Chapter 5

Common Fixed Points for a Finite
Family of Nonexpansive Mappings in
a Banach Space

We introduce and study a new multi-step iterative schemes with errors for
a finite family of nonexpansive nonself-mappings. Our schemes can be viewed
as an extension for three-step iterative schemes of Thianwan and Suantai[40].
The scheme is defined as follows:

Let C be a nonempty closed convex subset of uniformly convex Banach space
X with P as a nonexpansive retraction of X onto C, and let 71,75,...,Tn :
C — X be nonexpansive mappings. Let z; € C, the multi-step iteration scheme
is defined as follows:

gl = P(aiTiz, + Bion +viul)
z2 = P(a2Tox, + Blzl + viul (5.1)
T2, 157" = g;iv = P(a,ffTan + ﬁﬁx-f_l + 'yfyuf),

n > 1where {og}, {7}, ..., {ef'}, {62}, {Bah, - {BY ] {wb 02ds - {wa )
are sequences in [0, 1] with o + 8% +v; = 1 foralli = 1,2,..., N and {u.}, {u2},
..., {ul} are bounded sequences in C.

ForN=3Ti=To=T=T,0, =0}, cn =20, =a and 7} =% =
2 = 0, then (5.1) reduces to the scheme for a mapping defined by Thianwan
and Suantai[40]:

Zn = P((1—ay, —by)Zn + 0Tz + bpuin),
Un = P((1—c¢yp—dp)zn + cnTan + dyvy), (5.2)
Tp+1 = P((]- — Oy — JBn)yn + aanBn + Jann): n>1,



[h)

where {un},{vn}, {ws} are bounded sequences in C and {a.}, {bn}, {¢a}, {dn},
{an}, {Brn} are appropriate sequences in [0, 1].

In this section, we prove weak and strong convergence theorems of the it-
erative scheme given in (5.1} to a common fixed point for a finite family of
nonexpansive nonself-mappings in a uniformly convex Banach space. In order
to prove our main results, the following lemmas are needed.

Lemma 5.0.6 Let X be a uniformly convexr Banach space, and let C be a nonempty
closed conver nonezpansive retract of X with P as a nonezpansive retraction.
Let Ty, T5,...,Tn : C — X be nonezpansive mappings and let {z,} be the
sequence defined by (5.1) with > oo ¥ < oo for each i = 1,2,...,N. If
F=n{ F(Ty) # @, then lim,_ ||z, — =*|] ezists for allz* € F.

=1
Proof. For each n > 1, we note that

P (0L T150 + Bizn + 7hul) — 3°||
loLT 2 + BLon + yiul — 2]

0Tz, — 2| + Bilen — a* + 2lJul — =°|
ol — o+ B[zm — =*1| + 2 0k — =]
Jn — 2|+,

27 — 2|

AN AN AY AR !

where d} = v}||ul — z*||. Since 3 oo, s < 00, 3 pe, dy < 00. Next, we note
that

s — 2l = |[P(eqTomn + Bizn + Youn) — 2°||
< lonTozn + Bray, + Yaup — 2°||
< 0| Tazn — 2| + Billon — 2| + illul — 27|l
< &llzn — o) + Bl — 27| + 7illup — 2
< ollen — 2| + Bi(llzn - 27|l + d) + 7alluf — 2*|l
= ofllza = z*(| + Billzn — 2*|| + Brdy + vz llui — 2l
= (o + B)llza — ¥l + BRdy, + vallul — =°]
< Alzn — 2*|| + a7,

where d2 = B2d} + ¥2||u2 — z*||. Since > 22 dl < oo and > oo 2 < o9,
Yoo, d% < oo. Similarly, we have

|1 P(al T3z -+ Brazy + voua) — &

e Tszn + Brzi + Yauy — ||

ool Tazs — 2™l + B llz2 — =¥l + il — =*]]

ajllzn = z*|| -+ By (llzn = 2*I| + dF) + A flul, — =]

aplln = || + Billza — 2*[| + Bidl + Wl — 2]

