CHAPTER 1
INTRODUCTION

There has been worldwide interest in the study of switched systems in
recent years. These systems have been widely applied to the walking robots, bio-
logical cell growth and division, air and ground transportation systems, machine
industrial systems and so on.

Switching system is a class of hybrid systems consisting of discrete or
continuous subsystems and a switching rule indicating the active subsystem at each
instant of time. For switched systems, one of the most important and challenging
problems is to find the switching laws, i.e., what switching laws can guarantee
the switched systems stable. Therefore several researchers have studied switched
system and provided sufficient conditions to guarantee the stability of switched

systems with delay.

In 2004, M.Wu, Y.He, J.H. She and G.P. Liu [17] have studied the delay-
dependent robust stability for time-varying delay systems described by

#(t) = [A + AAW®)]a(t) + [B + AB®)]a(t — d(t)), t > 0,

(t) = ¢(t), t € [-7,0],

(1.1)

where z(t) € R™ is the state vector. The time delay d(¢) is a time-varying contin-

uous function that satisfies

0<d(t)<T, dt)<pu<l,

where 7 and pu are constants and the initial condition, ¢(t) is a continuous vector
valued initial function of ¢ € [—7,0]. A, B € R™" are given constant matrices.

The uncertainties are assumed to be of the form
[AA(t) AB(t)] = DF(t)[E, E),

where D, F, and F} are constant matrices with appropriate dimensions and F\(t)

is an unknown, real matrices satisfying F7(¢)F(t) < 1.



The following theorems are the main results in their studies.
Theorem 1.1 [17] Given scalars T > 0 and p < 1, the system (1.1) with AA(t) =

AB(t) = 0 is asymptotically stable if there exist symmetric positive definite matri-

. Ny . . X1 X
ces P,Q) and Z, a symmetric semipositive definite matrix X = > 0,
* XQQ
and any appropriately dimensioned matrices Y and T such that the following LMIs
are true
(I)H (1312 TATZ X11 X12 Y
b= | % &y BTZ| <0 and ¥Y=| « Xy T| >0, (1.2)
* * —T7 * x 7
where

G =PA+ATPHY +YT 4+ Q+ 7X11,

&, =PB-Y +TT + 17X,

Boy = —T —TT — (1 — p)Q + 7 X0,

and x denotes the symmetric terms in a symmetric matrix.

Theorem 1.2 [17] Given scalars T > 0 and p < 1, the system (1.1) is robust

asymptotically stable if there exist symmetric positive definite matrices P,Q and
X1 Xig

7, a symmetric semipositive definite matriz X = > 0, and any ap-
Xx XQQ

propriately dimensioned matrices Y and T such that the following LMIs are true

QH ng TATZ PD

Xll X12 Y
* QQQ TBTZ 0
* * -7/ T1/D

* * * —1

where

Oy =PA+ATP+Y + YT +Q+ 17Xy, + ETE,,
Qw=PB-Y +TT + 7X15 + ETE,,

Qoo = =T —T" = (1= p)Q + 7Xo2 + E[ .



Y. Zhang, X. Liu and X. Shen [20] have given the following definition about
the switched systems.

Definition 1.1 [20] Consider the differential system:
o(t) = [A; + AA(t)]z(t), t >0, (1.4)

where A;, 1 € I, = {1,2,.... k} are constant matrices, AA;(t) are uncertain matri-

ces which are of the form
AA;(t) = D;Fi(t)E;, (1.5)

where D;, E; are unknown constant matrices of appropriate dimension and Fi(t)

are unknown matrices satisfying
FI(t)Fi(t) < I.

The system (1.4) is called the uncertain linear switched system with k subsystems.
I(t) : RY — I, = {1,2, ...k}, t € [ty,tny1), N =0,1,2, ...

I(t) is the switching signal determines which subsystem is activated at certain time
interval.

Assumption of the switched systems:

(1) The system will switch forever (will not stop switching).

