Chapter 3

Continuous Time Delay Systems

In this chapter, we study the problem of robust stability for continuous-
time delay systems such as linear parameter dependent (LPD) system with time-
delay, uncertain LPD system with time-varying delays, uncertain linear system
with interval time-varying delay and nonlinear perturbation. We use appropriate
Lyapunov functions and derive stability conditions in terms of linear matrix in-
equalities (LMIs). Based on combination of the Riccati equation approach and
the use of suitable Lyapunov functional, sufficient conditions for robust stabil-
ity of linear non-autonomous delay systems with time-varying and norm-bounded
uncertainties have been established. The conditions are formulated in terms of
the solution of curtain Riccati differential equations. Numerical examples are pre-

sented to illustrate the effectiveness of the theoretical results.

3.1 Stability Criteria of LPD Systems with Time-delay

Consider the linear parameter dependent (LPD) system with time-delay of the

form
t(t) = A(a)x(t) + B(a)z(t — h),  Vt>0; (3.1)
z(t) = (1), vt € [=h,0],
where z(t) € R" is the state, h € R* is the delay and ¢(t) is a continuous vector-
valued initial condition on [—h,0]. A(«) and B(«) are matrices belonging to the

polytope €24 or 25 where

Q :={A(a),B(a)} = {iaiz‘li,i%&}v

N
Zai = 1,0[7; Z OyAi;Bi € Mnxn7i = 17""N7
i=1
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and

0, 1= {A(0), Bl@)} = { 3 ai(t) A, 3 aut) B},

i=1 i=1
N
> ai(t) =1,04(t) 2 0,4;,B; € M™"i=1,..,N.
We assume the zfj)lllowi]ng bounds of the parameter values:
36; >0 [law@)| <8, VE>0.
From system (3.1), we let
y(t) = e’'x(t), teRT,
then the system (3.1) is transformed to the following delay system of the form
y(t) = Ag(@)y(t) + Ba(a)y(t — h), te€RT, (3.2)
where
Ag(a) = A(a) + BI, Bg(a) = e”"B(a).

Theorem 3.1.1 For given [ > 0, the system (3.1) with A(«), B(a) € Qy is B—
stable if there exist symmetric positive definite matrices P, () and positive real

numbers h, € such that the following conditions hold.

(i) ATP. +28P.+ P.A+Q+ ™ P.B,Q7'B] P,
<-I, i=1,..,N.

(ii) ATP.+4BP.+ P.A; +2Q + AT P. + P.A;
+e*"P.B,Q™' B P. + ¢"" P.B;Q ' B]'P.

< 9
-~ N-1

i=1,.,N—1,j=i+1,.. N,
Proof. We define the following Lyapunov function for system (3.2) of the form

Vu(0) =" OPsO + eyl + [ o Qs
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The derivative of V (t,y(t)) along the trajectories of system (3.2) is given by

V(t,yt) = 257 () Py(t) + 2e5" (H)y(t) + y" (£)Qy(t) — y" (t — h)Qy(t — h)
— 2y (1)AL () Pay(t) + 247 (¢ — h) BE(a) Pay()
+y" (1) Qy(t) — y" (t — h)Qy(t — h).

Since P, = P 4 ¢l and Lemma 2.3.11, we have

2y" (t = h) B () Pey(t) — y" (t — h)Qy(t — h)
< y' (t)PBs(a) Q™" B (a) Py(t).

Thus, we obtain

V(ty®) < y"(0)[A5@)P+ PAg(a)
+P.By(@)Q ' B (@)P. + Qy()

= Y ()[{A7(a) + BI}P. + PAA(0) + BT}
+PA™ B(a)}Q M BT (a)} P + Q|y(t)

N N
= T O[] Al + BIVP + PLY. cidi + 61}
i=1 1=1

N N
+PA™ S aiBQ M S aiBTIP + Q| ()
=1 =1

Then, we get that

N N

V(ty®) < o' (0] Y ol AT +20P + P.A; + Q)]

=1 i=1

N N
Y a”PBQ Y aieBhBiTPe}} y(t)
i=1 i=1

N
= yT(O] D AT+ 28P. + PA+Q
=1

N-1 N
+e*"P.BQT'BI P]+ Y Y cioy[AT P+ 48P,
i=1 j=i+1
N—-1 N
+PA; +2Q + ATP + PA]+ ) > ai[e? P,

i=1 j=i+1

xB:Q 'B'P, + " P.B,Q ' BY PE]} y(t).
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By assumption (i) and (i), and from the facts that SN | oy = 1,

ZO[AZQZB Za2AB—|—ZZaa]AB + A;Bj],

1=1 j=i+1

and

N-1) Za —QZZQZ% ZZ a; — ol

=1 j=i+1 =1 j=i+1

Hence, we conclude that
V(t,y(t) <0, VteRT.

