CHAPTER 3
MAIN RESULTS

In this chapter, we present some criterion for exponential stability for un-
certain switched system that include both stable and unstable modes based on
Lyapunov stability theory, dwell-time approach, Newton-Leibniz formula and lin-
ear matrix inequality (LMI) techniques. In section 3.1, we derive new sufficient
condition for exponential stability of linear switched system without the uncer-
tainties. In section 3.2, we derive new sufficient condition for robust exponential
stability of linear switched system. In section 3.3, we derive new sufficient condi-
tion for robust exponential stability of nonlinear switched system. Some numerical

simulations are given to illustrate the effectiveness of our theoretical results.

Consider a class of uncertain switched system with time-varying delay of the form

(

#(t) = [Ay + AAL(D)]2(t) + [By + ABy(D)]a(t — h(t))

9 + fo(t, (1), 2(t — h(t))), t > 0, (3.1)

w(t) = ¢(t), t € [=ha, 0],

where z(t) € R™ is the state vector. o(-) : R" — S = {1,2,..., N} is the switching
function. Let i € S = S, U S such that S, = {1,2,...,r} and Sy = {r + 1,r +
2,...,N} be the set of the unstable and stable modes, respectively. N denotes
the number of subsystems. A;, B; € R"*™ are given constant matrices and ¢(t) €
C([=har, 0], R™) is the initial function with the norm || ¢ [|= sup || ¢(s) ||

SE[—h]\/[,O]
AA;(t), AB;(t) are uncertain matrices satisfy the following conditions:

where IJj;, Hji,7 = 1,2,1 = 1,2, ..., N are given constant matrices with appropriate

dimensions. Fj;(t) are unknown, real matrices satisfying:

Flt)Fut) <1, j=1,2,i=1,2,..,N, ¥Vt >0, (3.3)
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where [ is the identity matrix of appropriate dimension.

The nonlinear perturbation f;(t, z(t), x(t — h(t))), i = 1,2, ..., N satisfies the fol-

lowing condition:

I filt,@(t), w(t = h(8)) (1< 5 | () [| +0: | (t = h(t)) || -

(3.4)

The time-varying delay function h(t) is assumed to satisfy one of the following

conditions:

(1) when AA;(t) =0 and AB;(t) = 0 and f;(¢,z(t), x(t — h(t))) =0

(11) when AA;(t) # 0 or AB;(t) # 0 or f;(t,x(t), x(t — h(t))) # 0

0 < i < h(t) < har, h(t) <p <1, t>0,

where h,,, hys and p are given constants.

Define

0, otherwise.

N
Then, we have Z Ai(t) = 1, and system (3.1) can be written as
i=1

( N

=1

+ filt, x(t), x(t = h(2)))}, ¢ >0,

.T(t) = ¢(t), t € [—hjw,O].

#(t) = D> M(0){[Ai + AA()]a(t) + [Bi + ABi(1))w(t — (1))

(3.5)

(3.6)

(3.7)

(3.8)
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For simplicity of later presentation, we use the following notations:

P— mlax{gi, Vi € S, }, & denotes the growth rates of the unstable modes.

AT = miin{@, Vi € Sg}, ¢; denotes the decay rates of the stable modes.

T (to,t) denotes the total activation times of the unstable modes over (o, t).

T~ (to,t) denotes the total activation times of the stable modes over (to, ).

N(t) denotes the number of times the system is switched on (%o, t).

[(t) denotes the number of times the unstable subsystems are activated on (t, ).

N(t) — I(t) denotes the number of times the stable subsystems are activated on
(to,t).
mzax{)\M(P,)}
VT mR P
j
ay = min{An,(F)},

2
s = max{A(P)) + by max{has (@)} + 2 max{ds(R))

+ 3 max{ (|0 T
! S?QJ' SZQ,i
+ 2h3, max{ A (ATT A, M (ATTBy), A (BI T Ag), A (BET By },
hQ
ag = max{An (P)} + hay max{An (@)} + TM max{ Ay (R}

Sll,i SlQ,i
+ hiy max{ . )}
! 51271' 522,1'
Ql,i _ Dy Doy ’
* (1)13,¢

Dy = AiTPi + PA; + Qi + har Ry + harSia; + hMAiTTiAi,
Do = B;Tpi + harS12: + hMA;fFTz'Bi,
P13, = —(1— p)e P Q; + hppSoo i + har BI T, B;.

Doy Pog;
)

* (1)23,z‘
o1 = AT P+ PA; + Qi + harRi 4+ harS1i + har AT T A + hy X1 + Y + Y,
Doy ; = BI'P;+ harSiei + h AT T, B + hyy X190 — i+ Z],
Doz = —(1 — p)e 2P Q; + hprSae; + har BI TiBi + hay Xog; — Z; — ZF.