(2) For any consecutive interval [tn,tn+11), [En+1, tn+2), the active subsystems are
different.

(3) A solution of the switched system is a continuous function.

Definition 1.2 [20] The system (1.4) is said to be robustly stable if the trivial solu-
tion of system (1.4) is asymptotically stable for all uncertainties satisfying (1.5).
Definition 1.3 [20] Ty = inf{t; — t;_1} is called the dwell time of switched system.

In 2005, H. Huang, Y. Hu and H.X. Li [8] have studied the robust stability
of switched Hopfield neural networks with time-varying delay under uncertainty

given by

ut) = Z&-(t)[—(c‘i +ACi(t))u(t) + (B; + ABi(t)g(u(t — (1)) (1.6)
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Define the indicator function &(t) = [£1(t), & (), ..., En(t)]T, where
&) 1, when the switched system is described by the ¢ th mode,
i\l) =

0, otherwise,

with ¢ = 1,2, ..., N. The following assumptions are further made:
(H1) There exists a positive diagonal matrix K = diag(kq, ko, ..., k,) > 0, such

that the activations g; satisfy

(H2) The time-varying delay 7(t) is bounded on R (i.e., 0 < 7(t) < 7) and is a
differentiable function with 7(¢) < ¢ < 1, where 7 and ( are positive constants.
(H3) The parametric uncertainties AC;(t), AB;(t) are time variant and unknown,

but norm bounded. The uncertainties are of the following form:
[ACi(t) AB;(t)] = DF(t)[ 7 EF],

in which D, EY, EP are known real constant matrices with appropriate dimensions.

The uncertain matrix F(t) satisfies
FT(t)F(t) <1, Vt € R.

They gave the following condition for robust stability of system (1.6).
Theorem 1.3 [8] Assume that the activation function g, time-varying delay 7(t) and
parametric uncertainties ACy(t), AB;(t) satisfy (H1),(H2) and (H3), respectively.
Then the switched Hopfield neural network (1.6) is globally exponentially stable if
there exist a matrix P > 0, a diagonal Q > 0 and two positive scalars p,o, such

that the following LMIs hold fori=1,2,...,N :

o, PB 0 JpTaPD]
x —(1- VoI (BP)T 0
5 (1-0Q Vo '(EP) “0 ()
* * —TI 0
* * * -1

in which ©; = —PC; — C;P + p~Y(EC)TEC + KQK.



In 2008, M.S. Alwan and X. Liu [1] have studied the linear switched systems
with time delay described by

Q?(t) = Azx(t) + Bﬂ?(t — T), t e [tk_l,tk), (18)

where z(t) € R™ denotes the state vector, T is constant time-delay. A;, B; are n. xn
constant matrices. Let S, = {1,2,...,r} and Sy = {r + 1,7 + 2,..., N} be the set

of indices of the unstable and stable modes, respectively. 1 € S = .S, U S;.

The following theorem is the main result in his study.
Theorem 1.4 [1] The trivial solution of system (1.8) is globally exponentially stable
if the following assumptions hold:
Al (i) Fori € S,
Re[A(A;)] > 0 and Re[\(A; + B;)] > 0.
(11) Fori € Sy, A; is Hurwitz (i.e., Re[A\(A;)] < 0) and
— (220 4 B <0,
where 5F =|| PiB; ||, Asr = max{ Ay (F;), Vi € S}, Ay = min{\,,(P;),Vi € S},
AT P+ PA; = —Q.
A2 Let At = max{§;,Vi € S,} and A\ = min{(;,Vi € S;} with & and (; being
respectively the growth rates of the unstable modes and the decay rates of the stable
modes, and T (to,t), T~ (to,t) denote the total activation times of the unstable and
stable modes over (to,t), respectively. Assume that, for any to, the switching law

guarantees that
L + *
inp T lf0r) S AT X
t>to T (tg, 1) — A= — A*
where \* € (0, A7), furthermore, there exists 0 < v < \* such that

(i) forie S,
Inp— vty —tr—1) <0, k=1,2,...,r.
(i1) fori € Sy
Inp+ Gr— vty —tp—1) <0, k=r+1,r+2,...,N.

