CHAPTER 3

MAIN RESULTS

We concerned with the oscillatory behavior properties of the second order
nonlinear delay differential equation with damping term in two forms. So we will discuss

each form in 2 parts.

Part 1

We started with the second order nonlinear delay differential equation with

damping term of the form
[r(Dk (x(t),x'(t)]'+ p(H)k, (x(1),x"(1)x'() +q(Of (x(t)) =0 (1)

where r€C'([t,,90%(0,00)), p.q€C([t,,00:%), k €' (%% ).k, ec(w':%’),
fe C(SR;SR) and xf(x)>0, x# 0. Throughout this work we suppose that the following
conditions hold:

(C)vk (u,v) > oclkl2 (u,v), for some constant o >0 and(u,v) € R,

(Cz)vk2 (u,v)=> o,k (u,v), for some constant o., >0 and(u,v) € R,
Using general weight functions from the class W, introduced by Philos [3].
Let D, = {(t,s): t>s2>t, } and D= {(t,s) s 2t } .The function H € C(D;%R) is said to
belongs to the class W if

(i) H(t,t)=0 for t=t and H(t,s)>0 for (t,s)ED,.

(i) H has a continuous nonpositive partial derivative on D  with respect to the

second variable such that

0
—H(t,s) =—h(t,s)/H(t,s) for (t,s)ED, 2)

Os

where h is a nonnegative and continuous function on D.
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Theorem 1: Let (Cl) and (Cz) hold. Assume that '(x) exists and
f’(x) > n 3)
for some >0 and for all x# 0. Suppose that there exists a function g € C ([t,,00);R)

such that for some B =1 andH EW

lim sup j H(t,s)y(s)— v(s)r(s)(h(t,s)) s =00 4)
t—>0 H(t’to) t, 4“(11
where
‘ a, p(s)
V(1) =exp[—2p0r, [ (g(s)— )ds] (5)
2pa, r(s)
and
Y= vl +po rvg’ () —a,p(Deg() = (r(Dgt)']. (6)

Then Equation (1) is oscillatory.

Proof: Let x(t) be a nonoscillatory solution of Equation (1). Then there exists a T > t,
such that x(t)# 0 for all t =T . Without loss of generality, we may assume that x(t)>0
forall t>T.

Define

k (x(0),x (1)
u(t)=v(Or(t)| —+g(b) (7)
£(x(t))

where v(t) is given by (5). Differentiating (7), we have

, , k, (x(0),x (1) r(Dk, (x(0),x'(t)
u()=v (Or()) —————+g(v) [+ (D) +r(t)g(t)

!

f(x(1)) f(x(t))

V() (r(Dk, (x(0,x () 1Ok, (x(0,x (O (x(O)x (1) ,
=——-u()+v()) — : +(x(t)g(1)

v(t) N £(x(1) (F(x(1))

V() —p(Dk, (x(1),x (1) r(Dk, (x(0),x () x(O)x (1) ,
=——u()+ V() —q()— ; + (r(0)g(1)

v(t) | F(x(1) (F(x(1)))

V() p(OV(DK, (x(1),x"(1) vOr(OK, (x(0,x' (1) ,
<—u(—a, —pa, —— v (r(Dg() —q (0]

v(t) £(x(1) (F(x(1))

V(1) , u(t) u(t) 2
<—u(O+vO[(r(0g®) —q] —azpmv(t)[ —g(o} —ua,v(t)ru)[ —g(t)}

v(t) v(t)r(t) v(t)r(t)
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(1) p(Hu(t)
u(®) + v (g —q(v) | —a,
V(t) r(t)

u(t) ’ g(t)u(t) ,
—po, v(Dr(t) —2 +(g(1)
v(t)r(t) v(t)r(t)
p(tu(t) (u(t))’

V(1)
u() (0] (O = a0 +a,p(0e()] e, —ua,
V(t) r(t) v(Or(t)

+a,v(Op(t)g(t)

+2u0clg(t)u(t)

—po v(D)r(t)(g(1)’

r(t) r(t) v(t)r(t)
—v(®[ a(0+ pe (020 =0, pHe(®) = (r(Dg(D)']

