Chapter 3
Main Results

This chapter is divided into 2 sections. In section 3.1, we study the deter-
minant of the adjacency matrices of graphs P,(FP,,). In section 3.2, we study the

determinant of the adjacency matrices of graphs C,,(P,,).

3.1 Determinant of the Adjacency Matrices
of Graph P,(F,,)

Definition 3.1.1. Let m,n be positive integers such that n > 1. Let P,(P,,) be a
graph with the vertex set V(P,(P,)) = {ijli = 1,2,...,n,7 = 1,2,...,m} and
the edge set F(P,(P,)) = {{ij,ik}{j, k} € E(F,)} U {{il,k1}|{i,k} € E(P,)}
we call this graph the path P, of paths P,,.

Example 3.1.2. The path P5 of paths P;.

11 21 31 41 o1

e 12 ® 22 ® 32 o 42 ® 52

e 13 o 23 ¢ 33 ® 43 ® 53

e 14 e 24 e 34 e 44 ® 54

We can see that

Lemma 3.1.3. P,(P)) = P, for all positive integer n.
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For a graph I with n vertices, m edges and ¢ components, we denoted the

number of vertices, the number of edges and the number of components of a graph
[ by v(I'), e(I") and ¢(T"), respectively.

Lemma 3.1.4. Let I" be a spanning elementary subgraph of a graph G. If each

o)
5 4

component of graph I" is Ky then e(I') = ¢(I') =
Proof : Let I' be a spanning elementary subgraph of a graph G and every compo-
nents of I' is Ky. Assume that I' consists of r components, then

(') =2r, e(') =71 and ¢(T') = 1.
Therefore,

Theorem 3.1.5. For positive integers n,m > 1

0 if nm is odd,

(=12 if nm is even.

det(A(P,(P,,)) = {

Proof :

11 21 31 41 nl
*—o T T T °

e 12 ® 22 ® 32 o 42 ® o n2

Po(Pn)

e 13 ® 23 ® 33 ® 43 [ } o n3
° ° ® ° ° °
elm e2m e3m e4dm e e nm

We consider the following two cases :

Case I : if nm is odd :
Since this case the graph P,(P,,) is a tree with odd vertices, det(A(P,(Py,)) =
0(by Theorem 2.2.9).
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Case II : if nm is even :

In the case m 1is even,

11 21 31 nl

[ . . ° °

e 21 022 32 o o n2

° ° ° ° °

olm e2m e3m e... enm (thispicturen=5m=4)

There exists only one spanning elementary subgraph T' where every com-
ponents is in the form {i(2j —1),i(25)},i=1,2,...,n ,j=1,2,..

11 21 31 nl
IlZ I22 I32 In?
13 23 33 n3
Indubidni= L

m—1)e2(m—1)e3(m — 1) n(m —1)
Ilm I2m I3m Inm

1L
oy
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In the case m is odd, n is even,

11 21 31 41 nl
[ . . . . °
e 21 ® 22 032 e42 o o n2
13 23 o33 e43 e o n3
° ° ° ° L °
enm elm e2m e3m e--- e nm

( this picture n. = 6,m = b)

There also exists only one spanning elementary subgraph T' where every
components is in one of the forms {i(27),1(2j + 1)} or {(2k — 1)1, (2k)1},i =
1,2,...,n,5=12,..., 20 k=122

11 21 31 4 (n—1)1 nl

12 22 32 n2
I13 Izs 133 In?)
14 24 34 nd
I 15 IZE) I35 ) In5
Il(m—l)IQ(m—l)IZ%(m—%)“ In(m—l)
1m 2m 3m nm

Therefore, in the case nm s even,
e(T) = ¢(T) = YD) — nm

2 2
Then
r(I') = nm — % = &2
s(I') = %% —nm + % =0,
and



15
3.2 Determinant of the Adjacency Matrices
of Graph C,,(P,,)

Definition 3.2.1. Let m,n be positive integers such that n > 3. Let C,(P,,) be a
graph with the vertex set V(C,(Py)) = {ijli = 1,2,...,n,5 = 1,2,...,m} and
the edge set E(C,(Py)) = {{ij,ik}|{j, k} € E(P,)} U {{il,k1}|{i,k} € E(C,)}
we call this graph, the cycle C,, of paths P,,.

Example 3.2.2. The cycle Cy of paths Ps.

13 23

C@(Pg) .

63 33

We can see that

Lemma 3.2.3. C,,(P,) = C, for all integer n > 3.

11 21

Co(P)) : nl 31

41
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Theorem 3.2.4. For positive integers n > 3,m > 1,

(1% if m is even,
det(A(C(Pn)) = £ 2(=1)""5"" if m is odd and n is odd,
2(—1)2"[1 — (=1)2] if mis odd and n is even.

