Chapter 4

The Green Function of the
(® + m?)* Operator

In this chapter, we study the elementary solution or Green function of the
operatar {@® + m?)* and such function can be related to the ultra-hyperbolic
Klein-Gordon operator, the Helmholtz operator and the Diamond operator of
the form ({ + m?)*.

4.1 Main Results

Theorem 4.1.1 Given the eguation
(@ + m?)*G(x) = 6(z) (4.1)

where (®+m?2)* is the operator iterated k-times defined by (1.18), § is the Dirac-
delta distribution, = = (z1,%s,...,2,) € R™ and k is @ nonnegative integer.
Then we obtain G(z) = Yax 2xax2e(v, 8, w, 2,m),
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as an elementary solution of (4.1) where m is a nonnegative real number and

P?Hr'mmm""”*“'{"” 5,w, z) is defined by (2.19) withe =Ff=y=v=n=

2k.
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Proof. At first, the following formula is valid [1, p. 3, formula (2}],

(3er) =330) Ger-)r ()



Equivalently,
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Now we put, by definition,
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Then, we obtain the function ¥, g, (v, s, w, z,m) is defined by (2.18) become
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Yo sq40(v,8,w,z,m) = Z (_rg) (M) K apoe Birrtarusor(V, 8w, ). (4.3)
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Putting 7 = 2k and a = § = y= v = 2k in (4.3), we have
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* Ry pne(8) * Saipar(w) * Topgar(2). (4.4)

Since, the operator . L1, Ly, and & are defined by (1.14), (1.19), (1.20),
(1.6) and (1.2} respectively, are linearly continuous and 1-1 mapping. Then
all of them possess their own inverses. From Lemma 2.4.2, 2.4.3 and 2.4.4, we
obtain
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= (& +m*)} "4 (4.5)
By applying the operator (& + m?)* to both sides of (4.5), we obtain

(@ + M) Yor ae s, 5. w0, 2.m) = (B +m)* (@ + m?) k4. (4.6)



Thus
(® + m*)* Yaroronae(v, 8, w,2,m) =

Moreover, from (4.6) by putting § = ¥ = v = —2r, we obtain
Kosoeo00(v,8,w,2) = RE,, (v) * R(s) % Solw) * To(z)

= RA,, (v) x6%5%6
= Rf-l-‘}r{ﬂ}'

Then (4.3) become
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Now, putting @ =1 = 2k to obtain
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By applying the operator {J + m*)* to both sides of (4.8), we obtain
[D + mﬂ]hnk.—ﬂr,—zr.—iriﬂr Sz, m} = (D + mz}k“:l + mﬂ}—ka =4 [4'9)

Then Yo -ar. —2r-2r(v, 8, w, 2,m) = Wi{v, m) as an elementary solution of the
ultra-hyperbolic Klein-Gorden operator iterated k-times defined by (1.22). In
particular, putting @ =y =v = —2r and [ = =2k of (4.3), we obtain

Y zr 2k, —2r-2r(v, 8,0, 2,m) = Z( ) (=) Ry 0 ()
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= (A +m?) 7k - {4.10)

By applying the operator (A + m?)* to both sides of (4.10}, we obtain
Y_2r2k,-2r—2r(2, 8, w, 2, m)} is an elementary solution of Helmholtz operator -
times. Similarly,

mzk_zf.zr—z( )y 1 Rl ) B

is the Green function of the operator ({ + m?)*. O
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Theorem 4.1.2 Given the eguation
(& +m?*U (2} = f(z) (4.11)

where f is a given generalized function and U{z) is an unknown function; we

obtain the solution

U{m} = HE,%J#,‘E#{“T &, z, m} * f{ﬂ.‘-’) (412:'
where Yarawzeze(v, 8, w, 2, m} is defined by {4'4)'

Proof. Convolving both sides of (4.11) by Yap2e2% 26 (v, 5, w, 2, m) and applying
the Theorem 3.1, we obtain (4.12) as required. O

4.2 Example

In this section, we want to show an example of the operator (@ +m?)fU(z) =

flz).
Example 4.2.1 Consider the equation

(m+ A (m — A)*u(z) = f(z) (4.13)

where A? is the biharmonic operator defined by (1.30), z € B™, f(z) is a given
generalized function and u(z) is an unknown function. For solving the product
of biharmonic operators, we can rewrite the equation (4.13) as

(m® — AYYu(z) = f(z) {4.14)

and we know that the operator in the equation (4.14) is the operator (@ +
m?)* with p = 0 and ¢ = n. By the definition 2.2.7, we obtain the function
Yogqu(v,8,w,2,m) where v = —22 ~ 52 — ... — 22 s = g2 4 22 + ... 4+ 22,
w= —i(x{+ 25+ +22) and z = i(z? +2Z+ --- + £2), i = v/—1 and the
function Ku(a) in {4.15) be reduce to
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Convolving both sides of (4.14) by the new elementary solution Yok 2k 2k 26(V, 5, w, 2, m)
then we obtain the solution.