[ pm} p(1) (u(t))
< —2ua, g(t) + o, = [u(t)—o, ——u(t) + 2pog(tu(t) —pa,

=—y(t)— (u(t)’

v(t)r(t)
where y(t) is defined by (6). Hence, we obtain

(u(t)’. €]

v <—u'(H)—
v(t)r(t)

Multiplying (8) by H(t,s) and integrating from T to t , we have for some B =1

t t , t H(t, )
jH(t,s)w(s)dsS—jH(t,s)u (s)ds—J‘u(xl i
T T T V(S)I'(S)

(u(s)) ds

¢l O H(t,s) ,
= —H(t,s)u(s)|T —J.|:—H(t,s)u(s)+ po, (u(s)) :lds
| Os v(s)r(s)

[ H(t, .
=H(t, T)u(T)—I|:h(t s)~/ H(t, )u(s)+u0t (t.5) (u(s)) :lds
v(s)r(s)

Ho H(ts) H(t s) Bv(s)r(s)
=H(t, T)u(T)— h(t,s)
\/ BV(S)r(S)

jv(s)r(s)(h(t $) ds— | $H(t $)(u(s))’ds.

4“.(1. T T BV(S)I’(S)

+

Writing the latter inequality in the form

t

J.|:H(t,s)\|/(s)—

p —1
v(s)r(s)(h(t,s))’ :|ds <H(,T)u(T)— j LB)H(‘[,S)(u(s))st

T r Pv(s)r(s)

4po

1
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b H(t,
B [N T CETEIN F
T Bv(s)r(s) 4uo,

Using the property of H(t,s), we conclude from (19) that, for all t=>T

t

[l HLswis) -
T 4“,(1

v($)r(s)(h(t,s) |ds <H(,T)|u(T)|

<H(t,t)|u(T).
Hence, for t2T 2t

t

[| HLs)w(s) -
T 4“,(1

v(s)r(s)(h(t,s))’ |ds

1

<HGT)|u(m)|+ j H(t,s)y(s)— v($)r(s)(h(t,s) |ds

4po

1

<H(Lt)|u(D]+ [H(Ls)w(s)ds

<H(L)luD]+ Hi) [|ws)]ds

SH(t,tU)@u(T)H— I|\|/(s)|ds:| : (10)
By (10) we get
lim sup f| HLs W) — V)b fds <[u(D)]+ [|w(s)]as
T H(tt) 4o, 4

<0

which contradicts (4). Therefore, we have proved that all solutions of Equation (1) are

oscillatory.

Theorem 2: Let (C ), (C,) and (3) hold. Suppose that

H(t,s)
0 <inf| liminf <o (11)
s>t t—>00 H(t,to)

Assume that there exist function g€ C' ([t,,0);R) and ¢ €C([t ,00);R) such that for

alltZTZtO and for some B =1
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t

fim sup [| HLswo) -
T H(tt) 4po

v(s)r(s)(h(t,s))" |ds = (T) (12)

1

where v(t),y(t) are as in Theorem 1, and suppose further that

(9,6
lim sup

2 v(s)r(s)

ds =00 (13)

where ¢, (t) = max { d)(t),O} . Then Equation (1) is oscillatory.

Proof : We proceed as in the proof of Theorem 1, assuming, without loss of generality,
that there exists a solution x(t) of Equation (1) such that x(t)>0 on [T,00), for some T = t, .
Introducing the function u(t) through (7), where v(t) is defined by (5) , we arrive at the

inequality (9), which yields

1 t
j(H(t,s)w(s)—Lv(s)r(s)hz(t,s))ds
H(t,T) r 4po,

1 ‘ —1 1 H(t, 8
<u(T)— j“al(ﬁ )H(t,s)uz(s)ds— [ o Hits) u(s) + PrEF®) ds
H(t,T) © Bv(s)r(s) H(t,T) Bv(s)r(s) viel
1 b —1
<u(m)— HQI(B )H(t,s)uE(s)ds~

