = 0. Using Lemma 2.2.13, we
have
“mn - -T*”2 = “a'nmnnl + ﬁnTnxn—l + (]- — Qp — /Bn)Tnmn "" -’3*”2
= [lan(@n-1 = ") + Bu(TaZno1 — 3%) + (1 — an.— )Ty ~ z*)|?
< ap[tn_1 — 37*”2 + Bl TnTn1 — x*Hz +(1—on - Bl Tnttn, — :I:*H2
V a’n(l — Oy — ﬁn)g(nxn—l _ Tnmn“)
< @ ||zn_y — 33*”2 + Bellzn-1 ~ x*Hz +(1—a,— Ba)llzn — 33*”2
_ an(l — G — ﬁn)g(”-'nn—l - Tnxn”)
Hence
o (1 — o — ﬁn)g(uxn—l — Thay|)]| < Oip|| Tt — x*”2 + Bal|Tn-1 — x*llz
+ (L e~ Bllan — 2| — o — =P
< anl|@a-y — 93*”2 + BallZn- — 3"*”2
+(1—-a, - Bulllzn-y — m*HQ - ||lzn — .’I:*“2
= 1Za-1 — =¥ ~ [lzn — ™%
If 0 < liminf, ;o 0, < limsup,_,  (@n+5,) < 1, then there exists a positive

integer ng and 77, € (0,1) such that 0 < 5 < o, and a,+ 5, < n < 1,VYn > ng.
Hence

T](l - T]’)g(”xﬂ—l Vs Tnxn”) < ”xn—l - x*HZ - ”xn - -'1:*”2: Vn > Tig.

It follows that for m > ny,

m 1 m ) 1s »
nzznog(”fcn—l —Thta|]) anzm(ﬂxn_l —2"|% - (|7 — z°|).

We get > > g({|Zn-1 — Tnzal]) < 00 as m — co. This implies that lim,_ e
9(l[zn—1 -~ Tnzn]|) = 0. Since g is strictly increasing, continuous and g(0) = 0,
we have lim, e [|Tn—1 — Thza|f = 0. Since T, is nonexpansive, we have
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%0 = Znall = llenZno1 + BaTnZnor + (1 — y — Bo)TnZn — Tnoa |
= [l (@not = Ta—1) + Ba(Tnn-1 = Zn-1)
+ (1= an — Bu)(TuZn — zn-1)|
= Ba(Tnzn_1 — Ta%n + TnZn — Tn1)
+ (1~ an — B2)(TaZn — Tn-1)||
< BallTaza-1 — TnZal| + BullTnzn — Tni]|
+ (1 = an — Bo)|Tnn — Znil|
< Balltn1 — znl| + (1 - an) [Tz, — Zn-1||
< Ballzn—1 — zn|| + | Tnzr — ZTn—1]|

o ﬁnnmn—l 7 zan + ”xn—l - Tn$n||-
This implies that
(1 = Ba)llzn — Zaall < 20—t — Tnzal-

By limsup,, (o +Br) < 1, there exists a positive integer ng and 8 € (0,1)
such that 5, < o, + 8, < B, Vn > ny. Hence, we have

(1= B)zn — o1l < [|#nay — Taznl).

Let n — oo. It follows that limy, e [|Zn ~ Zn_1|| = 0. Also im0 [|2n —
Znill = 0 for all { € J. Since {|z,, — Tzl < {lzn — Tni]l + |Tac1 — Tz, we
have limy 0 ||2n — T%a|| = 0. Now since for all [ € J

”xn - n+l$n“ S ”-'L'n < -'En—i-l” + ”xn-i-l I Tn+i$n+l“ + ”Tn—i-lmn—{—t - Tn—l—i-’£n”
< |#n = Tailt + [|Znst — Tnst@nrill + |1 Znst — Tl

we have that lim,_,. [z, — Thyiznl] = 0 for all I € J. Since for each I € J,
{llzn—Tizn]|} is a subset of U, {[|zn—Trizn||}, we have lim, o0 [|2n—T1 .|| = 0
for all { € J. This completes the proof. O

Theorem 3.2.2 Let X be a uniformly conver Banach space and let C be a
nonempty closed convex subset of X. Let {T; : i € J} be N nonezpansive self-
mappings of C with F = N{L,F(T;) # 0. Suppose that {T; : i € J} satisfies
condition(B). Let {c,} and {8,} be real sequences in [0, 1] such that a, + B, is
in [0,1] for alln > 1 and 0 < liminf,_e o, < limsup,,_, (o, + B,) < 1. From
an arbitrary zg € C, define the sequence {x,} by (3.28). Then {z,} converges
strongly to a common fired point of the mappings {T; : i € J}.