1

Qo =
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QJ i * XQQJ Zz
T;
* * 5
_ D3y Dy
S = ;
* 4333,1'

D3y, = A?Pi+PiAi+Qi+hMRi+hMS11,i+51_ilH£H1i+51iPiE£E1iPi+€2iPiEg;'Em'Pi7
P39 = BI'P; + hasSia,
D3, = —(1 — p)e 2P Q; + harSos; + 5, HE: Ho,.

q)41,i (I)42,i
@i - )

* T43,i
Dy = ATDP + PA; + Qi + har Ri + harSii + 53;-1%'1 +e3, PP + EL-lHZ;HM

+ e P, E} By P + e6; P EL B P,
Qyp; = BI'P; + hasSia,
Dyz; = —(1 — p)e 2P Q; + hypSog; + 23101 + e5 HE H;.
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3.1 Exponential Stability of Linear Switched System
with Time-Varying Delay

In this section, we deal with the problem for exponential stability of the

zero solution of system (3.1) without the uncertainties and nonlinear perturbation

(AA;(t) = ABy(t) = 0, fi(t,x(t),x(t — h(t))) = 0).

Theorem 3.1.1. The zero solution of system (3.1) with AA;(t) = AB;(t) = 0 and
fi(t,x(t),x(t — h(t))) = 0 is exponentially stable if there exist symmetric positive

St Si2i
definite matrices P;, Q;, R;, ’ ", T; and appropriate dimension matrices

T
Sloi S22,

Y;, Z; such that the following assumptions hold:
Al. (i) Fori € S,,

;> 0. (3.9)
(i1) Fori € S;,
QQ,i <0 and Qg’i > 0. (310)

A2. Assume that, for any tog the switching law guarantees that

T- A
e T (tot) AT 4

> 3.11
t>to T (tg, 1) = A7 — A* (8:11)

where \* € (0, \7). Furthermore, there exists 0 < v < \* such that
(1) If the subsystem i € S, is activated in time intervals [t —1,t; ), k = 1,2, ...,
then

In¢— vty —t;, 1) <0, k=1,2, ... (3.12)

(1) If the subsystem j € S, is activated in time intervals [t;, 1,5, ),k = 1,2, ...,
then

In w + th]\/[ - V(tjk - tjk—l) < O, k= 1,2, (313)

Proof. Consider the following Lyapunov functional:

Vi(ze) = Vii(a(t)) + Vaul(we) + V() + Va(ae) + Vs ()
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where x; € C([—hys, 0, R™), x(s) = x(t +s), s € [—hy, 0] and
Vii(x(t)) = 2 (t) Pa(t),
Vaslor) = [ 07 (5)Quas)ds

t—h(t)

0 t
. — 26(6-1) .7 [
Vo) = [ . [T Rt deds.
T
Vii(x,) = /O /t e2PE=?) #() SITM S (&) déds,
t+s z(§ = h(¢)) Sto; S22 z(§ — h(¢))
V:fm wt / / dfds
t+s

It is easy to Verlfy that (See Appendix A.1.)
o [ a(t) IP< Vilze) < aa [ e |I%, ¢ 2 0. (3.14)

We have
Vii(x(t)) < max{ia (P, )} | x(t) |”

Let P = i P IT Obviously ¥ > 1 and thus
J

Taking derivative of V; ;(x(t)) along trajectories of any subsystem ith we have
Vi (t) = ( )Pix(t) + a7 (t) Pid(t)
- Z N [T () AT Pa(t) + 2T (t — h(t)) BT Pa(t)
+ o' ()P A (t) + 27 (t) P;Bx(t — h(t))).
Next, by taking derivative of Va;(xy), Vai(ay), Vai(xy) and Vs ,(zy), respectively,
along the system trajectories yields
Vo) = & ()Qua(t) — (1= h(t)e 2T (t — h(t))Qu(t — (1)) — 26V5(xr)
< 2! ()Qua(t) — (1= p)e Ot (t = h(8))Qa(t — h(t)) — 28Va;(x1),

‘/:),Z(.Z't) = /_h(t) (2T () Rix(t) — P2 (t + s) Ry (t + s)]ds — 26Va4(x;)
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t
< haa” () Riao(t) — / 62’8(57t)$T(5)RiI(3)d5 — 2BVsi(x),
t—h(t)

. 0 x(§) St Sizi z(§)
= [l Sl i o) b
_ o205 [ a(t+s) ] [Slll Sha,i { z(t + s) ]]ds
z(t+s—h(t+s)) SL . Shai t+s—h(t+s)
7 25‘/4,1'(5575) .
x(t) S11: Sh2i x(t)
w(t—h(t)| [Shi Swi| |2t —h())

_/t eQﬁ(sft) LE(S) Sll,i Slgﬂ' .Q?(S) dS
t=h(t) x(s — h(s)) Slai Sazi| (s — h(s))
—253/4,1'(%),
Vs o) = / P OTH0) =70+ )Tl + )
hogaT (1) Tia(t) — t i (s)Tii(s)ds
< had @O0~ [ ()T

1 [t 1 [
b ()T () — / T () Thi(s)ds — / i () Thi(5)ds.
2 Jichw 2 Ji—he
Then, the derivative of V;(x,) along the trajectories of the state x(t) is given by

o) | ()
ar,
Z { (t - h( >>] e = ht)

/ 2P0 (5) Ryw(s)ds — 28Va 4(wy)