Moreover, M.S. Alwan and X. Liu [1] have studied the weakly nonlinear switched



systems with time delay described by
(t) = Ajz(t) + gi(t, x, xy), (1.9)

where i € S =S, US, and ¢;(¢,0,0) =0 for all t and 7 € S.

The sufficient conditions to guarantee exponential stability of the trivial solu-
tion are stated in the following theorem.
Theorem 1.5 [1] The trivial solution of system (1.9) is globally exponentially stable
if the following assumptions hold:
Al (i) Fori € Sy,
Re[A(A;)] > 0.
(i1) Forie Sy, A; is Hurwitz.
A2 For each i € S, there exist positive constants a; and b; such that
227 (t) Pigi(t @, xe) < aq || 2(t) |1 +0i || 2 |17,
where || x; ||;= sup || x(0) || .
t—7<0<t
A3 Fori e S;,
—(Aullma) 4 o <o,

A4 Assumption A2 of theorem 1.4 holds.

In 2008, J. Liu, X. Liu and W.C. Xie [15], have studied the delay-dependent
robust control for uncertain switched systems with time-delay defined by the

following state equations:

.

B(t) = [A; + AA(D)]x(t) + [A; + AA(1)]x(t — h)

+[B; + ABy(t)]u(t), t >0, (1.10)

a(t) = ¢(t), t € [=h,0],

\
where x(t) € R™ is the state vector, u(t) € R™ is the control input and h is
the constant time-delay. A;, fli € R™" and B; € R™™ are constant real matrices.
I:RY — I, 2 {1,2, ...k} is the switching signal, which is assumed to be piecewise
constant on R* and has only finite discontinuous instants in any bounded interval.

AA;, AA; and AB; are time-dependent uncertainties of the form
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AA; = Dy,;Z1,(t)Er, AA; = Dy iZ9i(t)Eay, AB; = D3 ;=5,(t)Es,

where D;; and Ej;, (i € Iy,j = 1,2,3) are known constant real matrices of ap-
propriate dimensions. Z;;(t), (i € Iy, j = 1,2, 3) are unknown matrix functions of

time ¢ satisfying || =;,(¢) ||< 1.

The main result obtained in [15] is the following.

Theorem 1.6 [15] Given h > 0 and v > 1,

(i) if there exist some positive numbers €;,(j = 1,2, ...,8,1 € Ii,), positive definite
matrices P; and T;(i € Iy), non-singular matrices G; such that the following

matriz inequality is satisfied:

Y Yip X
Q=1 x Yo Xg3| <O (1.11)
* * 233
(i) if
1, N
To > —ln—— 1.12
0= P nOé)\Q’ ( )

where 0 < a < 1 s some real number,
A1 A

)\_17 Ey )\_3}7
and Ty is the dwell time, then for any given switching law subject to (1.12),

p = 3 min{

the uncertain switched system (1.10) is robustly stable,

where

i = P(Ai+G)+(Ai+G) P+ 51_,11PiD1,iD¥:i[)i + e BB+ 5?:z-1PiDQ,iD2T,iPi
+ 55,iEf:iE1,i +yhGT P,G; + T;,

