Chapter 5
On the Green Function of the Operator

(® + mG)k Related to the Diamond Operator

In this chapter, we study the Green function of the operator (® + mG)k which
is iterated k—times and m is positive real number. At first we find the Green function

of the operator (® + mﬁ)k and after that we apply such a Green function to find the

solution of the equation (® + m®)" G(z) = f(z) where f is a generalized function and

G(z) is an unknown for x € R".

5.1 Main Results

Theorem 5.1.1. Given the equation

(®@+m")" G(z) = 3(x) (5.1.1)
then

G(x) = (Wil (u,m) = W, (v,m) = H*(2)) (S ()" (5.1.2)

is a Green function for the operator (® + mﬁ)k iterated k—times where ® s defined by
(1.0.28), m is a nonnegative real number and

S(x) = %(5 4 ZmQ (Wf(u, m) *« Wy (v, m) = (R ,(v) + Rﬂ(u))) *

H(z) + iW;(v,m) * H(x)

S**(z) denotes the convolution of S itself k—times , (S*k(x))*fl denotes the inverse of
S*k(x) in the convolution algebra. H(x) is defined by (2.3.32) and for k = 1. Moreover
G(z) is a tempered distribution.

Proof. We have,
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where (04m? is the ultra-hyperbolic Klein-Gordon operator and A +m? is the Helmoltz
operator and are defined by

) p 82 p+q 62 )
O+m” = i 52 +m (5.1.4)
=1 7" j=pil Y
and
A+m2:zax'2 + m? (5.1.5)
i=1 v
Thus

(®+ m6)k G(x) = (%(}A + ED?’ + m6) G(x) = 6(x)

(3 36 1y Lo\
< (4<>A+4m —|—4D +4m) G(z) = 0(x)

or we can write
G (O +m") (A+m?) — ZmQ (A+0O) (O+m?) + 411 (O —|—m2)3) G(z) = ().
(% (O +m*) (A+m?) - zmQ(A—FD) (O+m?) —i—i(D—i—mQ)?)) :
G (O +m*) (A+m?) — Zmz (A+0) (O+m?) + 411 (D+m2)3) _ G(z) = 6(z)

by Lemma 2.2.9 with £ = 1.
Convolving both sides of the above equation by W& (u, m) * Wg (v, m),

(% (O +m*) (A +m?) (W (w,m) =« W5 (v,m)) — §m2 (A+D) (04 m?) -
(V) < W5, m0) + (O )’ (8 () W5 ) )

G (O +m) (A +m?) = 2m? (A4 D) @+ m?) + 7 (O —I—m2)3) 6w
= d(z) * W().H(u, m) * W5 (v,m)

Z (O +m*) Wi (u,m) (& +m?) Ws(v,m) — zm2 (AWf(u, m) x Wy (v, m)
+OWH (u,m) * W (v, m)) « (O+m?) Wy (u,m)

—1—;1 ( (O+m?) W (u,m) * (O +m?) Wl (u,m) = (O+ m?*) Wy (u, m)) « W5 (v, m)
G (6 -+m) (& +m?) — m? (A + D) @+ m?) + 1 (D+m2)3) Gl

= W (u,m) « Wi(v,m) (5.1.6)
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Since by (2.3.9) we have (0 + m?) Wi (u,m) = § and by (2.3.10), (A + m?) WE(v,m) =
0 for k =1.
Now, by (2.2.14)

= (1 + "
Wi (u,m) Z T"F 2 (m*)" Riyar(u).

r=0

Thus,

o0

(1 + r
OWy" (u,m) Z T'F 2 (m?)" ORys, (w).

By Trione (1988) and Telles (1995) we have

OR o (w) = Rilga(u) = Ri, (u) x RY, (u)

Similarly, by (2.3.11),

= (=1)T 1+7’ r .
AW o,m) = 3 ELEEE () 21 SR (0
r=0

we have
ARG 5. (v) = Ry g, 5(v) = R5,5,.(0) x RE5(v).