_/ (2B(s—1) (s) Si1i Si2 x(s) I
t=h(t) a(s—h(s))| |Shs Sai| [x(s—h(s))
t

—208Vyi(x) + hya ()T Tia(t)

< hy

} ~ 26‘/2,1'(%5)

1 [t 1 [t
Pl / &7 (8)Tyi(s)ds — = / &7 (s)Tyi(s)ds, (3.16)
2 Jichw 2 Jin
where
O AT P, + PA; 4+ Qi + harRi + har St BEP; + hySia;
145 — .
* —(1 — p)e 2P Q; + hpySaa
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Since

0 t 0 t
/ / 2860, () Ry (€)deds < / / P30T () Ryn(€) deds
—h(t) Jits —h(t) St

Sty [ T Rin(s) s
t—h(t)

Thus, we have

t 0 t
_/ ezﬁ(s_t)xT(s)Rix(s)ds < _hL/ / ezﬁ(é_t)CET(g)Rix(g)dde
t*h(t) M 7h(t) t+s
1

= —E%z(xt)

Similarly, we have

_/t 281 z(s) Si1i Stz (s) s
t—h(t) x(s — h(s)) Sy Swil| [x(s— h(s))

1
< —E‘Q,i(%)y

1 [ 1
P ! - < — i .
2/t 1(s)Tia(s)ds < QhM‘/B,Z(%)

—h(t)

From (3.16), (3.17), (3.18) and (3.19), we obtain

(3.17)

(3.18)

(3.19)

(3.20)
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By Al — (i) and Lemma 2.4.3, there exists & > 0 such that

Vi(ay <Z)\ V|| Vilagy) || €570 ¢ > ¢,

2 m?X{)\M<Ql,i)}
Il’liin{)\m(f)i)}

where & = . (See Appendix A.2.)

For i € S, we have that for
X1 Xiog

* Xogi

> 0, the following holds:

_/t e2B(s=1) z(t) X;
-ht) 2t — h(t)) '

Using the Newton-Leibniz formula [17], we can write

2t — h(t)) = a(t) — /t o T

Then, for any appropriate dimension matrices Y; and Z;, we have

22T (1)Y; + 2T (t = h(t) Zi][x(t) - /t_h(t) (s)ds — a(t — h(t))]

we obtain

(3.21)

(3.22)

(3.23)

20T (1) Yia(t) — 207 ()Y, /t th(t) i(s)ds — 207 (#) Vit — h(t)) + 27 (¢ — h(t)) Zia(t)

—227(t — h(t))Z; /tth( | i(s)ds — 227 (t — h(t)) Ziz(t — h(t)) = 0.

From (3.20) with (3.22) and (3.24), we have

S ) g [ e
Tt) > Q — 2,i( Tt
= [ - h(t»] [ —ny]
20+ 7 Vailan) + Vaalan) = 53— Vaaloo
x(t) ' x(t)

(3.24)

(3.25)
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By Al — (i7) and Lemma 2.4.4, there exist ¢; > 0 such that

t) || Vi) || eS¢t ¢ > ¢, (3.26)

an

min{)\m(—Qgi)}

where ¢; = min{— max{)\M(P)} ,20, s

}. (See Appendix A.3.)

Let N(t) denotes the number of times the system is switched on (tg,¢) such
that tE+moo N(t) = +o0. Suppose that o(ty) = ig,0(t1) = i1, ... and o(t) = i.

Let [(t) denotes the number of times the unstable subsystems are activated
on (to,t) and N(t) — I(t) denotes the number of times the stable subsystems are
activated on (tg,t). Suppose that ty < t; <ty < ... and nl—l>r—|r-1c>o t, = +oo.

From (3.21) and (3.26), suppose that the j th subsystem of unstable mode is
actived on the interval [t;,t;41),

- if the ¢ th subsystem of unstable mode is active on the interval [t;_1,%;), then
Vi(me) S 0 || Vilaey) || e8m0-0e8500 1 € [t 14.4).

- if the ¢ th subsystem of stable mode is active on the interval [t;_i,;), then
Vi(z) ¢ || Vilwy,,) || e Gtml0e& =) ¢ e [t t141).

Suppose that the j th subsystem of stable mode is actived on the interval [t;,t;41),

- if the ¢ th subsystem of unstable mode is active on the interval [t;_1,%;), then
Vi) <o || Vi) || e8h-n)emG 0=t g € [ty 644).

- if the i th subsystem of stable mode is active on the interval [t;_i,t;), then
Vi(we) || Vilwy, ) || e ivematt ¢ € [t tq).

In general, we get

I(t) N()—
V It < H 1/)65“” tm —tm— 1 X H ¢e<znhhle Czn(tn tn— 1 X || ‘/’Lo(‘rto) || e~ t tN(t) 1)
m=1 n= l( )+1
1)
< H w6>\+(tm*tm 1) H ¢€Cznh1\4€ “(tn—tn-1)
m=1 n=I(t)+1

X || V;o(xto) || 6_)\ = - ) L 2 to.
Using (3.11), we have

1(t) N(t)—1

Vite) < [Twx T e || Viglay) | e 00 £ > .

m=1 n=I(t)+1



27
By (3.12) and (3.13), we get
Vi) <|| Vigla,) || e X000t > .
Thus, by (3.14), we have
| 2(t) 1< (/22 | @y || e 2X =070 ¢ > 4,

which concludes the proof of the Theorem 3.1.1.
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3.2 Robust Exponential Stability of Linear Switched
System with Time-Varying Delay

In this section, we deal with the problem for robust exponential stability of

the zero solution of system (3.1) without nonlinear perturbation (f;(¢,x(t), z(t —

h(t))) = 0).