(0 + Bl — 2*(| + Bid: + Al — 2|

20 — 2*|| + dj

Iz — =]

/AN AN AN |

A

where d> = 83d2 + 3 ||ud — 2*||, and we also have that > -7 d < oo.
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By continuing the above method, there exists a nonnegative real sequences
{d:} such that > .7, df, < oo and

ot — 2*]| < ||zn —2*|| +d5, YR 21, Vi=1,2,...,N. (5.3)
Thus ||Zp41 — 2*|| = ||z — 2*|| € |32 — z*|| + d) for all n € N. Hence, by
Lemma 2.1.3, lim, 0 || Zn — =*|| exist. This completes the proof. O

Lemuna 5.0.7 Let X be a uniformly convez Banach space, and let C be a nonempty
closed conver nonerpansive retract of X with P as a nonezpansive retraction.
Let Ty, T, ..., Tn : C — X be nonezpansive mappings and let {x,} be the se-
quence defined by (5.1) with 3 oo, 7% < oo and {ch} C 6,1 — €] for all i =
1,2,...,N for somee € (0,1). If F=n},F(T}) # © and limsup,_, (% +
B) <1 foralli=1,2,...,N, then lim, ,e ||2n — Tizn|| = 0 for all i =
1,2,...,N.

Proof. Let z* € F. Then, by Lemma 5.0.6, lim, s ||z, — z*|| exists.
Let lim, oo |lzn — 2*|| = 7. If r = 0, then by the continuity of each T; the
conclusion follows. Suppose that » > 0. Since {z,} and {un} are bounded for
alli = 1,2,..., N, there exists R > 0 such that zi! — z* + 4 (vl — z571),
ﬂ-zn—x*—l—'yn( ul — 1) € Br(0) for all 1 =1,2,...,N for all n > 1. Using
Lemma 2.2.12 and (5.3), we have

2k — 2*||* = [[P(e}Timn + Bzl 1+'Yn R — I

= “anﬂxﬂ ﬁ:z. ::.— +'Yn n— L ”2

= ||} (Tizn — ° + 1a(us — 2571))
+ (1 — o) (@it — 2" + v (uh — =)
o Tiwn — 2 + ol — 2 DI
+ (11— ad)llzht — 2% 4+l — o7 Y1
= Wa(af)g(| Tizn — 25 1)

< &b (l|zn — 2" + i llud, — 257 H)?
+ (1 — ) (|5t — 2+ illun, — 237
— Wa(ed)g(|| Tizn — 2 1)
(|0 =~ 7| + &7t + vallud, — 25 1)
4 (1= & )l|zn — 2*|| + & + mllus, — 257D
— Wa(a)g(||Tizn — z5 1))

= (|za — 2*[| + X71)? — Walal) g Tizn — 25 |1)s (5.4)

where Aot 1= dim! + i ||l — 27|, Since Y oo di! < o0, Enmi% < oo and
{Jlui, — z71||} is bounded, we have that > oo | A~ < oo. Since of, € [¢,1 —¢],
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it follows that A = g2 < Wy(c?) for all n € N. This together with (5.4) imply
that

Ag(|Tizn — 257 H)) (lzn —z*|| + A5 — fl=f, — =1
|z — x*”2 + 2/\::_1“3311 —z7|| + ()\:;_1)2
_||$n+1 - 1'*”2

20 — 2*|F = lfznry — z* [ + 57

A

where pf ! = 2X |z —z*|| -+ (A5)?. Since 3507, d) ! <ocoand 3 72, 7 < oo,
we get Yoo g -1’ ¢ 0. This implies that limy, e g(||T:nn — g2 1}) = 0. Since g
is strictly increasing and continuous at 0 with g(0) = 0, we have lim,_,q [|Ti%n —
zi7l| =0 for all i = 1,2,..., N. Note that,

el

1P g + B a2 + oy tug) — 232l
e M (Tim1mn — 257 %) + v Mg b — 2i )|
o | Timazn — 2572 + vh‘lllw” - z5;2.

|l

IAN/AN

Since limy, oo ||Tim12n — 2572 =0 and 3 oe, 74! < 00, 1t follows that
lim ||z57! — 277%]] = 0.