Yog = —h"Hy—=1)P+ E;}PiDl,iD{iPi + 57_7%PiD2,iD%jiPi7

Yag = =T, +e3,: 59 Fo s + €7, B3  Fa,

Y1 = (A +G)T P,

Sis = Ri(Ai = Gy,

oy = P(A; = Gy),

A = miaX{AM(Pi)}a

Ay = miin{/\m(Pi)},



As = min{Au (GG T},
A = max{ A~ )}

In 2009, L.V. Hien, Q.P. Ha and V.N. Phat [6] have studied the stability of

uncertain switched linear systems with time delay described by

#(t) = [Ay + AA(D)]a(t) + [Dy + AD,(B)]a(t — h(t)), t >0,

(1.13)
x(t) = ¢(t), t € [—hu, 0],

where z(t) € R™ is the system state; o(-) : R* — Z := {1,2,..., N} is the switching
function, which is piece-wise constant function depending on the state at each time
and will be designed. A,, D, € {[A;, D;],i =1,2,..., N}, A;, D; are given matrices
and ¢(t) € C([—h, 0], R") is the initial function with || ¢ ||= supo] Il o(s) || - The

sE€[—h,
uncertainties satisfy the following conditions:

AAi(t) = Foilvi(t) Hoi, ADi(t) = By Fr(t) Hy,

where Iy;, Hy;, k=0,1, i =1,2,..., N are given constant matrices with appropri-

ate dimensions. Fy;(t) are unknown, real matrices satisfying
FL®)Fu(t) <1, k=0,1, i=1,2,..,N, ¥t >0.

The time-varying delay function A(t) is assumed to satisfy the following condition:

0<h(t)<h, h(t) <pu<1, t>0,

where h and p are given constants.

The following definitions are presented to formulate the problem.
Definition 1.4 [6] Given § > 0. The system (1.13) is f—exponentially stable if
there exists a switching function o(-) and positive number v such that any solution

x(t, ¢) of the system satisfies

| z(t, @) ||< ve P | ¢ |, Vt e R,



for all the uncertainties.
Definition 1.5 [6] The system of matrices {L;},i = 1,2, ..., N, is said to be strictly
complete if for every x € R™\ {0} there is i € {1,2,..., N} such that 2T L;x < 0.

Remark 1.1 [6] A sufficient condition for the strictly completeness of the system

N

{L;} is that there exist & > 0,i = 1,2,..., N such that E@- >0 and
N i=1
=1

For given numbers 3, h and p, symmetric positive definite matrix P we set
P (1= )y = 7 425,
N N
S; = Eo gy + "By BT, Q =Y DI PD;, R = H{ Hy;,

=1

i=1

N N
Q= )\mm(P)a Qg = )\maac(P) + h[z Amaz(DfPDz) + TZ )\maz(Hlszlz)]
i=1 i=1
The main result [6] is stated in the following.
Theorem 1.7 [6] The system (1.13) is f—exponentially stable if there exists a sym-
metric positive definite matriz P such that the system of matrices {L;(P)},i =
1,2, ..., N 1s strictly complete.

Moreover, the solution x(t,®) of the system satisfies
2t @) IS ve ™ || ¢ |l Vt € RF.
The switching rule can be chosen as
o(x(t)) = arg min{xT (t)L;(P)x(t)}, t > 0.

In 2009, V.N. Phat, T. Botmart and P. Niamsup [16] have studied the stability

of uncertain switched linear systems with time delay given by

#(t) = Aaa(t) + Daa(t — h(t)) + fulx(t), x(t — h(1))), t > 0,

(1.14)
x(t) = ¢(t), t € [=h,0],

where x(t) € R™ is the state. A,, D, € R™™ are given constant matrices, f,(z,y) :

R™ x R™ — R" is the given nonlinear perturbation; ¢(t) € C([—h,0],R™) is the
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initial function with the norm || ¢ ||= sup || o(s) || . a(z) : R* — Q =
{1,2, ..., N} is the switching rule. The dei;f_ }%{f]nction satisfying:

(D.1) 0 < h(t) < h h(t) <6< 1, ¥t>0,or

(D.2) 0 < h(t) <h, Vt>0.