38

Proof. Let z* € F. By Lemma 3.2.1 (i), we have {z,} is bounded, lim, . {|z,
—z*|| exists and ||z, — 2*|| € ||zac1 — «*|| for all » > 1. This implies that
d(2n, F) < d(Tn_1, F), 80 liMp o0 d(zn, F) exists. Also, by Lemma 3.2.1 (i),
linoso0 ||Zn — Tia|| = 0 for all I € J. Since {T; : i € J} satisfies condition(B),
we conclude that lim, oo d(Zs, F) = 0. Next we show that {z,} is a Cauchy
sequence. Since limp_eo d(zn, F) = 0, for any € > 0, there exists a natural
number ng such that d(z,, F') < £ for all n > ng. S0 we can find y* € F such
that [|Za, — y*|| < §. For all n > ng and m > 1, we have

”xn—{-m V. xn” S ||xn+m )4 y*“ + ”xn - y*”
< ”*'Eno BN y*” + ”mno - y*”

< ¢ -+ = €

2 2
This shows that {z,} is a Cauchy sequence and so is convergent since X is
complete. Let 1im,_e0 Zn = 2*. Then z* € C. It remains to show that 2* € E.
Let € > 0 be given. Then there exists n; € N such that [z, — 2*|] < %,
Vn > ny. Since limy,_co d(z,, ') = 0, there exists ny € N and ny > n; such that

for all n > ny we have d(z,, F) < £ and in particular we have d(zy,, F) < ﬁl—’.

Therefore, there exists w* € F such that {{z,, — w*|| < §. For any i € J and
n > Ny, we have

|Tiz* — 2*|| < || Tiz* — w’|| + ||Jw™ — 27}
< 2f|w* — 2]
< 2(”1‘9* = mnz” + ”xnz - Z*”)
€
AS+ ) =c
<AgrP=e

This implies that T;z* = z*. Hence z* € F(T;) for all 1 € J and so z* € F.
This completes the proof. ]

We recall that a mapping T : C — C is called semi-compact(or hemicom-
pact) if any sequence {z,} in C satisfying ||z, — T'z,|| — 0 as n — oo has a
convergent subsequence.

Theorem 3.2.3 Let X be a uniformly conver Banach space and let C be a
nonempty closed convez subset of X. Let {T; : ¢ € J} be N nonezpansive self-
mappings of C with F' = NI, F(T;) # 0. Suppose that one of the mappings in
{T::i€ J} is semi-compact. Let {o,} and {B,} be real sequences in [0, 1] such
that ap + Br is in [0,1] for alln > 1 and 0 < liminf, o 0n < lim SUP,, o0 (0 +
Ba) < 1. From an arbitrary zo € C, define the sequence {z,} by (3.28). Then
{z,} converges strongly to a common fized poini of the mappings {T; 14 € J}.
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Proof. Suppose that T;, is semi-compact for some 4y € J. By Lemma 3.2.1
(i), we have lim, o ||Zn — TiyZnl| = 0. So there exists a subsequence {z,,;} of
{z.} such that z,, = z* € C as j — oo. Now Lemma 3.2.1 (ii) guarantees that
liMyoso0 [|Ta; — TiZa, [l = 0 for all L € J and so [lz* — Tiz*|| = 0 for all { € J. This
implies that z* € F. By Lemma 3.2.1 (i), lim, ¢ || o — 2¥{| exists and then

lim ||z, — z*|| = lim ||z, — 2*|| = 0.
n—+eo j—roo
This completes the proof. O

For 8, = 0, the iterative scheme (3.28) reduces to that of (1.3) and the
following results are directly obtained by Theorem 3.2.2 and Theorem 3.2.3,
respectively.