Foralli=1,2,...,N, we have

= P(0k Ty + B o i) —

< ”an T—lmn ﬁl 5 z 2 + fYn n - :Un”

”a-_ (Tz—lmn ~ Tn) + 6:;_1(37:-;2 - Tn)

i )
o4 H(Toazn — 27 4 257 — )
B i? — ) + o (i — )|

I1

< o Tiosan - o 2+ o —
‘*‘161—1“371 o~ mn” + 'Y:a 1”'”*2 L — 2,

\<.. z--1||Tl 1$n-“$l 2I|+a1—1”$t 2 3::1 1
+$1'_ _xn“_i_ﬁz 1“3::-—-2 1 1+$z 1_3:11”
+9a s — Znl

< @[ Timrn — 2300 + a2 — 2|

+az‘—1”$i—1 _ _,.En” + ﬁi— ”3:'5—2 i-1”
+ﬂ2—1”$1_ — Znl| +7 ”ui_ — z,l}.

This implies that
(1ot = Bilizi? —zall < o M Tio1zn — 23 2|
+a; g2 — 37|
+ B — o
T 711 1”“‘ - xn”
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Since limsup,, , (ot + A1) < 1foralli=1,2,..., N, there exists a positive
integer ng and 7 € (0, 1) such that o, + 82 <n < 1 for all n > ng.

Hence,

(L= Mller = zall < [Timazn — 2577+ lun " = zall + 202572 — 257
Since limpeo [Tim1Za =352 = 0, limpse0 [|z5 2=z = 0and o2 it <
0o, it follows that lim, e ||z, — 2571 = 0.
Thus forall i =1,2,..., N, we have

Jow ~ Tigall = flow = 2571 + 57— Tiz |
< Nlzn — 25 + | Tizn — 2271 = 0 as n— oo

This completes the proof. i

Theorem 5.0.8 Let X be a uniformly conver Banach space, and let C be a
nonempty closed convezr nonexpansive retract of X with P as a nonezrpan-
siwe retraction. Let Ty, T, ..., Tn : C — X be nonezpansive mappings which
satisfying condition (B) and let {z,} be the sequence defined by (5.1) with

Y. <ooand{al} Cle,1—¢] foralli=1,2,...,N for somee € (0,1).
If F =Nl F(T;) # @ and limsup,_,. (0 + Bi) < 1 for all i = 1,2,...,N,
then {z,} converges strongly to a common fized point in F.

Proof. By Lemma 5.0.7, lim,, o [[Ti%n —Za|| = 0foralle =1,2,..., N. Now
by condition (B), f(d(z., F)) € M, = lxgi}jiv{ﬂ'l}xn—:vn”} foralln € N. Hence

lim, 00 f(d(zn, F)) = 0. Since f is a nondecreasing function and f(0) = 0,
therefore lim, o d(zq, F) = 0.

Now we can choose a subsequence {x,;} of {z,} and a sequence {y;} € F
such that ||z, — ;]| < 277. By the following method of the proof of Tan and
Xu [39] we get that {y;} is a Cauchy sequence in F' and so it converges. Let
y; — y. Since F is closed, therefore ¥ € F' and then z,;, — y. By Lemma 5.0.6,
limy, o0 ||Zn — 2*|| exists for all z* € F, z, — y € F. 0l

When N =3, T =T =T =T, an = ok, ¢a = a2, ap, = a3 and
vt = 42 = 43 = 0, the following results is obtained from Theorem 5.0.8.

