Chapter 3

Generalized Diamond Heat Kernel
Related to the Spectrum

In this chapter, we find the solution of the generalized Diamond heat equation
related to the spectrum and consider some properties of generalized Diamond
heat kernel related to the spectrum.

3.1 Main Results

Theorem 3.1.1 Given the equation
0 iz = 2otutz, 1) | (3.1

with the initial condition
u(z, 0) = f(z) (3.2)
where OF is the Diamond operator iterated k-times defined by

-(Ea)-(52)]

p+q = n is the dimension of Euclidean space R", k is a positive integer, u{z, t)
is an unknoun function for (z,t) = (£1,Ta,. ... Tn.t) € R*x (0, 00), f(z) is the
given generalized function, and c is a positive constant. Then we oblain

u(z,t) = Elx,t) » f(z)

as a solution of (3.1) which satisfies {3.2) where E(x,t) is given by (2.44) end
is called the generalized Diarnond heat kernel of (5.1).
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Proof. Taking the Fourier transform defined by (2.21) to both sides of {3.1), we

obtain
a P 2 Pt+q 2 g
'a_tﬁ(‘f'l t] = (E EE) - Z f;) ﬁ[‘f! 1].
m—

i=1

(e, 1) = K (&) expl ((Z&i) (:él{’:) z)kf} (33)

where K'() is constant and @(¢,0) = K(€).
Now, by (3.2) we have

Thus

KO =60 =) = g [ e @as (34)

and by the inversion in (2.22), (3.3} and (3.4) we obtain

u(z,t) = @ ]i“ﬁ f AT, 1) dE

- [ [ e e | Pe) - (e o|
(2m)® Jge Jin g iy g 7 P

Thus

P ptg k
ool Lo f(5) (£ o
oT

1 » 2 p+g 2\ * .
uel) = G fm_ P {c‘ ((Zi“) - _;lsf) ) f+t{£,m~y}} fly) dy de.

i=l

(3.5)

1 il 2 Pty 2\ &
T,t) = — | exp &1 — ¥ t+ (€, z)| dE.
B0 = G [ c’((g ) )y )) (&)

=1
(3.6)
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Since the integral of (3.6) is divergent, therefore we choose £} € R" be the
spectrum of E(z,t) and by (2.44), we have

1 P 2 Py 2y *
E{m,t]={zw}an c?((;-s?) - Elﬁ)) t+i(€, z) | dg
1 r Nz A\
“arfe((Ee) - (Ee)) s«
(3.7)

E(z,t) is called the diamond heat kernel of (3.1). Thus (3.5) can be written in
the convolution form

u(z,t) = E(z, t) * f(z).

Since E(z,t) exists, then
. 1 A
%ﬂ E(z,t) = Gy /;‘ etl6=) e
== 1 g )
T o S
=d(zx), for zeR". (3.8)

See ([6], p. 396, Eq.(10.2.19(b))).
Thus for the solution u(z,t) = E(z,t) = f(z) of {3.1), then

u(z.0) = lim u(a,t) = lim (B(z, 1)« /(z))
= limg B(z, )« /(z)
=6 = flz) = f(z)

which satisfies (3.2). O
Theorem 3.1.2 The kernel E(z.t}) defined by (3.7) have the following proper-
lies:

(1) E(z,t) € C®- the space of continuous function for x € R, t > 0 with
infinitely differentiable.

(2) (£ — EO%) E{z,t) =0 for ¢t > 0.

(3)
227 AS(E)

|E(z, )] < mﬁm,

for t >0,
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where M(t) is a function of t in the spectrum Q. Thus E(z,t) is bounded
Jor any fized t > 0.

(4) li_%E(m, £)=4d.

Proof.
(1) From {3.7), since

k
i 1 o -
EEE(xIt}:W_/ﬂﬁ exp Cz((zgf) 2 Eﬂ) ) t'HE:z}

i=l1
Thus E(z,t) € C™ for z € B™, ¢ > 0.
{2) By computing directly, we obtain
8 x _
(E — % ) E(z,t)=0.
(3} We have

+g k
E{z,i]=ﬁ£:axp & ((Zé‘f) Z {{) ) t+ (¢, 2)| dE.

i=1

|E(z,1)] € — 2l (se) SUANY
201 G [ |4 | (28 - >g)) e«

By changing to bipolar coordinates

&1 =T, £2 = 1w, . 1‘Ep = Ty and Eps1 = Sil-’p+1:£p+2 = Bldyya, ---.fp—r-q = Sldpiyg

where 377 w? =1 and Jp+1u?=1. Thus

Bz, 8)| < E;j—nfnexp [ (4 = o)*4] 25" drds a2y a2,

where df = r~ 1591 dr ds d), dS),, dS2, and £, are the elements of surface area
of the unit sphere in R? and RY respectively. Since 0 C R™ is the spectrum of
E(z,t) and we suppose 0 < r < Rand 0 < s < T where R and T are constants.
Thus we obtain

|E(x, )| *-'-'..'. f j exp .t:2 (rf - a"'] :lir':""l.';*"1 ds dr

ﬂ
{2" }:M[] for any fixed £ > 0 in the spectrum §

S (O
- TR
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where R
M{t) = fﬂ f exp [ (r - )" t] P 1ot dsar

is a function of t, 2, = ;—"{ﬁ and 2, = ﬁ’ﬁ— Thus, for any fixed ¢ > 0, E(z,?)
is bounded.
(4) Obvious by (3.8). O

3.2 Example

In this section, we want to show an example the generalized Diamond heat
kernel in R2,

Example 3.2.1 Consider the equation

2 e, za,) = K%) - (g’f_%)“]lm,m,t} (3.9)

with the initial condition
w(zy, 22.0) = f(z1,22)-
Taking the Fourier transform both sides of (3.9), we obtain
a . N
46 & t) = @ [6 — &3] a(61,6,0). (3.10)

Thus X .
(6,6 t) = fl6r, &) exo [ [ - €8] (3.11)

where f{f;, £€2) is a constant and

i€y, 6,0) = f(fl:f‘:] = %f_ j: e~mtema) f( 3, 1)) dayd,

From relation (2.22) its inverse transform is

““”h”ﬂ‘]:%f f e amg (e, 6 f) dEydEs (3.12)

or u(zy, T2, t) equal to

Z:ﬁfff/EIE-Ena::,E:m:]E—ﬂEm-Eﬂrz]f[yhyz}m[cﬂ {E?"E-!]St] dudundsds,
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Let 'y = {& — & > 0 and £ > 0} be the set of an interior of the forward
cone and let §! be the spectrum of E(x,,x2,t) defined by definition 2.2.8 and
2 C T4 Choose (a,b) C R(é1), (¢, d) C R(&) and (a,b) x (¢, d) C 02, we obtain

I .
E{x1,z0,1) = mf /dexp {02 [€F — {3]3t + t(€1m, bgwa) | dEydéa. (3.13)
Then, we obtain the solution
== o
u(Z1, T2, t) =/ f E(z1 — 1,22 — yo, ) [ (41, 12 )dindype
= E(z1,%2,1) * f(x1,72,1),
where E{x1,£3,t) is called the diamond heat kernel of {3.9).