Integrating both sides of this inequality from 0 to ¢, we find

V(t,yt) —V(0,y(0)) <0, VteR",
and hence

t
S OPIO + Ol + [ o7 ()Qu(s)ds

<V OPO) + O+ [ Qs

Since, we know that

t
y" Py >0, /th T(5)Qy(t)ds > 0,

and

| s < dmal@lo] / s = (Q)u—e—ﬂh)nw?

—h

we have

ATI’L(II (Q)
g

Therefore, the solution y(t, ¢) of the system (3.2) is bounded. Returning to the

ly®OI* < Amaa(P)y(O)1* + elly (0)I* + (1=l

solution x(t, ¢) of system (3.1) and noting that

Iy (O = [lzO)I] = 6O < lo],
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we summarize that
|zt o)l < &(lol)e™™, vVt e RT,

where

)\maz
O = A Anaal PYOT? + ol + 22222

This means that the system (3.1) is G—stable. The proof of the theorem is

(1— e oll}2.

complete. O
Example 3.1.1 Consider the following LPD system with time-delay of the form

1
(t) = A(a)x(t) + Bla)x(t — 5), te R, (3.3)
)
with initial function ¢(t) = € C([—3,0], R") where
—6
-5 1 -4 1
Ala) = oy + ay :
1 =3 -2 =3
—-0.5 0 —-0.05 0
B(a) = oy + az
1 0 1 0

We have h = %,N = 2. By takinge =0 =1and o = a1 = %, we can verify

4
that P = and ) = satisfy all conditions of Theorem 3.1.1.
-1 3 -4 9

Therefore, the system (3.3) is 1- stable.
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e 1

Figure 3.1: The simulation of solutions for the states z1(¢) and z5(t) in the LPD
delay system (3.3) with initial conditions z1(¢) = 5 and a5(t) = —6, —3 <t <0
by using dde4b5 in Matlab.

We introduce the following notations for later use,

N
_ OB+ ATP;+ PjA, +Q; P;B;
Mi(Pj,Qj): Zk_lﬁk k . J J Q] J ,
B; P; —Qj

Noy(RoB) = hATRA; — & hATRB; + & S e g
hBI'RA; + & hBI'RB; — &
Theorem 3.1.2 The system (3.1) with A(«a), B(a) € Qy is asymptotically stable
if there exist symmetric positive definite matrices P;,Q;,5 = 1,2,...,N, R, sym-
metric positive semi-definite matriz S and positive real numbers h, e such that the

following LMIs hold.

(i) M;(P;, Qi)+ Niy(R,h) < =S —¢€l, i=1,..., N.

(it) M;(P;, Q;) + M;(Py;, Q) + Nji(R, h) + N, ;(R, h)
28

<
N -1

—9%li=1,.,N-1,j=i4+1,..N.
Proof. We define the Lyapunov function for system (3.1) of the form
V(t,x(t)) = Vilt, =(t) + Va(t, x(t)) + Vs(t, z(t))

where

Vit 2(t)) = 27 (£)P(a)a(t), Valt, 2(t)) = / T (0)Q()(6)d0
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/ / 0)dfds
t—h

with P(a) = ZZ LGP, Qo) = Zizl a;(t)Q;. The derivative of V(t,z(t))
along the trajectories of system (3.1) is given by V (¢, z(t)) = Vi(t, z(t))+Va(t, z(t))+
Vs(t, z(t)). Therefore, we obtain

and

Vit,a(t)) = T (t)P(a)x(t) + 207 (t) P(a)(t)
= 2" (t)P(a)a(t) + 227 () AT () P(a)a(?)
+227 (t — h)B" (o) P(e)(t)
Va(t,z(t) = o' (t)Q(a)x(t) — ™ (t — h)Q(a)x(t — h)

and
t
Vs(t,z(t)) = hi () Ri(t) — / T (0) R (6)do.
t—h
By using the Jensen’s inequality, the last term can be bounded as follows:

L /t | FORO < ~{a(t) = alt - h)]T%[x(t) Calt— )

We obtain that

Vit z(t) < 2 (t)P(a)z(t) + 227 (t) AT (a)P(a)x(t)
+227(t — h) BT () P()z(t) + 27 () Q () (t)
—zT(t — h)Q(a)z(t — h) + 2T () AT (a)hRA(a)z(t)
+227(t — h) BT (a)hRA(a)x(t) + 2" (t — h) BT (a)hR
xB(a)x(t — h) — xT(t)%x(t) - 2xT(t)%xT(t —h)

_aP(t — h)%m(t 151
Thus, we have
N N
Vita(t) < Y ai [ Z BePer(t) + 227(8) S ay (1) AT Pa(t)
i=1 Jj=1
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2! (t — h)Qix( () AThRAx(t)

\\Mz

+22"(t — h) ) o;(t)Bf hRAx(t)
(0= ) Y (OB AR Bua(t — ) - ﬂ(t)%:c(t)
4227 (¢ — h)%:( _ Tt - h)%x(t 1)

since ZZJL G, (t) P < Zf\il 0G; P;. We can rewrite this inequality as

Vo< Zai(t)[Zaj(t){x Zﬁkka )+ 27 (£) AT Pa(1)
+al () A7 hRAx(t) + ()Qz (t)
+22"(t — h) Bl hRA;x(t) + 2x" (t — h) B] Pia(t)
a'(t — h)Qix(t — h) + " (t — h)B] hRB;x(t — h)

—xT(t)%x(t) + 22T (¢ — h)%x(t) - h)%x(t S h)}].