Corollary 5.0.9 ([40, Theorem 2.2]) Let X be a uniformly convez Banach space,
C a nonempty closed convex nonezpansive retract of X with P as a nonezpan-
sive retraction, and T : C — X a completely continuous nonezpansive nonself-
mapping with F(T) # 0. Suppose that {an}, {Bn}s {an}, {bn}, {cn} and {d.} are
sequences of real numbers in [0, 1] with ¢, + d, € [0,1] and an + B € [0,1] for
aln>1, and Y oo by < 00, Yoo dn <00, D o0 B < 00, and
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(i) 0 <liminf, ,o 0 <limsup, . (a,+6n) <1, and
(ii) 0 < liminf, o ¢, < limsup,_,. (¢ +dn) < 1 and limsup,_,,, a, < 1.

Let {zn}, {yn} and {z,} be the sequences defined by the three-step iterative
scheme (5.2). Then {z,},{y.} and {z.} converge strongly to a fired point of
T,

We recall that a mapping T : C — C is called semi-compact(or hemicom-
pact) if any sequence {z,} in C satisfying ||z, — Tzn|| =+ 0 as n — oo has a
convergent subsequence.

Theorem 5.0.10 Let X be a uniformly conver Banach space, and let C be a
nonempty closed conver nonerpansive retract of X with P as a nonezpansive
retraction. Let Ty, Ts,..., Ty : C — X be nonezpansive mappings. Suppose
that one of the mappings in {T; : i = 1,2,...,N} is semi-compact. Let {z,}
be the sequence defined by (5.1) with > oo v, < co and {c&} C [e,1 — €]
for all i = 1,2,...,N for somee € (0,1). If F = nl|F(T;) # @ and
limsup,_, (i + B8} <1 foralli=1,2,...,N, then {z,} converges strongly
to a common fized point in F.

Proof. Suppose that 7}, is semi-compact for some ig € {1,2,...,N}. By
Lemma 5.0.6, we have lim,_,e ||2n — TieZn]| = 0. Since Tj, is semi-compact,
there exists a subsequence {z,,} of {z,} and z* € C such that z,; — 2” as
j —» co. Now Lemma 5.0.7 guarantees that im;_ e ||Zn; — Tizn,|| = O for all
i=1,2,...,N. Hence ||z* — Tyz*|| =0 for all ¢ = 1,2, ..., N. This implies that
z* € F. By Lemma 5.0.6, lim,_, ||z, — 2*|| exists and then lim, e {2, —2*|| =
lim;_,o0 ||Zn; — 2*|| = 0. This completes the proof. O

In the next result, we prove weak convergence of the sequence {z,} defined
by (5.1) in a uniformly convex Banach space satisfying Opial’s condition.

Theorem 5.0.11 Let X be a uniformly convez Banach space satisfying the Opial’s

condition, and let C be a nonempty closed convez nonezpansive retract of X with
P as a nonexpansive retraction. Let Ty, Ts,...,Tn : C —+ X be nonezpansive
mappings and let {z,} be a sequence defined by (5.1) with 3 oo ¥; < oo and
{ei} Cle,1—€] for alli=1,2,...,N for somee € (0,1). If F =N, F(T3) #
@ and limsup,,_, (o + BL) < 1, then {z,} converges weakly to a common fized
point in F.

Proof. By Lemma 5.0.6, lim,_ ;. ||z, — z*|| exists for all z* € F. Now we
prove that {z,} has a unique weak subsequential limit in F'. To prove this, let
{zn,} and {z,;} be subsequences of {z,} and 21,2, € C be such that z,, = 2
weakly as ¢ — oo and z,; — z; weakly as j — oo. By Lemma 5.0.7,

}E&) zn; — Tezn;| =0 = jlirg zn; — Tkxﬂj”
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forall k=1,2,...,N and Lemma 2.3.5 insures that I — 7T}, are demi-closed at

zero for all k = 1,2,..., N. Therefore we obtain Tyz; = 2 and Tk2, = 2, for all
k=1,2,...,N. Thus 21,2 € F. It follows from Lemma 2.2.16, we have that
z1 = 7. Hence {z,} converges weakly to a common fixed point in F. a