H(t,T) 1 Bv(s)r(s)
Therefore, fort>T >t , we have

t

fim sup f| HE oW~ v(s)r(s)(h(t,)) |ds
T H(tt ) 4o

1 B—D -
< u(T)— lim inf he, (B H(t,s)(u(t)) ds.

e H(t,t, )+ Bv(s)r(s)

It follows from (12) that

1 i —1
O(T) < u(T) — lim inf he, (B )H(t,S)(u(t))zdS-

T H(,T) r Bv(s)r(s)

That is,

‘ —1
u(T) 2 ¢(T)+ lim inf bt (B0
T H(t,T)r Bv(s)r(s)

H(t,s)(u(t)) ds

Consequently, forall t>T2>T,
u(T) = ¢(T) (14)

and
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[u)—o(1) ] <00

1 « H(t,s) ,
lim inf (u(t) ds<
T H(LT)) 1, v(s)r(s) po (B—1)
In order to prove that
7 (u(s)’
ds <00
7, v(s)r(s)
Suppose the contrary, that is,
T ()
ds =00
7 v(s)r(s)
Assumption (11) implies existence of a p>0 such that
H(t,s)
inf| liminf >p.
st | t=>o0 H(t,to )
By (18), we have
H(t,s)
lim inf >p>0,
t—>00 H(t,to )
H(t,T)

and there exists a T, 2T such that

virtue of (17), for any positive number k, there exists a T >T such that for allt > T,

H(t,t,)

Lo (s)

k
ds=>—.

1, v(s)r(s) p

Using integration by part, we conclude that for all t > T,

l t

H(t,T )1,

1

H(t,T) 1,

o
CHLT) j(

k 1 (
>—

p H(tsTO ) T

I

[H(t,s)

u’(s)

v(s)r(s)

ds

——H(t,s)

‘ ( C (u(n)’ j
= [H(ts)-d| | dt
T, v(T)r(T)

Oy

1
= H(ts)f
H(t,TO){ T, V(T)I‘(T) ( T,

8 j( I (u(t))’
oS T, v(T)r(1)

0
——H(t,s)
oS

s

¢ (u(n)’

(OH(‘[,S)
oS

drjds

o

L v(T)r(t)

2p forall t=2T,. On the other hand, by

)

(15)

(16)

(17)

(18)
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k :
>— [—H(t,s)]szT
p H(t,T) '
k H(t,T)
>— —. (19)
p H(t, T )
It follows from (19) that, for all t > i\
[ u’(s) k H(t,T) _ k
[Hws) ds>——>—p=
H(T )3 v(©)rs)  pHET) P
Since k is an arbitrary positive constant,
1 ‘ u (s)
inTat [Hws) ds =400
o H(LT)L o ve)s)

which contradicts (15). Consequently, (16) holds and by virtue of (14),
O (5) PO

1 v(s)r(s) t v(s)r(s)

ds <400

This contradicts (1). Therefore, Equation (1) is oscillatory.

Theorem 3: Let (C ) —(C,), (3) and (11) hold. Suppose that there exist functions

g€ C'([t,00),R) and XS C([t,,90),R) such that forall t =T 2> t, and for somef>1,

t

lim inf I H(t,s)y(s)—
S H(LT) T 4pa

v(s)r(s)(h(t,s)) |ds=(T) (20)

1

where v(t), y(t) and ¢(t) are the same as in Theorem 2. Assume also that (13) holds.
Then Equation (1) is oscillatory.

Proof: By virtue of

t

$(T) < lim inf J. H(t,s)y(s)— v(s)r(s)(h(t,s))" |ds
= H(GLT) Y 4ua,

< Jimg sup [| HLsws) - v(s)r(s)(h(t,s))’ |ds,
P H(t,T) T 4po

1

the conclusion follows immediately from Theorem 2.
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Theorem 4: Let (Cl) and (Cz) hold. Suppose that f(x) satisfies

£
) 2 p (1)

X

for some pu >0 and for all x #0. Assume that there exists a function g € C' ([t,00),R)

such that for some =1 andHEW ,

lim sup j H(t,s)y(s)— b v(s)r(s)(h(t,s))" |ds =00 (22)
T H(tt) 4o,
where
v(t) =exp —ZOLIJ.(g(s)— *,P(s) )ds (23)
i 20c1r(s)
and

y(O=v(O[pa)+ o, (D) —apaO—(r(0g®)]  (24)
Then Equation (1) is oscillatory.
Proof: Suppose on the contrary that there is a nonoscillatory solution x (t) of Equation (1).