Theorem 3.2.4 ([8, Theorem 3.2]) Let X be a uniformly convex Banach space
and let C be o nonempty closed conver subset of X. Let {T; : i € J} be
N nonezpansive self-mappings of C with F = NN, F(T})-# @. Suppose that
{T; : i € J} satisfies condition (B). Let {an} C [6,1 — 8] for some ¢ € (0,1).

From an arbitrary xo € C, define the sequence {z,} by
Tp = @nTa-1+ (1 —0n)Tnz,, VYn =1

Then {z,} converges strongly to a common fized point of the mappings {T;:i¢
J}.

Theorem 3.2.5 ({8, Theorem 3.3]) Let X be a uniformly convez Banach space
and let C be a nonempty closed conver subset of X. Let {T; : i € J} be N
nonezpansive self-mappings of C with F = N{L, F(T;) # @. Suppose that one
of the mappings in {T;: i € J} is semi-compact. Let {an} C [6,1 ~ 6] for some
6 € (0,1). From an arbitrary zo € C, define the sequence {x,} by

Tp = QnTn-1+ (1 — an)Tnn, Vn 21

Then {z,} converges strongly to a common fized point of the mappings {T; : i €
J}.

In the next results, we prove weak convergence of the sequence {z,} defined
by (3.28) in uniformly convex Banach space satisfying Opial’s condition.

Lemma 3.2.6 Let X be a uniformly convez Banach space which satisfies Opial’s
condition and let C be a nonempty closed convez subset of X. Let {T; : i € J}
be N nonezpansive self-mappings of C with F = NI, F(T;) # 0. Let {o} and
{B.} be real sequences in [0,1] such that o, + B, is in [0,1] for alln > 1 and
0 < liminfy oo 0n < limsup, (0, + Bn) < 1. From an arbitrary zo € C,

define the sequence {z,} by (3.28). Then {z,} converges weakly to a common
fized point of {T; : i € J}.
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Proof. It follows from Lemma 3.2.1 (ii) that lim, o ||zn — Thzy|| = O for
all I € J. Since X is uniformly convex and {z,} is bounded, we may assume
that z, — z* weakly as n — 0o, without loss of generality. By Lemma 2.3.5,
we have z* € F(T;) for all i € J. Hence z* € F. Suppose that there exist
subsequences {z,, } and {z,} of {z, } converge weakly to y* and z*, respectively.
By Lemma 2.3.5, y*, z* € F. By Lemma 3.2.1 (i), we have limp o [z, — *||
and limg, o {7, — 2*]| exist. It follows from Lemma 2.2.16 we have y* = z*.
Therefore {z,} converges weakly to a common fixed point z* in F. O

Finally, we will prove weak convergence of the sequence {z,} defined by
(3.28) in a uniformly convex Banach space X whose its dual X* has the Kadec-
Klee property.

Theorem 3.2.7 Let X be a uniformly conver Banach space and let C be a
nonempty closed conver subset of X. Let {T; : i € J} be N nonezpansive self-
mappings of C with FF = N, F(T;) # 0. Let {on} and {B,} be real sequences in
[0, 1] such that a,+ 8, is in [0,1] for alln > 1. From an arbitrary zo € C, define
the sequence {x,} by (3.28). Then for all y*,2* € F, the limit lim,_, [[tz, +
(1 —t)y* — 2*|| ezists for all t € [0,1].

Proof. It follows from Lemma 3.2.1 (i) that the sequence {z,} is bounded.
‘Then there exists R > 0 such that {z,} C BrNC. Let a,(t) = |[tz,— (1—t)y* —
z*||, where ¢ € (0,1). Then lim,_, @,(0) = |ly* ~ 2*]| and by Lemma 3.2.1 (i),
limp o0 @ (1) = limy oo |2, — 2*|| exists. So we let lim, o0 ||z, — 2*|| = 7 for
some positive number r. Let z € C. We note that forall 7 = 1,2,--- ,N, N+ 1,
the mappings

Szici =z + BTz + (1 — o — Bi)T;
are contractions. It follows from the Banach contraction principle that there
exists a unique fixed point y,;_1 of S;;_; for each i. Hence, we can define
Gp,:C — C by
GpT =Ygn, Y2 E€C, n2>0.