When N =3, Ty =T, =T3 =T, ap = &, ¢, = 02, o, = & and
1:

¥y =2 = 3 =0, the following results is obtained from Theorem 5.0.11.
Corollary 5.0.12 ([40, Theorem 2.4]) Let X be a uniformly convez Banach space
which satisfies Opial’s condition, C a nonempty closed conver nonerpansive re-
tract of X with P as a nonezpansive retraction, and T : C — X a nonezpansive
nonself-mapping with F(T) # 0. Suppose that {an}, {Ba}, {aa}, {bn}, {cn}, {dn}
are sequences of real numbers in [0,1] with ¢, +d, € [0,1] and o, + B, € [0,1]
foralln>1,and 307 b, <00, Y02 dy <00, 3 o0 B, < 00, and

n=1

(i) 0 <liminf, . o, < limsup, . (. + B,) <1, and
(it) 0 <liminf, e ¢, < limsup, (¢, +dy) < 1 andlimsup,_,  a, < 1.

Let {z,} be the sequence defined by three-step iterative scheme (5.2). Then
{zn} converges weakly to @ fized point of T

Finally, we prove weak convergence of the sequence {z,} defined by (5.1)
in a uniformly convex Banach space X whose its dual X* has the Kadec-Klee
property. The following lemma is needed.

Lemma 5.0.13 Let X be a uniformly convez Banach space, and let C be a
nonempty closed conver nonezpansive retract of X with P as a nonezpan-
swe retraction. Let T),Ts,...,Tn : C — X be nonexpansive mappings with
F =n F(T;) # @. From arbitrary z; € C, define the sequence {z,} by the
iterative scheme (5.1) with > o 7 < oo for i = 1,2,...,N. Then for all
u,v € F, the limit

Hm ||tz, + (1 — f)u — v||

n—co

exists for all t € [0,1].

Proof. By Lemma 5.0.6, we have lim,_,q, ||z, — z*|| exists for all z* € F.
This implies that {z,} is bounded. Let a,(t) = |tz + (1 — t)u — v||, where t €
(0,1). Then limg,_,0 a,(0) = [ju — v|}, and from Lemma 5.0.6, lim,_,c a,(1) =
limg, 0 |2 — v|| exists. So, we let lim, o0 ||Zn — u|| = 7 for some positive
number . For any n > 1 and for alli=1,2,..., N, we define 4} : C — C by

A, = P Ty + BLAT + vhub),

where A) = I, the identity operator on C. For z,y € C, we have ||Aiz— Aly| <
aille—yll+ BLl| ALtz — A Yyl forall i = 2,..., N, and [|ALz — Aly|| < oz -
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y||+ Bz —y|| < |z —y]|- This imply, by induction, that A% is nonexpansive for
alli=1,2,...,Nand alln € N. Set Spm = A AN .. AN, n,m>1
and bnm = |[Sam(tzn + (1 — t)u) = (ESumen + (1 — £)Spmu)|]. It easy to see
that ANz, = Zui1, SnmTn = Tnim and Sy, is nonexpansive for all m,n € N.

We show first that, for any z* € F, ||S,mz* — 2*|| — 0 uniformly for all
m > 1 as n — co. Indeed, for any z* € F, we have

14 — | < BLlAT 2" — ||+ illul — 7))
foralli=2,...,N, and |A}z* — z*|| < v}||luk — z*||. Therefore

ANz —z*]| < o24L|jed :t:*”—i—anfyn”u _3;*”_;. b Ny NN =1 o]
+ylluf — z*|| € Mzi=1 v, foralln 21,

where
M = max{sup{|ju} — 2*|}}, ..., sup{[julf ~ z°|[}} and 0¥ = [, fi. Hence

||Sn,m$* - z*| ”An-i—m 1 g+1{rn—2 AN N* 7~ A11¥+mN1An+mN2 A,JXHI;:V*”
+”An+m—- An+m—2 An+1x An+m—1An+m—2 e An~§~2$*“