Thus,

Vo< Yk [ ZﬁkPkac + 227 () A Pa(t)
+a' (H)Qia(t) — 2" (t — h)Qu(t — h)
+227(t — h)B] Pia(t) + 27 (t) AThRAz(t)
1207 (¢ — W) BT RR A (t) — acT(t)%x(t)
+227(t — h)%c(t) +2"(t — h)Bf hRBx(t — h)

Tt - h)%c(t € h)}

n Z Y aile( [+ (2) BEREY

+227 (t) AT Py (t) + 22" (t — h) B P(t)

+27 () Qiz(t) — 2T (t — h)Qux(t — h)
+a" (t) AThRA;x(t) + 22" (t — h) Bl hRA;x(t)
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+a"(t — h)BlhRBx(t — h) — xT(t)%:(t)

4227 (¢t — h)%x(t) _ (- h)%x(t )

+al (t) ) BePya(t) + 227 (1) AT Py ()

+227 (¢ _ h)B] Pjx(t) + 27 (1)Q;x(t)
+a (t) AThRA;x(t) + 227 (t — h) Bl hRA;x(t)

+27(t — h)BFhRB;x(t — h) — mT(t)%x(t)

4227 (¢ — h)%m(i) — 2T (= B)Qya(t — h)

ST — ) R - h)] .
h
We can rewrite this inequality as

x(t)

x(t
N—

h)] { Z o (1) [M;i (P, Qi) + Nii(R)]

1

+ Z ai(t)ozj(t)[Mj(Pi:Qi)

i=1 j=i+1

HML(P Q)+ Nya(Rol) + Ny (R )] [ (f(t>h)] .

From the identities

(V1Y) -2 Y albast) = X0 3 foult) — (0 2 0
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we obtain

Therefore, this means that the system (3.1) is asymptotically stable. The proof of
the theorem is complete. O

Example 3.1.2 Consider the following LPD delay system of the form

i(t) = A(a)z(t) + B(a)z(t — 1), te€ RY, (3.4)
where _ - N -
-9 1 -9 1
Ala) = ay(t) + an(t) (
I 1 —6_ I 1 —5_
-—2 1 -—2 1 ]
B(Oé) = al(t) + OZQ(t)
I 1 -1 i 1 —2_

We have h = 1, N = 2. By taking € = %, b= % (for instance, we choose oy = e 2

and ap =1 — e*%), we can verify that

30 —1 30 —1 2 -1 100 —1
le 7@2: ’R: 7P1:P2: )
-1 25 -1 26 -1 2 —1 80
1 000
0100
and S = satisfy all conditions of Theorem 3.1.2. Therefore, the
0010
0001

system (3.4) is asymptotically stable. O
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Figure 3.2: The simulation of solutions for the states z1(¢) and z5(t) in the LPD
delay system (3.4) with initial conditions x;(t) = —3 and z5(t) =2, -1 <t <0
by using dde4b in Matlab.

3.2 Stability Criteria of Uncertain LPD Systems with
Time-varying Delays

Consider the uncertain linear parameter dependent (LPD) system with time-

varying delays of the form
i(t) = [A(a) + AA(t)] x(t) + [B(a) + AB(t)} (t — h(t)), ¥t >0

2(t) = o(t), vt € [—h, 0],
(3.5)

where z(t) € R, A(a) = SN o Ai, B(a) = SN a;B; and ¢(t) is a continuous
vector-valued initial condition on [—h, 0]. The delay () is a time varying bounded

continuous function satisfying

0<h(t) <h, h{t)<d<l,
for all ¢ > 0. AA(t) and AB(t) are unknown matrices representing time-varying
parameter uncertainties such as we assume to be of the form
AA(t) = E()A(t)H(a), AB(t) = E(a)A(t) M(«),

where H(a) = SN a;H;, M(a) = SN, a;M;, E(a) = SN, ouE; and A(k)
satisfies

Aty=F[I - JFW®]™, T1-JJ">0.
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The uncertain matrix F(t) satisfies
FO)TF(t) < I (3.6)

Remark 1. The condition (3.6) guarantees that I — JF(t) to be invertible. It
is easy to know that when J = 0, the parametric uncertainty of linear fractional
form reduces to A(t) = F(t).