The nonlinear perturbation f;(:), i = 1,2, ..., N, satisfies the following condition
Ja; > 0,0; > 0.+ filz,y) [S as ([ || +b: |y |, Vo, u. (1.15)

For given positive numbers h, a, b, 3 and ¢, we set p = (1 —§)7L,
Li(P) = (A; + Dy)TP + P(A; + D;) + 28P + 2he*"PDy(A; AT + uD; DI)DI' P
+2he?(a® + pb?)PD; D] P + (a® + 0 ) P? + 2(h + 1)1,
SP={xeR": aTLi(P)x <0}, SP = SF SF = Sf\USf,i =2,..,N,

j=1

M = ,/%W,a = max{ay,as,...,an }, b = max{by, bs, ....bn}.

The following theorem is the main result in their studies.
Theorem 1.8 [16] Assume the conditions (D.1) and (1.15). Switched nonlinear
system (1.14) is exponentially stable if there exist a positive number 5 and a sym-
metric positive definite matrix P such that one of the following conditions holds:

(i) The system of matrices {L;(P)}, i = 1,2, ..., N, is strictly complete.
N

(i1) There exists T; > 0, i =1,2,..., N, with Zﬂ' > 0 such that

i=1

N
> 7mLi(P) <.
The switching rule is chosenl:z';z case (i) as a(x(t)) = i whenever x(t) € S; and in
case (ii) as
alz(t)) = arg min{xT (t)L;(P)x(t)}.
Moreover, the solution x(t,®) of the system satisfies

| x(t, @) [|I< Me™? || ¢ ||, ¥t > 0.

In summary, to study the stability of switched systems with time delay from
[1], authors used there idea consider switching between stable and unstable modes,
switching laws depend on dwell-time technique while [15] studied the stability

of time-varying delay switched systems which switching especially stable modes,
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switching laws depend on dwell-time technique. In [6] the switching laws depend
on the solution of the system. From [9],[10],[13],[17] and [19], authors used an
interesting techniques: construct the Lyapunov function and add some free matrix
variables. Motivated by these result [1],[6] and [15] so in this thesis, we propose to

study the exponentially stable of uncertain switched systems described by

i(t) = [Ag + AAL(B)]a(t) + [By + ABy(t)]x(t — h(t))
+ fo(t, x(t), x(t — h(t))), t > 0, (1.16)

w(t) = ¢(t), t € [=ha, 0],

\

where z(t) € R™ is the state vector. o(-) : R* — S = {1,2,..., N} is the switching
function. Let i € S = S, U S such that S, = {1,2,...,7} and Sy = {r + 1,r +
2,..., N} be the set of the unstable and stable modes, respectively. N denotes the
number of subsystems. A;, B; € R™*™ are given constant matrices. AA;(t), AB;(t)

are uncertain matrices satisfy the following conditions:

where I/

jin Hjiy 7 =1,2,1=1,2,..., N are given constant matrices with appropri-

ate dimensions. Fj;(t) are unknown, real matrices satisfying:
FL)Fu(t) <1, j=1,2,i=1,2,..,N, ¥Vt >0, (1.18)

where [ is the identity matrix of appropriate dimension.
The nonlinear perturbation f;(t, x(t), x(t — h(t))), i = 1,2,..., N satisfies the fol-

lowing condition:

I filt, a(t), w(t = h(t)) 1< i [l () || +6 [| (¢ — h(t)) || - (1.19)

The time-varying delay function h(t) is assumed to satisfy one of the following

conditions:

(1) when AA;(t) =0 and AB;(t) = 0 and f;(¢,xz(t), x(t — h(t))) =0

0 < hy < h(t) < hag, h(t) <p, t>0, (1.20)
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(1) when AA;(t) # 0 or AB;(t) # 0 or fi(t,x(t), z(t — h(t))) #0

0< A < h(t) < har, h(t) <p<1,t>0, (1.21)

where h,,, hy; and p are given constants.

In Chapter 3, we give sufficient conditions for exponentially stable of zero solu-
tion of uncertain switched system with time-varying delay. Numerical examples are
illustrated to show the efficiency of our theoretical results. Conclusion is provided

in Chapter 4.