Without loss of generality, we may assume that x(t) >0 on [T ,00) for some sufficiently

large T > t, -
Define
K (x(0),x (1)
u(t) =v(r(t)| —————+g(b) (25)
x(t)
where v(t) is given by (2). Differentiating (25), we obtain
!/
: , k, (x(0),x (1) r(Dk (x(0),x'(t)
uw()=v ®Or(t)) —————+g(t) [+v(t) +r(t)g(t)
x(t) x(t)
V(0 Ok (x(0x' @) 1Ok x(0.x (0 (1) )
= u(t)+ v(t) - - + (r(t)g(t))
v(t) i x(t) (x(1))
V() p(k, (x(0),x"()x (1) Fx(0) ek, (x(0),x (O)x (1) ,
= u(t)+v(t)| — —q(t) - - + (r(t)g(t))
v(t) i x(t) x(t) (x(1)

V() p(Dk, (x(0),x' (1)) r(0(k, (x(0),x" (1)’ ,
< u(t) +v(t)| —a, —uq() —o, - + (r(t)g(t)
v(t) x(t) (x(1))
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V(1)

v(t)

v (1) p(t) '
<——u()—a, —u(®) + o, v(Op(Dg()+ v =g+ (r(Dg(t)']
v(t) r(t)

(W)  2g®ult) ]
—a v(Dr(1) — +(g(v)

(v(Dr()  v(Dr(t)

[ p(t)} p(® (u(1)’
< —2a]g(t)+OL2— u(t)—o, —u(t)—oa, +20L]g(t)u(t)
r(t) r(t) v(t)r(t)
—v(©[ a0+ o1 (O(e) — POz = (Dq1)']
(u(t)’
S—y(t)—a,
v(t)r(t)
where y(t)is defined by (24). Hence, we have
(u(t)’

vy <=d(0—0, (26)

v(t)r(t)
Multiplying (26) by H(t,s) and integrating from T to t , we get for some =1 and
t2T2t,

9

( ( ¢ H(t, !
[HowE)ds < —[H(Lsu ) ds— [, ©9) s as
T T r v(s)r(s)

Cile H(t.s) ]
=—H(ts)u(s)], — [| ——H(Ls)u(s)+o (u(s))’ |ds
\ Os lV(s)r(s)

T

t

) H(t, i
:H(t,T)u(T)—J. h(t,s)\/H(t,s)u(s)-|-0Ll (1) (u(s))” |ds
T v(s)r(s)

o H(t,s) Bv(s)r(s) B )
u(s)+ h(ts) | ds+——[V(s)r(s)n(t,9) ds
Bv(s)r(s) 4o, 4o, 1

Co, (B—DH(t,s)
1 Pv(s)r(s)
Writing the latter inequality in the form

=H(t,Tu(T)—

Srols WA

(u(s))2 ds.

t

I{H(t,s)w(s)— P

T 40(,l

t —1 2
V(s)r(s)(h(t,s))z:|dsSH(t,T)u(T)—.[OLI(B () d

1 Bv(s)r(s)

t H , i
—J. o Ht.s) u(s)+ Pr(©x(s) h(t,s) | ds (27)
T Bv(s)r(s) 4o,

S

u(t u(t) 2 :
< u(t)+—azp(t)v(t)[ —g(t)}—alv(t)r(t)[ —g(t)} +v(t)[—uq(t)+(r(t)g(t)) ]
v(Dr(t) v(Dr(t)
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Using the properties of H(t,s), we conclude from (27), for all t=T,

t

j|:H(t,s)\|I(s)— P

T, 40

v(&)r(s)(h(ts)’ :|ds <H(LT)|u(T)|

<H(Lt)|uer)-

Hence, for allt =T , we get

t

I{H(t,s)w(s)— .

