CHAPTER 4
SECOND DEGREE APPROXIMATION

In this chapter, we extend the system of linear matrices inequalities LMI’s in
case r = 2 for approximating optimal solution of copositive programming by using

the second order sum of square decomposition.

4.1 Second Order Sum of Squares Decompositions

By directly calculating coefficients A,,(M) of the homogeneous polynomial
P@)(x), we obtain the characterizations of the cone K2. Further, we obtain a

necessary and sufficient condition for a matrix M belongs in K2.

Consider the second order sum of square decomposition of the form
s = Pty = 30 Meta(3 ey
ij=1
in case r = 2 such that

P (x Zazk Z M,z Z:Ek

2,7=1
With slightly more effort, we can derive similar system of LMI’s for the cones
K" if r > 2. However, d then increases so rapidly with n (recall that d = O(n"=?))
that the resulting problems become too large for current SDP solvers. In summary,

we have the following theorem.

Theorem 4.1.1. (De Klerk and Pasechnik [5]). Let M ¢ S + N, be strictly
copositive. Then there are integers ri (M) and re(M) with 1 < rg(M) < re(M) <
400, such that
St4+N,=KcK!c---CcK'>M
for allr = ri (M) while M ¢ KM= and similarly
N,=C’cClc---cCrsM

for all v = re(M) while M ¢ Cpe™
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4.2 Second Degree Approximation of the Cone of Copos-

itive Matrices

In this section, we derive the system of linear matrix inequalities LMI’s for
the cones K? by using the similar technique for the system of LMI’s for the cone

K} for approximating the copositive programming.

Theorem 4.2.1. M € K2 if and only if there are n symmetric n X n matrices
MU e 8, fori=1,...,n and j = 1,...,n such that the following system of linear

imequalities has a solution:

M—-M® ¢ St i=1,..n,
M > 0 i=1,..m,
oM +2MI) > 0 i#j
M 4 M aMlD > 0 i#j
oM™ +2MiP v oM + MY) = 0 i iAkitk
AME + M)+ MPP M MY M) > 0 i<j<k<d

(4.1)
where M) € S, fori=1,..nand j=1,.. n.

Proof. By(3.5) for r = 2 ,we have

S

P (z) = Z Mz ( xi)Q ="Mz
ij=1 k=1
n+3

4
Assume that M € K? By the Theorem 3.1.2 and (3.9) there exists a M € S

where & = [t"]yena) € R? and d =

satisfying (3.8) such that the left-hand side of (3.8) in case n = 2m; are satisfied
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as follows

1 Mmmmm Jif n = 8e;

2) Mijiiij + 2Misiiiij; > if n = 6e; + 2¢;
4 Mz’z’jk,iijk + 2<Miiii,jjkk + Miiij,ijkk + Mmkmk) + Miijj,iikk JAf no=4de; + 2e; + 2¢y,

(1)
(2)
(3) Miiigs + 2(Miisigjgs + Miigizgs) - if n=de; + de;
(4)
(5)

Mijkignn + 2(Miijieru + Miikk 550 + M jike + Miije jen + Miiji ik

+Miz‘kl,jjkl + Mijjk,ikll + Mijjl,ikkl + Mz‘jll,ijkk) Jf no=2e; + 2e; + 2e;, + 2¢

Similarly for case n = 2m of (3.9)

(7) A (M) = 2(Mj + M)

(8) iy (M) = M+ Mj; +4M;,

(9)  Aup(M) = 2(My + 2M;; + 2My, + Mjy,)

(10) Ajju(M) = 4(My; + My, + My + My + My + My)
Putting S,Zj) = Mijkk,ijll for all (ijkl) and setting M) = M — S(;j).

Now consider S = M — M since S € ST then M—M® € Stfori=1,...n

y (1)
Mi(iu) = Mii_SL
2 ~
Mo ioi:
e AZlZZ M R 111,111
(b 2
= M izii — ’
+ F 2

2



oM + oM =

WV
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S--ij) S@(“)
2(My = =) 4 2(My — 2-)

2M;; + 2My; — S — gl

[ 17
Aiiig(M) — Miiij iy — Miiiiijg

Misijiiig + 2Miiiiiig; — Miiigaig — Misiiigg

0
/ v y 5 St 54
S5 e
= Au(M)— 32] 2 ]2] . — 2Miiiij5

. ¥ . Moiiisis:
. 77,2137
= Miijjiiy + 2Miiii jjjs + 2Mijizis — —5

Miijjiizi oy
—— o 2Miijiji;

Miiii jjjg

= 0

oMY +2M P + 2M§D + M)

(7k) (ik) i) g (i)
5) + 2(Ma — =5) + My — ~5-

Sii
= 2(M;— 5 + 2(M;; —

WV

2(My; + 2M;5 + 2My, + Mjy,) — Sz‘(gk) = 2Si(;k) - QSi(lij) - Sj(';:)

Ajije(M)

— Miijkiijk — 2Miiikijje — 2Miiij e — Miijj iikk

Miijkiije + 2Mizii jiee + 2Miiigjen + 2Maiijie + 2Miijjaien

— Miijkiije — 2Miiik,ijie — 2Miiijijrer — Miigj ick

2 Miii ke + Miigj ikk

)



(k1)
A(M]]

P
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+ MY+ MY + M+ MGP + MED)
(k1) gL Gk (Zl)
4(M;; — g + M, — =2 + My — & +Mjk_j7
(;k) S(ij)
+ Mj — j2 + My — ’; )

4(Myj + Mg + My + My, + My + Myg) — 2(S5" + 5§

+ 879 + 85 + S§Y + s

A (M) + Q(Miikl,jjkl <l Miijl,jkkl st Miijk,jkll + Mijjl,ikkl

+ Mijjk,ikll + Mijkk,ijll)

Mijrijrn + 2Miijjamn + 2Miigejin + 2Mii jire + 2Miin i

+ 2 Mt ikt + 2Miina jjr + 2Mijiminn + 2Mij i + 2Miju e
— QMg jjkr — 2Miiji gk — 2Maij i — 2Mijjien — 2Mijjrana
— 2M i

Mijkl,ijkl + 2Mz’z’jj,kkll + QMiikk,jjll + 2Miill,jjkk

0.