We change the form of the state variable
y(t) = e’'x(t), te RT,
then the system (3.5) is transformed to the following delay system of the form
y(t) = Aler, B)y(t) + B(a, B)y(t — h(t)), t€R", (3.7)
where
Ala, ) = Ala) + AA(t) + BI, B(a,B) = ”"Y[B(a) + AB(t)).

We introduce the following notations for using this Section,

T

A (a, B)P(a) + Pla)A(, B) + Q(av) P(c)B(a)

?(a) = . /4
B (0)P(a) ~(1 - 5)e Qo)

P(a) = Za,—Pi, Q(a) = ZaiQi, B(a) = B(a) + AB(t).

Lemma 3.2.1 Let A(a,3), B(a,3) € R™" be given matrices as in (3.7). Let
P, Q1 =1,2,..., N be symmetric positive definite matrices and positive real num-

bers 0,3, h,e,C. Then ®(a) < 0 if and only if

@m‘ P, B, 6_1HZ»T ePE;
BTP, —(1—-6)e 2rQ;, ¢e'MT 0
(Z) K3 ( ) Q 3 S —C_[’
EilHZ’ EilMi —1I J
eET'P, 0 JT —I
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1=1,2,...,N.
@i,j PZBJ 6_1HZ-T EBEJ'
| BIR (- 0)e ¥ ME
) +
6_1HZ‘ 6_1MZ‘ —1I J
eE]'P; 0 JT —1I
[ ®j7i P]Bz EilHJT EPjE,L'
BIP, —(1-06)e?"Q; e'M] 0 e 2¢1
e H; e 1M, -1 J | N-1
eEjTB 0 JT —1I
1=1,.. N—1,75=4¢4+1,.... N,
Proof. We consider ®(«) define as
B — |2 @PP@)+P@A@f+Ql@)  P@Be)
B (o) P(a) —(1 = d)e”*"Q(a)
Then, we have
P(a)
[ AT(@, B)P(a) + P(a)A(a, B) + Q(a) P(a)B(a)
B (a)P(a) —(1 =d)e*Q()

L | PB@AMH(@) + H (@)AT())E" (a)P(o) P(a)E(a)A(t)M(a)]

M7 () AT (1) ET (a) P(a) 0

E
AT(a, B)P(a) + P(a)Aa, B) + Q(a) P(a)B(a)
B (a)P(a) —(1 = 8)e*"Q(a)
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We assume ®(«) < 0. By lemma 2.3.14, ®(«) < 0 is equivalent to below inequality

as

AT(a, B)P(a) + P(a)A(a, B) + Q(a) P(a)B(a)
B (a)P(a) —(1-0)e”**Q(a)

-1
I —J
MY /]

By using Schur complement Lemma 2.3.8 in above inequality, it becomes that

e 'HT(a) eP(a)E(a) !

e TMT () 0

e 'HT(a) eP(a)E(a)
e TMT () 0

<0.

+

O11 () P(a)B(«) e 'H"(a) eP(a)E(a)

Bl@)P@) ~(1-9e Q@) M) 0|

e 'H(x) e 'M(«) —I J
_eET(a)P(a) 0 JT -]

where ©11(a) = AT (a, B)P(a) + P(a)A(a, B) + Q(a). We know from the facts
that S0 a; =1,

ZQAZQB Za2AB+ZZanAB + A;Bj],

=1 j=i+1

—1204%—2220@0@( ZZ a; — aj] 2t >0.

i=1 j=i+1 =1 j=i+1

Therefore, we obtain

@m P, B, 671HiT eP E;
BTP, —(1-§)e2rQ, e'MT 0

TR (-0 €1
E_lHZ‘ 6_1Mi —1 J
eET P, 0 JT </

i=14,2,...,N.
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| O;; P, B; e tHT
BI'P; —(1—190)e?rQ; e 'MF
e 'H, e M, -1
eEl'P; 0 £y

| O, P;B; e’lHjT
B/P, —(1—=06)e?Q; e'M]
e 'H; e 1M -1
eEjTPi 0 JT

i=1,.,.N—1,j=i+1,.., N,

IN
=
|

21

where O, ; = (AT +BI)P;+ P;(A;+ 1)+ Q;. The proof of the lemma is complete.[]

Theorem 3.2.2 For given 3 > 0, the system (3.5) is robustly f— stable, if there

exist symmetric positive definite matrices P;, Q;, 1 = 1,2, ...

numbers 0, €, such that the following conditions hold.