Theorem 3.2.1. The zero solution of system (3.1) with f;(t,z(t), x(t — h(t))) =0

1s robust exponentially stable if there exist positive real numbers eq;,c9;, positive

St Si2

definite matrices P;, Q;, R; and
51T21 S92,

such that the following assumptions

hold:
Al. (i) Fori € S,,

= > 0. (3.27)
(17) For i € S,
= <0, (3.28)

A2. Assume that, for any ty the switching law guarantees that

— + *
f T~ (to, 1) > AT 4 A
t>to TH(tg,t) = A7 — A*

(3.29)

where \* € (0, \7). Furthermore, there exists 0 < v < \* such that
(1) If the subsystem i € S, is activated in time intervals [t —1,t; ), k = 1,2, ...,
then

In ¢ —v(ty, —t;, 1) <0, k=1,2, .. (3.30)

i

(i1) If the subsystem j € Ss is activated in time intervals [t;, —1,t;, ), k = 1,2, ...,
then

In+ Ghar — ity —tj,1) <0, k=1,2,... (3.31)

Proof. Consider the following Lyapunov functional:

Vi(we) = Vii(a(t)) + Vo) + Vi) + V()
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where x; € C([—has, 0, R™), xy(s) = x(t + s),s € [—has, 0] and
Vii(x(t)) = 2 (t) Pa(t),
Vaslor) = [ 07 (5)Quas)ds

t—h(t)

0 t
V() = 2E0 T (&) Ry (&) dEds,
= [ 0T Rae s

0 t - z (&) ' St Sz, (¢)
V4,z'(~’Ut) > 2 7 ’ d&ds.
/h(t) /t+s L‘(f N h({))] |:ng 522,1 L(f . h(f))]

It is easy to verify that
ar || @(t) [P< Vilwe) < as |l @ |I°, £ = 0. (3.32)
Similar to (3.15), we have
Vi(wy) < YVi(xe), Vi, j € S. (3.33)

Taking derivative of V; ;(x(t)) along trajectories of any subsystem ith we have
Vi(a(t) = 'N( )Pi(t) + 2 (t) Pid(t)
= N[O AT Pia(t) + 2 () AAT () Par(t) + 2" (t = h(t)) B] Piao(t)
L2 (4 — () ABT() Pat) + 27 () PAa(t) + 27 () PAA(Dalt)
+ 27 (t) P, Bix(t — h(t)) + 2 () BAB;(t)x(t — h(t))).
Applying Lemma 2.4.2 and from (3.2) and (3.3), we get

oT () AAT (t) P (t) < eta” () HEH o (t) + epa” () PEL By Pa(t),

T (t—h(t))ABT (1) Pix(t) < eyt aT (t—h(t)) HE Hox (t—h(t))+eoixT (t) P EL oy Pias(t).
Next, by taking derivative of Va;(x¢), Va,i(x:) and Vy,;(x:), respectively, along the
system trajectories yields
Vo) < 2 (6)Qur(t) — (1 - e Ot (t — h())Qix(t = h(1)) = 28Va(x1),
Vai(wy) < haraT () Ri(t) — /t o 2P0 2T () Riw(s)ds — 28V 4(wy),

. |: x(t) ]T |:Sll,i 5121 |: (1) ]
Vii(ze) < hy
w(t—h(t)| |Sta; Sawi| |x(t—h(t))

T
B /t 625(S—t) .’L‘(S) Sll,i Slg’i JJ(S) ds
t—h(t) x(s — h(s)) Sg,i Sooi| |x(s—h(s))
- 25‘/4,1‘(9%)-
Then, the derivative of V;(x,) along the trajectories of the state x(t) is given by
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: N x(t) ! _ x(t)
Vi(zy) <) Ni(t) By — 20Va(x)
Z L( (t))] L(t - h(t))]

t
B / 2P0 () Riw(s)ds — 28Va 4(wy)
ti

T
t Si11s Si2i
_ / 2o6-n | 2(S) i 212, ) g 28V,(1,)(3.34)
t—h(t) x(s — h(s)) Sng’i S| | (s — h(s))
For 1 € S, we have

v «0 | _ [ w0
J/’t < ¥y .
Z { £ — h(t))] L(t - h(t))}

Similar to theorem 3.1.1, we get
N
Vilw) <) Xi(t) || Vi) || 5750, ¢ > o, (3.35)
i=1

2H1?X{)\M(Ei)}
miin{)\m(Pi)} '

where &; =

For i € S,, from (3.17), (3.18) and (3.34), we have

Vi(z) < i)\i(t) { (i(t)

—(28+ ) (Vi) + Vasl(z2)) (3.36)