+I|An+m 1An+m-2$ Arllv+m T+ ”An+m— z* — ¥

< ”'AN *” + ||An+1$ 7 iE' ” +.oo ”Iélrr.'{»m---lxa= - 113*”
< ﬂ{Zi=1(’Yn + 'Yn+1 +...k 7:z+m—1)
< 60,

where 62 1= MY N % 4 Since 3.4, < oo for all i = 1,2,..., N,
we have 7 — 0 as n — oo. By Weierstrass M-test, we can conclude that
|Sn mz* — sc*“ — 0 uniformly on m € N as n — co. By Lemma 2.3.7, there
exists ¢ € I such that
bpm < 90_1(“3311 —ul| = [|SnmTa — Snmul)
Hl(”xn — | = [|Tn4m — v+ u — Spmul)
<o l|2n — ull = (|Znam — ull = [|Samu — ul])), (5.5)
and so the sequence {b,,} converges uniformly to 0 on m € N as n — co. By
(5.5), for m,n € N, we have
Anim(t) = |[tTnim + (1 — t)u — v
= ”tSn,mmn + (1 - t)u' i U”
< ||tSnmn + (1 — )u — Spm(tzn + (1 — t)u)||
+ ||Sam{tzn + (1 — t)u) — vl
= |[tShmZn + (1 — £)Symtt — Spm(tzn + (1 — thu) + (1 — t)(u — Spmu)||
+ [ISpm(tzn + (1 — t)u) — ||
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< bnm + [[Snm(tzn + (1 — t)u) — o] + (1 — &)l — Spmul|
<bnm + |Snm(tzn + (1 — t)u) — Spwvl| + [|Snmv — v
+ (1 = t)ffu — Spmull
< bpm + an(t) + || Spmv — v|| + (1 — £}l — Spmul|
< bpm + an(t) + 65 + (1 — )62
< o (l2n — ull = ([Sngm — vl = [Spmu — ull)) + an(t) + 6% + (1 — )62

5.6
Thus fixing n and letting m — co in (5.6), we have (5:6)

lim SUp Gt (t) < (12 — |~ (Hm_ [l — ] — 52)) + @u(t) + 82 + (1 — )3

m—300

and again letting n — oo,

limsup a,(t) € ¢~ 1(0) + lim inf a,(¢) = lim inf a,(t).

n—00 n—ro0 n—oo

This completes the proof. 0

Theorem 5.0.14 Let X be a real uniformly conver Banach space such that its
dual X* has the Kaded-Klee property and C' o nonempty closed convez nonezpan-
swe retract of X with P as o nonezpansive retraction. Let Ty, Ts, ..., Tn : C —
X be a nonezpansive mappings with F = ML, F(T}) # & and limsup,_, . (cf, +
Br) < 1. From arbitrary z; € C define the sequence {z,} by the iterative scheme
(5.1) with 3570 v < o0 and o}, € [c,1 — €] for all i = 1,2,...,N for some
g € (0,1). Then {z,} converges weakly to a fized point of T

Proof. Lemma 5.0.6 guarantees that {z,} is bounded. Since X is reflexive,
there exists a subsequence {z,,} of {z,} converging weakly to some z* € C.
By Lemma 5.0.7, we have lim;_,o ||2n; — TiZy;|| = Ofor alli = 1,2,..., N. Now
Lemma 2.3.5 guarantees that I —7; is demiclosed at zero foralli =1,2,..., V.
This implies that T;z* = z* for all ¢ = 1,2, ..., N this means that z* € F. It
remains to show that {z,} converges weakly to z*. Suppose {z,,} is another
subsequence of {z,} converging weakly to some y*. Then y* € F and so z*,y* €
W () N F. By Lemma 5.0.13, the limit

lim ||tz, + (1 —£)z* — y*||
n—ro0

exists for all £ € [0,1]. By Lemma 2.3.6, we have z* = y*. As a result, w, (z,)NF
is a singleton, and so {z,} converges weakly to a fixed point of 7. a