@m‘ P,B; EilHiT
BTP —(1-0)e2Q; e'MT

6_1Hi 6_1Mi —1I
¢ETP, 0 T
1=1,2,...,N.
@i,j PZBJ 6_1HZ-T
3 Bszj —(1-= 5)6_25hQi e tMF
(i)
6_1HZ‘ 6_1MZ‘ —1I
eE] P; 0 JT
®j7i P]Bz EilH]T
BIP, —(1—-06)e"qQ; e'M]
6_1Hj 6_1Mj -1
eETP, 0 JT

i=1,.,N—1,j=i+1,..,N,

EREZ

, N and positive real

§_§]7
+
o2l
- N-1
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Proof. We define the following Lyapunov function for system (3.7) of the form
t
Vito®) =y 0P + [ 6
t—h(t

The derivative of V(t,y(t)) along the trajectories of system (3.7) is given by

V(tyt) = §'(t

IA
<
~
—~
~
—~ —~ ~— —~ ~—
|
—
Q
=
i,
< —~
Q
~—
<
—~
~
~
+
<
S
—
~
|
>
—~
~
~
S~—
]

y(t) ' () y(t)
eﬁh(t)y(t h(t)) eﬁh(t)y<t h(t))
where
by — | & @AP@ +P@A(@)+ Q@) P@)Bl
BT (a) P(a) —(1 —6)e22Q(a)
and

A(a, B) = A(a) + AA(®) + BI, B(a,f) = ?B(a) = &0 [B(a) + AB(t)} .
By assumption (7), (74) and Lemma 3.2.1, we conclude that

Vit y(t) <0.
Integrating both sides of above inequality from 0 to ¢, we find

V(t,y(t) = V(0,4(0)) <0,

and hence
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| @@ < maxOual@lol? [ as
_ maX(Ama:r(QiD —28h 2
- Pl 1 ol

We conclude that

max(Apaz (Q:))
20

for i = 1,2,3, ..., N. Therefore, the solution y(t, ) of the system (3.7) is bounded.

min(Amin (P)) [y (0)[* < max(Aae (P)) 1y (0)[* + (1—e*M)lo]?,

Returning to the solution x(t, ¢) of system (3.5), it is easy to see that

15O} = llz(0)[ = ¢(0) < I¢],

we conclude

lz(t, o)1 < E(llglDe™™,

where

max (Ao (Q1)) [ 9]2 + 220pax(@) (1 _ =20 ] 3
ellol) = {— O] e e

This means that the system (3.5) is robustly f— stable. The proof of the theorem
is complete. O
Example 3.2.2 Consider the following uncertain linear parameter dependent (LPD)

system with time-varying delays of the form

() = [A(a) + AA(t)}m(t) + [B(a) + AB(t)]:c(t —h(t), teR*, (3.8)

where
4 1 —3 03
A(Oé) = —+ Q9
2 =39 —0.6 —-0.2
—-04 0.1 —-1.1 -0.3
B(a) = oy + g ,
—-0.6 —-0.2 21 —-1.3
—-2.1 0.1 —-0.1 0.2
E(a) = + ,
0 —0.1 0 —0.1




41

02 0 0.1 O
H(a) =m + ay :
0 0.3 0 0.2

—-0.1 0 —-0.11 0
M(a) = oy + ay
—-0.1 —0.1 021 —0.1

05 0
= )
0 0.5
1
2

By taking e = 1,5 = 0.9, = 0.1, we choose a; = as = 5. By using LMI Toolbox
in MATLAB, we use the condition (¢) and (i7) in Theorem 3.2.2 for this example.

The solutions of LMI verify as follows of the form

0.6876 —0.0722 0.9396 0.1174

Pla) =m + ay
-0.0722  0.1706 0.1174 0.2178
2.0002 0.1645 5 10.5298 0.0594

Qla) =wm + ap10™
0.1645 0.6791 0.0594 0.1686

and ¢ = 4.7267 x 1075, We obtain the maximum upper bound of time-varying
delays (hpma: = 0.6363). Therefore, the system (3.8) is asymptotically stable. [

4

3 4

Figure 3.3: The simulation of solutions for the states x1(¢) and xo(t) in the LPD
delay system (3.8) with initial conditions x;(t) = —5 and z5(t) = 4, —0.6363 <
t < 0 by using dde45 in Matlab.
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3.3 Stability Criteria of Uncertain Linear System with
Interval Time-varying Delays and Nonlinear Per-
turbations.

Consider systems described by the following state equation of the form

(t) = [A+ AA(t)|z(t) + [B+ AB(t)]x(t — h(t))
+f(t,x(t) + gt x(t — h(t))), vt > 0; (3.9)
w(t) = o(t), () =), Vit € [~hs,0],
where x(t) € R" is the state, A and B are given matrices of appropriate di-
mensions, 0 < hy; < h(t) < hg,hy > 0. Consider the initial function ¢(t),¥(t) €
C([=h, 0], R") with the norm [|¢]| = sup;c(_p, o |¢(1)]| and || = sup,epp, o ¥ (D]
AA(t) and AB(t) are unknown matrices representing time-varying parameter un-

certainties, we are assumed to be of the form
AA(t) = KF(t)A;,AB(t) = KF(t)By,

where K, Ay, B; are known constant matrices and F'(¢) is an unknown time-varying
matrix satisfying ||F(t)|| < 1. The uncertainties f(.), g(.) represent the nonlinear
parameter perturbations with respect to the current state z(t) and the delayed

state x(t — h(t)), respectively, and are bounded in magnitude of the form
Frta()f(t,2(8) < na' (t)a(t),

g" (t,@(t = h(t)g(t, =t = h(t))) < pa’ (t = h(t))z(t — h(t)),
where 7, p are given positive real constants. The delay A(t) is a continuous differ-

entiable function satisfying

0<h <h(t)<hsy, h(t)<6<1.