Similar to theorem 3.1.1, we get

N
Vi) <) Xil8) || Vi) [| 40, ¢ > to. (3.37)
i=1
min{)\ (—E:)}
where (; = min L2014,
C { max{)\M(P)} 6}
In general, with the same argument as in the proof of theorem 3.1.1, we get
1(t) N(t)—
‘/’L(xt) S H we>\+(tm*tm 1 H wethMe tn tn— 1)
m=1 t)+1

X || Vig(ae,) [ e « tN‘” Dt >t
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Using (3.29), we have

1(t) N(t)—1
Viw) < [T wx T wes™ox || Vigla) Il e >, 1 >t
m=1 n=l(t)+1

By (3.30) and (3.31), we get
V;(xt) SH ‘/io(xto) || e—(X*—V)(t—to)’ t > to.
Thus, by (3.32), we have

() 1< /82 ||y || 7200100 ¢ > g,

which concludes the proof of the Theorem 3.2.1.
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3.3 Robust Exponential Stability of Nonlinear Switched
System with Time-Varying Delay

In this section, we deal with the problem for robust exponential stability

of the zero solution of system (3.1).

Theorem 3.3.1. The zero solution of system (3.1) is robust exponentially stable

if there exist positive real numbers €s;, €45, €5;, positive definite matrices P;, Q;, R;

St Oha, . :
and such that the following assumptions hold:

S%Fgﬂ- So9
Al. (i) Fori € S,,
0; > 0. (3.38)
(11) For i € S,
; < 0. (3.39)

A2. Assume that, for any tog the switching law guarantees that

— + *
infT (to,t) _ AT+ A

> 3.40
Zio T+ (to, 1) = A~ — A° (3.40)

where \* € (0, \7). Furthermore, there exists 0 < v < \* such that
(i) If the subsystem i € S, is activated in time intervals [t —1,t; ), k = 1,2, ...,
then

n w ~ V(tzk — tik—l) S O, k= 1,2, (341)

(i1) If the subsystem j € Ss is activated in time intervals [t;, —1,t;, ), k = 1,2, ...,
then

In o+ Char — v(ty, —tj,-1) <0, k=1,2,.. (3.42)

Proof. Consider the following Lyapunov functional:
Vi(ze) = Vii(@(t)) + Vaulae) + Vai(we) + Vii(w)
where x; € C([—har, 0, R™), 24(s) = x(t + s),s € [~har, 0] and
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Vii(a(t)) = 2 (t) Pa(t),
Vai(we) = e 0aT (5)Qie(s)ds

&~

O
Vai(a,) = BE=D T (&) R,w(€)ded
e / / (€) Rua(€)deds,

o z(€) ] St Stz z(¢)
Viilw) = D . dads
/—h(t) /t+s L(f = h(ﬁ))] {ng, Szz,i] L(f - h(f))]

It is easy to verify that
ar || =(t) IP< Vi) < as | @ |1*, ¢t > 0. (3.43)
Similar to (3.15), we have
Vilwy) < YVi(xe), Vi, j € S. (3.44)

Taking derivative of Vi ;(x(t)) along trajectories of any subsystem ith we have
Via(a(t)) = &7 (t) Pa(t) + ™ (t) P (t)

Z (VAT Pa(t) 4+ 2T () AAT (t) Pua(t) + 2T (t — h(t)) BT Pa(t)

(t h(t ))ABZT(t)Bx(t)JrfiT(tw( ), x(t=h(t))) Pa(t) +a’ (t) P (t)
wT () PAA; () x(t) + 2T (1) PBya(t — h(t)) + o7 (t) BLAB;(t)x(t — h(t))
e ()P fi(t, a(t), x(t = h(1)))].
from lemma 2.4.2, we have
217 (t,x(t), a(t — (1)) Pa(t) < fi (¢, 2(t), 2t — h(t)))W; filt, 2(t), ot — h(1)))
2T () PW; Py (t).
By choosing W; = e3;1; and from (3.4), we have
2fF (t.a(t), a(t = h(t))) Pao(t) < e3,! fT (8, 2(t), w(t = h(t))) filt, o(8), x(t — R(t)))
+ 327 (t) P Py (t)
< &g [yie” (8 (t) + 0™ (t — h(t))a(t — h(t))]
+ egxT (t) Py Pya(t).
Applying Lemma 2.4.2 and from (3.2) and (3.3), we get
wT(AAL () Pia(t) < eyt o () Hf Hy(t) + eaia” (8) PE] By Pias(t),
227 (t=h(t)) AB] (t) Pa(t) < e;'a” (t=h(t)) H Hyiw(t=h(t)) +esia” (t) P ES Bsi Pi(t).
Next, by taking derivative of V5 ;(x:), Vai(x;) and Vy,(x;), respectively, along the

system trajectories yields
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Va(a) < ()Q J:() ( ‘f) ST ( h(t)Qix(t = h(t)) = 26Va(1),

Vai(z,) < hasaT( 28602 T (§) Rix(s)ds — 28V (wy),
t h(t)