t, 4(X,l

v()r(s)(h(t,s))’ j|ds

<H(t,t,)|u(T,) +T{H<t,s)w(s)— 4B v($)r(s)(h(t,9)) }ds
1, a,
<H(t,t,)|u(T) +]£H(t,s)\v(s)ds
<H(t,)|u(T)|+H(ut, )Tf|\u(s)|ds
SH(t,tO)_|u(TO) +}|W(S)|ds:|- (28)

By (28), we get

1 t
lim sup I|:H(t,s)\|l(s) —iv(s)r(s)(h(t,s))z :|ds < |u(T0 )
4o

+ _f|\|l(s)|ds
T H(tt) o

1

<o

which contradicts (22). Therefore, we have proved that all solutions of Equation (1) is

oscillatory.

Part 2
In this part, we add t(t) in Equation (1) to change it to the form
[r(k, (x(T()),x'(T(ON]'+ p(D)k, (x(T(1)),x '(T())x'(T(1) + q(OF (x(t(1)) = 0. (29)
Assume conditions (C) and (C,) hold. Moreover, assume that

(c)Tm>0 ,7(1) <t and lim T(t) =00.

t—>00
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Theorem 5: Assume that '(x) exists and
f'x)>p
for some p >0 and for all x # 0. Suppose that there exists a function g &€ C' ([t,,00);R)

such that for some =1 andHEW ,

1 b B v(s)r(s) ,
lim sup I(H(t,s)\v(s)—— (h(t,s)) )s =00 30)
G (R 4po, T'(s)
where
[ o, p@s)
V() =expl—2par, [(T(s)gls)— )ds] (1)
2ua, r(s)
and
W) =v(Dla(t)+ por, r(OT' (g () — o, p(Dg()— (r(Dg(t) 1. (32)

Then equation (I) is oscillatory.
Proof : Suppose that x(t) is a nonoscillatory solution of Equation (I). Without loss of

generality, we may assume that x(t) >0and x(T(t))>0 on [T,90) for some sufficient

large T 2t .
Define
K (x(z(),x (x(1)
u(t) = v()r(t) +g(t) (33)
F(x(T(1)
where v(t) is given by (31). Differentiating (33), we have
[
, , K, (x(t(0),x (1(1) r(Dk, (x(t(0),x (2(1)))
u ()=v ()r(t) +g(t) [+v(t) +r(t)g(t)
£(x(T(1) £(x(T(1))
V(o) (r(Ok, (x(1(0),x (2()’ r(t)kl(x(r(t)),x'(r(t)))f’(x(r(t)))x'(t)r'(t)}
= u(t)+ v(t) — -
V(D) 5 F(x(T(1) (F(x(t())
+v(O)(r(Dg®)
V(1) —p(0)k, (x(t(t),x (2(1)))
= u(t)+v(t) —q(t)
v(t) i F(x(T(1)
r(Dk, (<(t(0),x (TONE (O (()T'(1) ,
—v(1) + (O (Dg(t)

(F(x(T(1))’
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V(o) p(OV(Dk, (x(x(0),x (x(1) VDT (O (x(T(0),x (2(1)))

< u(h—a, — o, -
V(D) F(x(T(1) (F(x(x(D)
(0] ((Dg) —q()]

v'(t)

v(t)

u(t) i
—ualr’(t)v(t)r(t){ —g(t)}
v(t)r(t)

!
v (t

0
< u(t)+v(t>[(r(t>g(t»’—q(t>]—azp(t)v(t)[ - —g(t)}

v(t)r(t)

p(tu(t)

) :
u(® +vO] e a0 ]=a,
v(t) r(t)

A u® ) e@u) .
—ua, T (H)v(D)r(t) =3 + (g(1)
v(t)r(t) v(t)r(t)

, p(u(t)
a0+ v (D) = +a p(ven]~a,
v(t) r(t)

(u(t)’
v(t)r(t)

<

+a,v(tp(t)g(t)

v' (1)

<

—pa, (1) +2pa T(Og(Ou(t) —po, T(OV(Or(D(g(t)’

, p(t) p(t) ,
< —2pa, T(tg(t) +o, — |u(t) —a, —u(t) +2pa T (t)g(t)u(t)
r(t) r(t)

(u(t)’
v(t)r(t)

—v(Oa()+pe, TOrD(W) — o, p(DgO)— (r(Dg®) | —na, 7'(0)

!