Proof :

( this picture n = 6,m = 4)

We consider the following three cases :
Case I : if m is even

Case I : if m,n are odd

Case III : if m is odd, n is even
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In the first case, m is even :

( this picture n = 5,m = 4)

There exists only one spanning elementary subgraph I where every com-
ponents is in the form {i(2j —1),i(25)},i=1,2,...,n ,j =1,2,..

11 21 31 nl
Il2 122 I32 In?
13 23 33 n3
I

Ilm—1)e2(m—1)e3(m — 1) n(m —1)
Ilm IZm I?)m Inm

Therefore, in the case m is even,

e(l) = ¢(T) = %) = nm.

m
g

Then



18

and

In the second case, m,n are odd :

( this picture n =5,m = 5)

There exists only one spanning elementary subgraph I where every compo-

nents is in one of forms C, or {i(2j),i(2j+1)},i=1,2,...,n,j=1,2,..., 2.
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I 12 IQQ I32
" 13 23 33
14 24 34
nl 21 I I I
15 25 35

31

Iim—1)e2(m—1)e3(m—1)
Ilm IQm ISm

Therefore, in the case m,n is odd,

e(l') = n + (M2=1)

(D) = 1 4 (M=),
Then
r(T) = nm — [1 + (M=)
—nm=3 -y

— nmin=2
V 2

s(T) = [n+ ("52)] = nm + [1 + (2571)]
=n+nim—1)—nm+1
=n+nm—n—nm-+1
=~

and
det(A(Py(Pn))) = (—1)™5 (2)!
= 2(—1)""%"

n2
n3
n4

nb

n(m —1)

nm
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In the third case, m is odd and n is even :

Im

1(m—1)

( this picture n = 6, m = 5)

There exists three spanning elementary subgraphs 'y, Ty and I's where ev-
ery components of I'y is in the form C,, or {i(27),i(2j + 1)},i=1,2,...,n ,j =

m—1
1,2,..., 2L,

Iy

11 21

Ilm—1)e2(m—1)e3(m — 1) n(m —1)
Ilm IQm IBm Inm
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Therefore, in the case I'y,
e(la) = n+ (5
e(T1) = 1+ (5.
Then
T(F1)=nm—[1+(@)]:nm_%_nm_i_%zw and
s(Cy) = [n+ (P20 = e  [1 4 (2222

=n+nm-—1)—nm+1

=n+nm—-n—-nm-++1
=1.

Every components of Ty is in the form {i(27),i(25 + 1)} or {(2k —
D1, (26)1},i= 1,2, nj=1,2, 0,20 k=122

I's
12 22 32 n2
11 21 I I I I
o—eo 13 23 33 n3
15 25 35 nb
(n—1)1 nl

o o Il(m—l)IQ(m—l)IB(m—l) In(m—l)

1m 2m 3m nm
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And every components of Tz isin the form {i(27),i(2j+1)} or {(2k)1, (2k+
Diti=1,2,...,n,j=1,2,...,22 k=12...,2—1.

Ty -
12 22 32 n2
nl 11 I I I N I
e o 13 23 33 n3
21 31
o———+o 14 24 34 nd

(nul)llum—l)IQ(mI)IS(ml) In(m_l)
2m 3m

Im %)

Therefore, in the cases I'y, '3,

e(I'y) =e(I's) = v(12“2) — nm

2
c(la) = c(Ty) = *G = 72,

Then i i
n(Lz) = r(3) = nm — 252 = 1.
s(Io) =r(l') =" —nm+ % =0
Thus
det(A(P,(Pp))) = (—1) 5= (2)! + (~1) 520 + (~1)F 20
= 2(—1)" T 4 2(-1)F
=AY BT+ 1
= 2(=1)F (1)} (~1)F 1]
= 2(—1)%2"[1 — (—1)2] .y
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Example 3.2.5. det(A(Plog(Pgo))) and det(A(Pgl(Pgl)))

det(A(Pioo(Pao))) = (—1
det(A(Py1(Po1))) = 0.

)100-20

2 = 1.

Example 3.2.6. det(A(Cy;(Pio))) , det(A(Cy1(Pyr))) and det(A(Coo(Por))).

91- 100

det(A(Co1(Pioo))) = (—=1) 2
det(A(Co1(Po1))) = 2(—1)
det(A(Croo(Fon))) = 2(—1)

( )4550 =1.
(91x91)+91 2 _ 2( 1)4185 _ 9

1-(-1)*%) =0,

(100)(91)