Vii(ze) < har A )
() Y fﬁzd x(t — h(t))
St S12i (s) ds
t h(t i Sazi| |w(s—h(s))
— 2BV,i(
Then, the derivative of V;(x;) along the trajectories of the state x(t) is given by

T@- "0 ()
a(t — h(t)) ’

E

/ 236057 (5) Riw(s)ds — 26Va (2t
[ [] L)
_25‘/;1’1.(%). (3.45)

For 1 € S,,, we have

Vi(zy) < Z)\ |: #(t)

T@. x(t) .
t—h(t)) x(t — h(t))

Vi(xy) < Z)\ )| Vi) || €549 ¢ > ¢,. (3.46)

Similar to theorem 3.1.1, we get

Qmax{)\M(@i)}
where &; = min{\,,(P)} -

For i € S, from (3.17), (3.18) and (3.45), we have

. N x(t) ' x(t)
Vi) < ) Nilt) O = 20V2(w)
2 [ L@hmj

~(28+ ) (Vaalw) + Vaglan). (3.47)
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Similar to theorem 3.1.1, we get

N
< MO Vi) |4, 2 o (3.48)
min{)\m(—@i)}
where (; = min 20}
G = min{ - max (A (7)) ot
In general, with the same argument as in the proof of theorem 3.1.1, we get
I(t) N(t)—
xt < H we T(tm—tm—1) H ¢€Cznh1u€ “(tn—tn—1)
m=1 n={(t)+1

X || Vig(@g,) || € Eivo-1) | ¢ > ¢,

Using (3.40), we have

I(t) N(t)-1
Vi(zy) < H W) X H YeSinP s || Vi () || €70, > .
m=1 n=I(t)+1

By (3.41) and (3.42), we get
Vi(we) | Vig (o) || e 7000 8 > .
Thus, by (3.43), we have
I 2(t) 1< (/2 || @y || e 2X 0700 > g,

which concludes the proof of the Theorem 3.3.1.
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Remark 3.1 The matrix inequalities (3.27), (3.28), (3.38) and (3.39) are not lin-
ear matrix inequalities, we can not solve the solution of these inequalities by using
Matlab’s LMI control toolbox, so we gives an equivalent version of the inequalities

(3.27), (3.28), (3.38) and (3.39) as in the following propositions.

Proposition 3.1 The inequality (3.27) in theorem 3.2.1 is equivalent to the following
LMI:

A11 A12 A13 A14

* A22 0 0
A= >0 (3.49)
* x N33 0

* * * A44

where
Ay = ATP+ PA 4+ Qi+ hy Ry + haySiai + €EIH£H1ia
Ay = By + hpySia,

A13 N PzE%;

Ay = PFEL,

Nog = —(1 — p)e 2PMQ; + hpr S + €5, HE My,
A33 = éla

A44 - %21]

Proof. From Lemma 2.4.5, we obtain A; > 0 equivalent to
Ain Mg A A1y
* AQQ 0 + 0 A;ll [A{4 0 0] > O,
* * A33 0

we obtain

A+ A14AZ41A1T4 A Ays
k AQQ 0 > O

* * A33

We will use this argument again, we obtain that the inequality (3.27) is equivalent

to AZ > 0.
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Proposition 3.2 The inequality (3.28) in theorem 3.2.1 is equivalent to the following

LMI:
Ay Ay A AYy
x Ay, 0 0
A = <0 (3.50)
* x* Az O
* * x A},
where

Ay = ATP, + PA; + Qi + hay Ry + haySii + e HEH
Ayy = B P, + ha Sy,

Al = PiEE,

Ay = PiEg;'?

Agy = —(1 = p)e 2PmMQ; + by Sap i + 5, H Hy,

Aj; = _E%i[a

* 1

Proof. From Lemma 2.4.5, we obtain A} < 0 equivalent to
Afp AL, Af ALy
« Ap o0+ | 0| ANT[AT 0 o <0,
* Az, 0
we obtain
A+ ALAGAT AL A
* A3, 0 | <O.

*
* x A3

We will use this argument again, we obtain that the inequality (3.28) is equivalent

to Ay < 0.
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Proposition 3.3 The inequality (3.38) in theorem 3.3.1 is equivalent to the following

inequality:
O O O3 O O
* @22 0 0 0
* * x Oy 0
* * * x  Oss
where

O = ATP+ PA; + Qi + harRi + hayS1y + €43yl + e HEHys,
Oy = Bl'TPi + harSiay,

O3 = b,

©14 = B,Ef,

©y5 = PEL,

Ogy = —(1 — p)e 28 Q; + hpySans + €3, 0; + 5, HE H;.
@33 N E_;]’

Ou = 1.

Os5 = 1.

Proof. From Lemma 2.4.5, we obtain ©; > 0 equivalent to

©11 O O3 Oy O15
x @22 0 0 0 _1
+ O |0 0 0 0] >0,
* X @33 0 0
* * x Oy 0

we obtain

O + @1595_519?5 O3 O13 Oy
* (C) 0 0
2 > 0.
* * @33 0
* * * @44

We will use this argument twice, we obtain that the inequality (3.38) is equivalent

to @z > 0.
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Proposition 3.4 The inequality (3.39) in theorem 3.3.1 is equivalent to the following

LMI:
0 O}, O 67 65
x ©5 0 0 0
O = | x x O 0 01| <0 (3.52)
* * x O 0
* * * x  Of
where

O, = ATP, + PA; + Qi + harRi + harSii + e vl + e HEHy,,
Oy = B P, + harSas,

O1s = P,

o7, = PiE4Ti,

075 = PiEg;,

O%y = —(1 — p)e > Q; + hay S + 37 6;1 + 5, HE Hs;.