Hou T (t)
v(Dr(t)
where y(t) is defined by (32). Hence, we obtain
uot T'(t)
v(Dr(t)
Multiplying above inequality by H(t,s) and integrating on [T,t), we have for some B=>1

(u(t)’

=—y()—

y(H<—u'(n— (u(v)’.

t t t H ,
[H(tw(s)ds S—[H(to)u'(s)ds — [ per 7'(1) AL
T T T v(s)r(s)

(u(s)) ds

Os v(s)r(s)

T

t l a ! H(t’s) 2
=—H(t,s)u(s)|T—I ——H(t,s)u(s)-l-},tal’f (1) (u(s)) |ds

t

H(t, ,
:H(t,T)u(T)—J.|:h(t,s)\/H(t,s)u(s)+u(xlt'(t) () (u(s)) j|ds
T v(s)r(s)
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Ho T(OH(t,s) "(t)H(t, s) Bv(s)r(s)
=H(t, T)u(T)— h(t,s) | ds
Bv(s)r(s) dpa T "(t)
v(s)r(s) po (B—1)

(a9’ ds= 2 o sxu(oas
4dpo, T (1) r Bv(s)r(s)

Writing the latter inequality in the form

t ‘ -1
J H(t,s)y(s)— L vis)i (h(t,s))2 ds <H(t,s)u(t)— JLﬁ)t'(t)H(t,s)(u(s))zds
4poe - T(t) 1 Bv(s)r(s)

t ’ H :
—| HOLTORED oy [P [ s (34)
T Bv(s)r(s) 4po T'(t)

Using the property of H(t,s), we conclude that for all t=>T

T 1

‘ B v(s)r(s) \
[| HELowEo ——— (h(t,s)’ [ds SH(D)|u(T)|
T 4po. T(0)

<H(t,t)|u(T)|.

Hence, forall t=t,

‘ B v(s)r(s) )
[| B W) ——— (h(t,)) |ds

4dpo,  T'(t)

I” 1

[ (s)r(s) .
<H(Lt)lu(D)|+ (s =PI oy s
L, 4po - T(1)
<H(L)lu]+ [HLs)y(s)ds
<H ||+ HE) [|wis)]ds

SH(t,t0)|:|u(T)| +H\|J(s)|ds:| : (35)

Then, we obtain,

1 t T
lim sup I H(t,s)\u(s)—LV(S)r(S) (h(t,s))2 dsS|u(T)|+_”\|!(s)|ds
7 H(tt,) dpo (1) .

1

<00,
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Which contradict (30). Therefore, we have proved that all solutions of Equation (29) is
oscillatory.

Theorem 6: Let (C ) — (C,) hold. Suppose that f(x) satisfies
f(x)

>u (36)

X

for some p >0 and for all x # 0. Suppose that there exists a function g €C ([t,00),R)

such that for some =1 andHE W,

1 t
lim sup I H(t,s)\|/(s)—Lv(s)r(s)t'(t)(h(t,s))2 ds =00 (37
7 H(tt) 4o,
where
‘ a,p(s)
V(0 =exp(—2at, [ (T'(s)e(s) - )ds) (38)
0 20L1r(s)
and
YO =v(O[pa®) +a, TOrEO) —apa®—E0ew)]. (9

Then Equation (29) is oscillatory.
Proof: Suppose on the contrary that there is a nonoscillatory solution x (t) of Equation
(29). Without loss of generality, we may assume that x(t) >0and x(t(t))>0 on [T ,00)

for some sufficiently large T > t, -

Define
K (x(2(0),x (2(1)))
u(t) = v()r(t) +g(t) (40)
x(1(1)
where v(t) is given by (37). Differentiating (39), we obtain
) , k, (x(x(0),x (1() r(Dk, (x(t(0),x (7))
u ()=v ()r(t) +g(t) [+ v(t) +r(t)g(t)
x(1(1) x(1(1)
V() (r(Dk, (x(x(0),x (x)) r(Ok, (x(e(t),x (T(ONx (()T'() ,
= u(t)+v(t) - - +(r(t)g(1)
V(D) | x(1(1) (x(x(1)
V() p(Dk, (x(t(0),x (T (x(1) F(x(T(1)
= u(t)+v(t) —q(t)
V(D) | x(1(1) x(1(1))
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Ok, (x(3(0)X (@ O)x ()T (1)
(x(t(®)’
V(1) [ POk, (x(x(),x (x(1)
< u()+v(| —a, —Hq(t)
(D) x(t(1))
r(0(k, (x(1(0),x"(2(V)’