So equation (5.1.6) becomes

(304 m x50 3o (W Gt # W5 o) ¢ (R0 4 12400)) w600
(

A~ w

)
+411*5($)*6( )% 0(x) x Wy v,m))( (O +m?) A+m2)—§m2(A+D)(D+m2)

+= (@+m?)° ) Gx) = W (u,m) « W5 (v,m)

A

G (6 +m?) — sz (Wf (u, m) * WE (v, m) % (332@) + 36_4(@))
+}1W§(v, m)) (Z (O +m") (A+m®) - ng (A+0) O +m?)
1

+Z (O+ m2)3) G(x) = W (u,m) x We(v,m) (5.1.7)

Convolving both sides of (5.1.7) by H(x) for k = 1 where H(x) is defined by (2.3.32)
3 3
(Z (O +m?) H(z) = —ZmQ (Wf(u,m) * W3 (v,m) * <R62(v) + Re4(v)) *

W3 (v,m)« H(zx) + in(v,m) * H(x)) (Z (O +m') (A +m?) — zmQ (A+0) -

(O+m?) + i (m +m2)3> : G(z) = Wi (u,m) * Wi(v,m) * H(z). (5.1.8)
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By Lemma 2.3.12 and by (5.1.8) we write,
3 3
S(z) * (Z_l (O +m*) (A+m?) — Zmz (A+0) (O+m?)

+-(O+ m2)3> : G(z) = W (u,m) * W§(v,m) « H(z).

I,

Keeping on convolving both sides of the above equation by W (u, m) * Wg(v,m) x
H(x) up to k —1 times, we obtain

S*(x) * G(z) = (Wi (u,m) * Wy (v, m) H(x))*k, (5.1.9)

the symbol %k denotes the convolution of itself k—times.
By Telles (1995-1996), we have

(W (u, m) 5 Wy (0,m)) " = Wl (u,m) « W (v,m).
Thus,
S*k(x) *G(r) = Wg,ﬂ(u, m) * Ws (v, m) * H*k(x)

Now, consider the function S**(z), since W (u, m) * W§(v, m) by Lemma ?? and
also §(x) is a tempered distribution. By Kananthai (1997), Lemma 2.3.12 R®,(v) +
R (u) is a tempered distribution with compact support. Thus S(z) defined by (5.1.2)
is a tempered distribution and by Lemma ?? again, we obtain S**(x) is a tempered
distribution.

Now, Wi (u,m) * W (v,m) € &', the space of tempered distribution. Choose
S’ C D}, where DY, is the right-side distribution which is a subspace of D’ of distribution.

Thus W (v, m)« W, (v, m) € Dj. Tt follow that W (u, m)* W5, (v, m) is an element
of convolution algebra, since Dj is a convolution algebra. Hence, by Zemanian (1965,
pp.150-151), the equation (5.1.8) has a unique solution

G(z) = (Wﬁg(u,m) x W (v,m) * H*k(x)) * (S"‘k(ac))*_1

where (5""”“(.2:))*71 is an inverse of S** in the convolution algebra, G(z) is called the
Green function of the operator (@ + m®)" .

Since W (u, m)*Ws, (v, m)«H**(x) and (S** (x))*_l are tempered distribution, then
by Donoghue [see 5, p.152) (W (u,m) « Wg, (v, m) * H*(x)) % (S*(z)) "
distribution, It follows that G(x) is a tempered distribution.

"is tempered

Theorem 5.1.2. ( An application of Green function )
Given the equation

(®+m°)" K(z) = f(x) (5.1.10)

where f(x) is a generalized function, K(x) is an unknown function and x € R"™. Then

is a unique solution of the equation (5.1.10) where G(x) is a Green function for (& + mG)k.
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Proof. By convolving both sides of (5.1.10) by G(x) where G(x) is a Green function
for (® +m®)" in theorem 3.1, we have

G(w)* (2 +m®)" K(2) = G(x) * f(x)

(® +m")* Gla) * K(x) = G(x) * ()
d(z) * K(z) = G(x) * f(x).

Thus,
K(z) = G(z) * f(z).

Sine G(z) is unique, by theorem 3.1. It follows that K (z) = G(x) * f(x) is unique.