2\ '
@33 N 531'[’
P
@44 N 54@'[‘
* 1
@55 — __].

€54

Proof. From Lemma 2.4.5, we obtain ©; < 0 equivalent to

o1 O O Oy O1;
x O3 0 0 0 —
+ o' e 0 0 0| <0,
* x O3 0 0
* * x O 0

we obtain

o1 + oo el e, e o5
% o3 0 0
> < 0.
* x ©%; 0
* * x O

We will use this argument twice, we obtain that the inequality (3.39) is equivalent

to ©F < 0.
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Example 3.1.1 Consider the linear switched system (3.1) without matric uncer-

tainties with time-varying delay h(t) = 0.51sin*t. Let N = 2, S, = {1}, 5, = {2}

where _
0.0024  0.00001 0.0022 0.00015
Al = 7Bl =3 )
0.000005 0.0023 0.00012 —0.0420
—0.2150 0.0110 —0.0240 0.0001
A2 = aBQ -

0.0120  0.0001 0.0001  —0.0250

We have hyy = 0.51, 1 = 1.02, \(A;+B;) = 0.0046, —0.0399, A\(A;) = —0.2156, 0.0007.
Let 3 = 0.5.
Since one of the eigenvalue of A+ B is negative and one of eigenvalue of A, is
positive, we can’t use results in [1] to calculate stability of switched system (3.1).
By using the Matlab LMI toolbox, we have the solution matrices of (3.9) for
unstable subsystem and (3.10) for stable subsystem as the following:

For unstable subsystem, we get

P 41.6819 0.0001 24.7813 —0.0002 B 33.1027 —0.0001
1= W1 — s 111 =
0.0001 41.5691 —0.0002 24.7848 —0.0001 33.1044
33.1027  —0.0001 —0.0372 —0.0023 50.0412  0.0001
11,1 — 7512,1 =S 7522,1 7
—0.0001 33.1044 —0.0023 0.7075 0.0001 50.0115

41.7637  —0.0001
—0.0001 41.7920

For stable subsystem, we get

71.8776  2.3932 7.2590 —0.3265 10.4001 —0.4667
P2 - 7@2 - 7R2 -
2.3932 110.8889 —0.3265 0.8745 —0.4667 1.2806
12.7990 —0.4854 31787 0.0240 46346 —0.0289
SII,Q - 7S12,2 - 7S22,2 -
—0.4854 3.5031 0.0240 —2.8307 —0.0289 4.0835
16.9964  0.0394 17.2639 —0.1536 —0.6485 —0.1466
2 — aX11,2 - 7X12,2 -
0.0394 17.7152 —0.1536 14.2310 —0.1466 —12.5573
16.9716 —0.1635 ~3.4666 —0.1525 6.8776  —0.0574
222 — 7}/2 = aZQ -

—0.1635 13.8095 —0.1525 —6.3485 —0.0574  5.7924
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By straight forward calculation, the growth rate is A™ = £ = 2.8291, the decay
rate is A\~ = ¢ = 0.0063, A(Qy.1) = 25.8187,25.8188, 58.7463, 58.8011, \(Qys) =
—10.1108, —3.7678, —2.0403, —0.7032 and A(Q32) = 1.4217, 4.2448, 5.4006, 9.1514,
29.3526, 30.0607. Taking A* = 0.0001 and v = 0.00001.

Thus, from inequality (3.11), we have T~ > 456.3226 T*. Given 7" = 0.1 then
T~ > 45.63226.

We choose the following switching rule:

(i) for ¢t € [0,0.1) U [50,50.1) U [100,100.1) U [150,150.1) U ..., system i = 1 is
activated.

(id) for t € [0.1,50) U [50.1,100) U [100.1, 150) U [150.1,200) U ..., system i = 2 is
activated.

Then, by theorem 3.1.1, the switching system (3.1) is exponentially stable.

Moreover, the solution z(t) of the system satisfies
| z(t) ||< 11.8915e 70000045 ¢ & [0 00).
The trajectories of solution of the system switching between the systems i = 1 and

1 = 2 are shown in Figure 3.1, Figure 3.2 and Figure 3.3, respectively.

1.4

1.2¢ X2 A

x1,x2

100 150 200

Figure 3.1: The trajectories of solution of the linear switched system.
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x1,x2

0.08} -
0.06 ]

0.04} -

0.02 : ! ! \ R e
0 10 20 30 40 50

time

Figure 3.2: The trajectories of solution of system i = 1.