(x(t(0)’

+<r<t>g<t»’}

—aT (1)

+(r(t)g<t))’}

v (1) ult

(t , u(®) 2
= u(t) = o, p(t)v(t) —g(t) | —o, T (D) v(Dr(t) —g(t)
v()r(t) v(t)r(t)

v(t)
+v(O)] —pa(®) + (r(Dg(1)']

V() p(t) /
u(t) — o, ——u()+ o, v(Op(Dg(t)+v(D)] —pa() + (r(0g) ]
v(t) r(t)

% ()  2g(tult) \
—a, T ()v(Dr(t) =2\ +(g()
(v(Or(D)) v(Dr(t)

p(t) p(t) (u(t))’ ,
S| 2ag()+a, — [u(®—o, —u()—o,T'(t) + 20 T'(Dg(tu(t)
T r(t) T r(b) v(t)r(t)
—v(O[ g0+, T Or(O((D) — o p(DgD—(r(Dq(1)']
(u(t)’

=—y(t)—o, T'(t)
v(t)r(t)

where y(t)is defined by (38). Hence, we have

(u(t)’

VR

Multiplying above by H(t,s) and integrating from T to t , we get for some =1 and

(41)

(< —d (—a,7(1)

t2T2T,

H(t,s)

[Hw()ds <= [H(tu()as — [, 7'(0) (u(s))’ ds

T v(s)r(s)

- G H(t,s) )
=—H(tse)|, — | |:——H(t,s)u(s)+(xl’|:'(t) (u(s)" |ds
s v(s)r(s)

T

J H(ts)
:H(t,T)u(T)—j h(t,s)\/H(t,s)u(s)+(xl‘c'(t) i (u(s))” |ds
T v(s)r(s)

o, T'(t)H(t,s) Bv(s)r(s) B ¢ v(s)r(s) ,
—u(s)+ h(t,s) ds+—j (h(t,s)) ds
Bv(s)r(s) 4o, T'(t) 4o T Tt

=H(t,T)u(T)—

[ S
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co (B=DT'(HH(, s) ,
(u(s)) ds.
T Bv(s)r(s)

Writing the latter inequality in the form

4o, T'(1)

T

( B v(s)r(s) ,
[| vt ——— (h(t,s)) |ds

SH(t,T)u(T)—j

T Bv(s)r(s)

ot (t)(B—l)(u(S)) T (t)H(t s) Bv(s)r(s)
s—.[ u(s)+ h(t,s) | ds-
Bv(s)r(s) 4(111:'(t)

Using the properties of H(t,s), we conclude that above inequality for all t=T

( B v(s)r(s)
[| oo ——— (h(ts)" [ds SH(LT)|u(T,)|
4o, T'(t)

T

<H(tt)|ucr))|.

Hence, forallt>T , we get

’ B v(s)r(s) )
[l LW ——— (h(t,)" ds
4o, (1)

‘(!

¢ B v(s)r(s) ,
0 +f H(t,s)y(s) =—— (h(t,s))" |ds
t, 40(l T’(t)

) + IH(t,s)w(s)ds

O+ H) [lws)as

SH(t,t0)|:|u(T0)|+j.|\|/(s)|ds:| : (42)

By (42), we get

1 t
lim sup I H(t,s)\|l(s)—iV(S)I(S)(h(t,s))Z dsS|
7T H(tt,) 4o, T(1)

1

|t _r|\|l(s)|ds

<00

which contradicts (37). Therefore, we have proved that all solutions of Equation (29) is

oscillatory.