In this section, we present the exponentially stability conditions dependent on
interval time-varying delays of uncertain linear system (3.9) with nonlinear per-

turbations vie linear matrix inequality (LMIs) approach.
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Theorem 3.3.1 The system (3.9) is robust exponentially stable with a decay rate

a, if there exist symmetric positive definite matrices P;, 1 = 1,2,...,8, matrices

Q1, Q2 of appropriate dimension and positive real numbers hy, ho, o, €1, €2,0, v, 1, €

such that the following condition holds.

Ay Ay
* 12122
* *
* *
* *
* *
* *
* *
* *
* *

where

Ay =
Ay =
Azg =
Ay =
Ass =
Ay =
A5 =
Ags =

0 0 Ay 0 0 Qf Qf QE]
0 0 Ay 0 0 0 0 0
Az Az O 0 0 0 0 0
x Ay 0 0 0 0
© o Ay 0 L e
* * x —e 20h2p, 0 0 0 0
* * * * —e~2eh2 p 0 0 0
* * * * * —el 0 0
* * * * * * —el 0
* * * * * * * —el
O (3.10)

2aP, + QTA+ATQu + el + Py + Py + Py — e 2Py e AT A,
—(1—=68)e72p, —e20h2p 4 0]+ eBT B,

—e el p,_ o2ah Fs,

—e 20h2p _ o~20h2p

—Q3 — Q2+ h3[Ps + Pr] + (hy — m1)?[Ps + By,

Q1 B + A By,

P — Q7 + ATQs,

BTQs,

6_2ah2 PG-
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Proof. Rewrite system (3.9) in the following descriptor system:

i(t) = y(t),
y(t) = A()z(t) + B(t)z(t — h(t)) + f(¢,z(t)) + g(t, z(t — h(1))),
At) = [A+ AA()], B(t) = [B+AB()]. (3.11)

It is easy to see that (3.9) is equivalent to (3.11). We consider a Lyapunov func-
tional candidate for system (3.11) of the form

8
= Z %(ty 'rt)
i=1

where

T ! I
Vit,z) = e*aT(t)Pa(t) = 62at|:(t)] [ 0

t
Vot z) — [h®¥“T<MW(M

¢
Vti) = [ eat(s)Pua(s)ds,
t—h1
t
Vi(t,x) = / 2%y T( )Pyx(s)ds,
t—ho
0 gt
Vs(t,xy) = hg/ / e i1 (s) Psi(s)dsdb,
ha Jt+6

Ve(t,xy) = / / 205 T (s) Py (s)dsdb),
t+0
Vilt, ) = m/ /’é%F@EMwa,
ho Jt+6
W) = Ba=nl [ [ R
t+6
Taking the time derivative of V (¢, z(t)) along the solution of system (3.11) gives
that
: ¢ P Q7| |a(t
Bito) = e Raat(Pa(t) +2 | | [7 @ x( |
yt)| |0 QF
= e [2a$T(t)P1x(t) + 227 (t) Pry(t)

207 (QY [~ y(t) + At

)
x(t) + B(t)a(t — h(t)) + fi + gi-n]
+2y" (H)Q5 [ — y(t) + A(t)a(

) + B(O)r(t = h(t)) + fi +gi-4] |.
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where, for simplicity, f(¢,z(t)) := f;, g(t,z(t — h(t))) = gi—n.

Valt, ) = e [a" (t) Pya(t) — (1= h(t)e > D" (t — h(t)) Py (t — h(t))]
< ot () Poa(t) — (1= 0)e 2 2aT (¢ — h(t)) Pox(t — h(t)),

Vst ) = € [a” (t)Po(t) — e ™Ma” (t — hy) Pyar(t — )],

Vilt, ) = ™ [27(t)Pax(t) — e 2227 (t — ho) Pya(t — hy)],

Vi(t,z) = e [h3i" (t)Psir(t) — hy /t th 2037 () Pyi(s)ds],

Vsltor) = et [h3,d (1) Poi(t) — hoy /tt: 22057 (5) Py (s)ds],

t
V?(taxt) = ezat[hgyT(t)PW(t)—hz/ €2a(s_t)?/T(5)P7y(5)d5]>
t—ho
t—hq
Valt,ze) = e [B27 (1) Py(t) — han / 2260y 7 (5) Pyy(s)ds],
t—ho

where hy; = hy—hy. For any a scalar s € [t—hy, t], we obtain e22"2 < e2a(s—t) < 1,