0.2

0.15 i

0.1

x1,x2

0.05f 1

-0.05 : : :
0 50 100 150 200
time

Figure 3.3: The trajectories of solution of system i = 2.
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Example 3.1.2 Consider the nonlinear switched system (3.1) with time-varying

delay h(t) = 0.25sin’t. Let N = 2, S, = {1}, S, = {2} where

0.1130 0.00013 0.0002 0.0012
0.00015 —0.0033 0.0014 —0.5002
—5.5200  1.0002 0.0245 0.0001
A2 = 7B2 -
1.0003  —6.5500 0.0001 0.0237

0.0000 0.2000 0.0000 0.1000

sint 0 ,
Fli:FQi: 72:1727
0 s t

0.2000 0.0000 0.1000 0.0000
Fiy = Iy = ,Hi; = Hyy = i=1,2,

St w(t), x(t = (1)) =
|0-12a(t — h(t))cos(22(t)) |

0.5 (t)sin(xy(t))
0.5t — h(t))cos(w5(t)) |

0.1z (t)sin(x(t))
(

f2(t7 .%'(t), x(t \ h(t))) =

From
I f1(t, (1), 2t — 1(t))) [|*= [0.121(¢)sin(x1(¢))]” + [0.122(t — h(t))cos(za(t))]?
< 0.0123(t) + 0.0123(t — h(t))
<0.01 || 2(t) ||2 +0.01 || x(t — h(t)) ||?
< 0.01[[[ =(t) || + [l =(t — h(t)) 1%,
we obtain
| fu(t,(t), x(t — h(t))) [|< 0.1 [| (t) [| +0.1 || x(t — h(t)) || -
From
| fa(t, 2(t), 2(t — h(t))) ||*= [0.521(t)sin(x1(¢))]* + [0.5z2(t — h(t))cos(za(t))]?
< 0.2523(t) + 0.2523(t — h(t))
<0.25 || (t) ||* +0.25 || (t — h(t)) ||?
< 0.25[[| =(t) || + [l =(t — h(t)) 1%,
we obtain
| fo(t, x(t), x(t — h(t))) [|< 0.5 || (t) | +0.5 || (¢t — h(t)) || -
We have h]w = 025,’71 = 01, 51 = 0.1,’72 = 05, 52 = 05, )\(Al) = 011300016,
— 0.00330016. Let 8 = 0.5, u = 0.5.
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Since one of the eigenvalue of A; is negative, we can’t use results in [1] to cal-
culate stability of switched system (3.1).

By using the Matlab LMI toolbox, we have the solution matrices of (3.51) for
unstable subsystem and (3.52) for stable subsystem as the following:
For unstable subsystem, we get

£31 = 08901, 41 = 08901, €51 = 08901,

P 0.2745 —0.0000 0.4818 —0.0000 P 0.8649 —0.0000
1 — ) 1 — , 411 —
—0.0000 0.2818 —0.0000 0.5097 —0.0000 0.8729
0.8649 —0.0000 —0.1291 —-0.8517
S = ,S1g1 = 1071 x

—0.0000 0.8729 —0.8517 0.1326
1.0877  —0.0000

Soo1 = .
—0.0000 1.0902

For stable subsystem, we get

E39 = 20180, E49 = 20180, €59 = 20180,

0.2741 0.0407 1.3330 —0.0069 1.0210 —0.0002
P2 . 7Q2 - 7R2 - )
0.0407 0.2323 —0.0069 1.3330 —0.0002 1.0210
1.0210 —0.0002 —0.0016 —0.0002
5111,2 - ) 512,2 — ;

—0.0002  1.0210 —0.0002 —0.0016

0.8236 —0.0006
Sag o =

—0.0006 0.8236 |

By straight forward calculation, the growth rate is A\* = ¢ = 8.5413, the
decay rate is A\~ = ¢ = 0.1967, \(©;) = 0.1976,0.2079, 1.1443,1.1723 and \(O,) =
—0.7682, —0.6494, —0.0646, —0.0588. Taking A* = 0.0001 and v = 0.00001.

Thus, from inequality (3.40), we have T~ > 43.4456 T". Given T = 0.1 then
T~ > 4.34456.

We choose the following switching rule:

(i) for t €10,0.1) U [5.0,5.1) U[10.0,10.1) U [15.0,15.1) U ..., system i = 1 is acti-
vated.

(17) for t € [0.1,5.0) U [5.1,10.0) U [10.1,15.0) U [15.1,20.0) U ..., system i = 2 is

activated.
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Then, by theorem 3.3.1, the switched system (3.1) is exponentially stable.

Moreover, the solution z(t) of the system satisfies
| z(t) ||< 1.8770e~0-000045 ¢ € [0, 00).

The trajectories of solution of the system switching between the systems ¢ = 1 and

1 = 2 are shown in Figure 3.4, Figure 3.5 and Figure 3.6, respectively.

1.4
A N x1
1.2 b
....... x2
1H i
0.8 :
N
X i
*
-0.2 : ‘
0 5 10 15

time

Figure 3.4: The trajectories of solution of the nonlinear switched system.
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x1,x2

Figure 3.5: The trajectories of solution of system i = 1.

x1
------- x2
N
><..
*
15 2 25 3
time

Figure 3.6: The trajectories of solution of system i = 2.