In these cases, we use the degree of freedom of choosing entry of M so that M

remains

positive

feasible and also the fact that every principle major of positive definite is

definite.

Thus we have got a solution to the system of LMI’s (4.1). Conversely, Assuming

that a solution to (4.1) is given. Then we have,

PO (z)

n

= (Zm?)Z(mox)TM(zom)
2 (Z;{:?)2(q}o;p)T(M_ MDY (z o x) + (Zm?)Q(mox)T(M(ij))(g;ox)

Since M — M) € S* for every i, the first sum is a s.0.s. Let now consider the

second sum,
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Zm (z 0 x)T (M) (x o x)

=1

= E Mk”) g 2;1:%3712
1,9,k,!

:Z Dt 43" @M + 2M 7 )2ba?

i#£]
]]) (i1) (27) 24

+ 3 (MPP 4+ M + AN )xlad

i#£]
+ Z Q(M(Jk) + ZM(Zk) = QM(U) + M(u))l’ $i

i,k
+ Y A+ M0+ MY+ MED 4 MY+ M2l

<j<k<l

:Z (VM) 37 (/2M5P 4+ 2 )2

i#]
3 MED  ME 4 a2y
i#£]
b (20 2 20 Mt
i), kit
Y (a0 M+ MDD 4+ MG M)

1<j<k<l

where we have used the non-negativity of the last condition of 4.1 to obtain the
last equality. Note that the first two sums of the last expression vanish due to the

second and the third condition of 4.1. Thus P (x) is represented as a s.0.s. [

We therefore change the SDP approximations of the copositive cone to arrive at
a series of LP approximations of copositive cone. These approximation are weaker

than the SDP, but can be solved more easily.

Theorem 4.2.2. M € C? if and only if there are n symmetric n X n matrices

M) € S, fori=1,..,n and j =1,...,n such that the following system of linear
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mequalities has a solution:

M—-M® ¢ Nt i=1,..n,
M > 0 i=1,..n,
oM+ oM = 0 4y
MPP MY+ aM > 0 4
oMM oM oM + M) > 0 A jAkiAk
SO M+ MM+ M M) > 0 i<j<k<l

where M) € S, fori=1,..,n and j =1,....n.

4.3 Examples

In this section, we give some examples for approximating the problems of the

copositive programming in the form:

min tr(CTX)
st. AeX =D
X e K,.

We approximated this problem via Matlab program, and we have a optimiza-
tion toolbox is called "linprog”. The linprog is a package for solving a linear
programming problem, then we changed this problem into the linear programming

problem as the form:

min ¢’z
sit. Arx =0
x> 0.

And we condider LMI’s in the theorem 4.2.2 for checking the condition X € C,,.



26

Example 4.3.1 Consider for the case i, 5, k, 1l = 1,2,3 and given

c'=14210 4 -8 4000 0

160
A 4 16 4 4 22 4 0 0 0 0 --- 0
-8 2 —-18 6 6 10 0 0 O O
2x60
312
b=
60
Consider the condition, M — M@ ¢ S+ » M — M) >0
> M — M >0
> M — MG >0
M(ll) M(12) M(lS)
M) = | pren ppe2) pr23)
MG pAr32) py63)
929
Ti1 Ti2 T13 Mﬁl) Ml(;l) M1(§1)
M= To1 Tz T23 |» MO = Mz(il) Méél) M2(?1>1)
T3 T3z Ts3 MY MyGY Mg i
since MUY € S, and M € S, then
M-—MW>0 = 1. z,;,-MIY>0

2. x99 — Ml(;l) =0
3. x5 — MLV >0
4. 3o — MUY >0
5. a3 — MUEY >0

6. w33 — MEY >0

Similarly for M — M®? and M — M©33),
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M =0 » MGV =0
» M2 >0

» M3V >0

and 2M07 +2M50 > 0,0 #§ w 2MiY +2MbY >

» 20 203V

WV

0
0
0

WV

» 2032V 4 20

» 2030 4 203

WV

0

> 2MS" + 2M Y

WV

0

> M5+ 2MY

WV

0

Similarly for condition 4 and 5.

Thus we got 39 conditions for checking the condition X € C,. And the ap-

proximation result is

» Optimization terminated successfully.

0.0000 0.0000  1.3143
xr = | 0.0000 0.0000 13.9429
1.3143 13.9429 0.0000

T 1S a copositive matrix.

Example 4.3.2 Consider for the case 7,7, k, [ = 1,2, 3,4 and given

cr 4 14 24 40 6 14 14 16 2 0 0 0 O --- O

4 10 -4 18 —-10 6 18 14 4 6 0 0 0 O
8 0 0 -8 2 220 -6 12 10 0 0 0 O

1x170

2x170
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376
140

We used the same technique in example 4.3.1 for checking X € (), and the

approximation result is

» Optimization terminated successfully.

[ 0.0000 0.0000 0.0000 9.849
0.0000 0.0000 0.0000 11.0397
0.0000  0.0000 0.0000 0.0000
| 9.8492 110307 00000 0.0000

T is a copositive matrix.