Thus,

t t
hs / 20037 () Pui(s)ds < —h(t)e—2h / 7 (5) Pyi(s)ds
t—ho t—ho

IN

t
—h(t)e 2ahz / 7 (s)Psi(s)ds,
t—h(t)

t t
—hg/ e2a(s*t)yT(s)P7y(s)ds < eQahQ/
t—ho t

—h(?)

t
y7 (s)dsP; / y(s)ds,
t—h(t)

t—h1 t—hq t—hq
—hgl/ 2Dy T (5) Pyy(s)ds < e_za’”/ yT(s)dng/ y(s)ds.
¢ ¢

—ha t—ho —ha

We use to follow from Lemma 2.3.12, then we get

t
—h(t)e 2h2 / @7 (s)Psi(s)ds
t—h(t)

SR R I B T
- e(t—ht)| | B —Ps| |a(t—h(t))
< e 2oh [ — 2(t) Psx(t) 4+ 22(t) Psz(t — h(t)) — x(t — h(t)) Psz(t — h(t)>] )
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and

(=0T (§) Pyir(s)ds

t—hy
_h21 /
t—ho

< g oM [ — x(t — hy) Pow(t — hy) + 22(t — hy) Pox(t — hy)

—x(t — hg)Pﬁl‘(t — hg) .
By the existence of positive scalars ¢; and €y, we obtain

ez’ (t)z(t) — e fL fi >0,

exyx” (t — h(t))x(t — h(t)) — eagy_pge—n = 0,

(3.12)

(3.13)

It follows from V/ (¢, x(t)) with respect to system (3.11), together with (3.12),(3.13),

Vita(t) < Vit

i=1

e feuma” (Da(t) — e f] i eaya (= h{t))a(t — (1)) — 29|

< (N,

where C(t) = [#7(t) oT(t—h(B) oT(E~h) T~ b)) o [0 ()ds
ot 17 6b]

are given by

,with x = Q+ MF(t)N+NTF(#)TMT | where Q, M, N

A A 0 0 A 0 0 QT Qf
x Ay 0 0 Ay 0 0 0 0
* x  Aszz Aszx O 0 0 0 0
* * x A 0 0 0
Q = * * * *  Ags 0 0 QY QF |,
* * * * x  —e 2ehap, 0 0 0
* * * * * * —e 202 py 0 0
* * * * * * * —er ] 0
* * * * * * * * —eol
M = |ETQ, 0 0 0 E'Qy 0 0 0 0],
N = |41 BLooo0o0o0 00
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where

AH = 20{P1+Q{A+ATQ1+€1’I’]I+P2+P3+P4—€_2ath5,

Ay = —(1—=08)e 2Py —e 2P + ey71,
Azz = —e2mipy e 2eh2p

Ay = —ehp _20p

Ass = —QF — Qa+h3[Ps + Pr + h3,[Ps + Py,

A12 ; Q,{B(t)?
Ais = P —Ql + A1) Qq,
Ass = B()"Qo,

A34 = 6_2ah2P6.

By using Schur complement lemma 2.3.16, (3.10) is equivalent to the following

condition

Q+e'MM" +eNNT <0. (3.14)
By using Lemma 2.3.13, condition (3.14) is equivalent to the following condition

X = Q+MF@H)N+ NTE@t)"MT <o0.
By assumption (3.10), we obtain
V(t,z(t)) <0. (3.15)
Integrating both sides of (3.15) form 0 to t, we find
V(¢ z(t)) < V(0,2(0)),

and hence

e Nin (P lx ()| < VAL, 2(t)) < V(t,2(t)) < V(0,2(0)),
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where

V(0,2(0)) = xT(O)Plx(O)+/ 252 (s) Pyx(s)ds

—h(0)

0 0
+/ ez T(s) Pya(s )ds+/ T () Pyx(s)ds
—h1 —hs

0 [0
ho / / e 17 (s) Psi(s)dsdf
ho

+h21/ / 20551 (5) Py (s)dsdf

ho / / e i1 (s) Pri(s)dsdl
ho

+h21/ / 20551 (5) Pai:(s)dsdf.

Let us set >\ = max |:)‘marP17 hZ)‘marP27 hl)‘mazp?n h2)‘mazp47 hg)‘mazpf’)y hglAmaIPG
3\ man P, hglAmPS] . we obtain that

e N (P1) (1) > < V(0,2(0)) < A[ sup RUEOIE ()T,

—h2 <s

and

A sap (6L e]e.