Using G, which can be written the following compact form:
GnZ = 0n1% + Bo Tz + (1— anq — Bni1)T011Gaz,

where T, = Ty(moa n). By the definition of G, it easy to see that ||Gaw—Grz|| <
llw — 2] for each w, z € C. This implies that G,, is a nonexpansive mapping for
all n > 0. Moreover, we have

“ann - $n+1” = ”an—i-l:rn + ﬁn+ITn+1$n + (1 — Qpp1 — ﬁn+1)Tn+lGn$n - $n+1"
= ”(1 - Cl’n.+1 - 6n+1)Tn+lGn$n - (1 - C‘fin+1 - JBn+1)Tn+IIn+1”
< (1-app - Brt1)|Gnrn — Tns1)-

This implies that Gz, = Zn4; for all n > 0. Now, for z* € F, we have
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|Grz* — z*|] lomt1z™ + Brt1Tngas* 4+ (1 — oy — Bri1)Lp1Gra* — z*||
ﬁn-{-l”Tn+1$* = -’B*” + (1 — Qny1 — ﬁn+1)||Tn+1an* - 'T*”

(1 = ongs = Brs)|Gnz* — 27|

and so Gp,z* =z~ for all n > 0. Set Hy, 1 := Gruim1Grgm—2+Gn, n,m > 1
and by = || Hym (12, + (1 — t)y*) — ((Hp mTn + (1 — t)y*)||, where 0 < ¢t < 1. It
is easy to see that H,,2Trn = ZTnim and H, ,z* = z* for all 2* € F. It follows
from Lemma 2.3.7 that

IAIA I

bom = ”Hn,m(txn +(1- t)y*) P (tHn,mxn +(1- t)y*)H
< 'th(“acn - y*ll - “Hn,mxn - Hn,my*”)
= 'Y_l(”xn - y*” = ”mn-i-m 7 y*”)'

Hence y(bnm) < |zn—3*| = |Znem —2*||. This implies that limy, o0 ¥ (bnm)
= 0. By the property of -y, we obtain that limy, ;300 bpm =0. Observe that

Ungm(t) = [[tZoim + (1 =0y -~ z"||
< ”Hn,m(tﬂ:n + (1 -t)y*) —- (tHn,mmn + (1~ )y )|
+ [ Humltze + (1 - t)y") — 27|

< bam + |[tzn + (1 = 0)y" — 2*]| = b + an().

Consequently,
limsup an,(t) = limsupanim(t)
m—+0Q m—3o0
< limsup(bpm + @.(t))
m—00
< 7z vl = lim |z — 37(]) + an(?)
m—oo

and limsup,,_, ., a,(t) < liminf, . a,(t). This implies that lim,_,. a,(t) exists
for all £ € [0, 1]. This completes the proof. O

Theorem 3.2.8 Let X be a uniformly convez Banach space such that its dual X*
has the Kadec-Klee property and let C' be a nonempty closed convex subset of X.
Let {T; : i € J} be N nonezpansive self-mappings of C with F = NN F(T;) # 0.
Let {0} and {B,} be real sequences in [0, 1] such that a, + By, is in [0,1] for all
n 21 aend 0 < liminf, o a, < limsup,_,(on + Br) < 1. From an arbitrary
Ty € C, define the sequence {z,} by (5.28). Then {z,} converges weakly to
some common fized point of {T;:1 € J}.

Proof. It follows from Lemma 3.2.1 (i) that the sequence {z,} is bounded.
Then there exists a subsequence {z,,} of {z,} converging weakly to a point
z* € C. By the Lemma 3.2.1 (ii), we have limg., 0 ||%n, —TiZn, || = 0. Now using
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Lemma 2.3.5, we have (I — T})z* = 0, that is T;2* = 2* for all { € J. Thus
z* € F. Next we prove that {z,} converges weakly to z*. Suppose that {z,,} is
another subsequence of {z,} converging weakly to some y*. Then y* € C and
0 2*,¥* € wy(xx) N F. By Theorem 3.2.7, Hmy o ||tzs 4 (1 — t)y* — 2*|| exists
for all ¢ € [0,1]. It follows from Lemma 2.3.6, we have z* = y*. As a result,

wy(T,) is a singleton, and so {z,} converges weakly to some fixed point in F.
O