2@l < 57l _suwe_

Therefore, system (3.9) is robustly exponentially stable with a decay rate . The
proof of theorem is complete. O
Example 3.3.1 Consider uncertain linear time-varying delay system with nonlinear

perturbations described by the following state equation of the form

w(t) = A@)z(t) + Bt)x(t — h(t)) + f(t,2(1)) + gL, x(t — h(1))),

Alt)=A+ KF(t)A,,B(t) = B+ KF(t)Bs, (3.16)
where
-8 1 —0.2 0
A = s =
2 -9 —-0.1 -0.3
0.1 0.01 01 O 0.1 0.1
Al - 1= - 5
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0.7037sin(t)x;(t) 0.7037cos(t)x1(t — h(t))
ft,x(t) = yg(t x(t = h(t))) =

0.7037cos(t)xa(t) 0.7037sin(t)xao(t — h(t))
By taking €; = 0.0266,e; = 0.0157,e = 0.4351,a« = 0.1 and h(t) = 0.1 +
1.23m2(%t), we obtain v = n = 0.7037, 6 = 0.5 and h; = 0.1, hy = 1.3. By
using LMI Toolbox in MATLAB, we use the condition (i) in Theorem 3.3.1 for

this example. The solutions of LMI verify as follows of the form

0.0789 —0.0156 0.7097  —0.0270

P = ) P2 = )
—0.0156  0.0811 —0.0270  0.7336
0.1172  —0.0710 0.1199 —0.0738
P3 = ) Py = )
—0.0710  0.1391 —0.0738  0.1428
5 0.9295 —0.0164 0.0010 0.0000
P5 =10 X y P6 =
—0.0164 0.9189 0.0000 0.0010
0.0015 0.0000 0.0017 0.0000
Pr = , Ps=
0.0000 0.0015 0.0000 0.0017
0.0809 —0.0034 0.0091  —0.0003
Ql = ’ QQ S
—0.0034 0.0741 —0.0003  0.0091
Therefore, the system (3.16) is robust exponentially stable. t

Figure 3.4: The simulation of solutions for the states z;(t) and z5(t) in the uncer-
tain linear delay system (3.16) where F'(t) = I with initial conditions z;(t) = —6
and z5(t) = 2, —1.3 <t < 0 by using dde45 in Matlab.
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3.4 Stability Criteria of Uncertain Linear Non-autono-
mous System with Time-varying Delays

Consider the uncertain linear non-autonomous system with time-varying delays of

the form

() = [Ao(t) + AAo(t)]x(t) + [AL(t) + AA (B)]z(t — h(t)), t>0;

x(t) = ¢(), t € [—h,0]
(3.17)

where z(t) € R", A;(t), i = 0, 1 are given matrix functions continuous on [0, 00), 0 <
h(t) < h,h > 0. Consider the initial function ¢(t) € C([—h,0], R") with the norm
|9ll = supyei_pg l|¢(t)]], and the admissible control u(-) € Ly([0,t], R™), for all
t € RT. The delay h(t) is a continuously differentiable function satisfying

0<h(t)<h, h(t)<ds<l.
The uncertainties AAg, AA; are time-varying and satisfy the condition:

AA (1) = GO F(OHi(r), i=0,1,
IF()] <1, vteR*,

where G;(t), H;(t), i = 0,1 are given matrix functions of appropriate dimensions.

Given numbers € > 0, ¢ > 0, ¢ > 0, a > 0, h > 0, we set

P(t) = P(t) +el, Aga(t) = Ao(t) +al,
Q(t) = eoHy (t)Ho(t) + 1, S(t) = erl — Hi(t)H{ (1),

eQah

T1-9
+ Ay () HY (£)S™ () Hi (8 AT ()] + €' Go(t) G (1),

R(t) [A1 ()AL (1) + e1G1 (DG (1)

Consider the Riccati differential equation
P.(t) + P.(t)Aoa(t) + AL () P.(t) + P.(t)R(t) P.(t) + Q(t) = 0. (3.18)

Theorem 3.4.1 The uncertain linear non-autonomous system (3.17), where u(t) =

0, is robustly exponentially stable if there exist positive real numbers «, €, €y, €1, and
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a matriz function P(t) € BM™(0,00) such that e,I—H,(t)H{ (t) > 0 and the RDE
(3.18) holds. Moreover, the solution x(t,¢) satisfies the inequality

lz(t; )l < Nlglle™, teRT,

where

1
N:\/M — (1 —e~20h) 41,
€ 2ce
Proof. Let P.(t) € BM*(0,00),t € RT, be a solution of the RDE (3.18). We take
the change of the state variable
y(t) = ez(t), teRT, (3.19)

then the linear delay system (3.17), where u(t) = 0, is transformed to the delay

system
§(t) = [Aoa(t) + AAg()]y(t) + ™" OAL(8) + AA ()]y(t — h(t)),
y(t) =e"o(t), te[-h0]

Consider the following time-varying Lyapunov function for the system (3.20),

Vit = (POWOU0) + O + [ o)l

(3.20)

It is easy to see that
ely®N* < V(t.ye) < (0 + e+ h)llyel, (3.21)

where p = max;>¢ |P(t)| which is a finite number because P(t) € BM (0, 00) and
hence P(t) is a bounded function. Taking the derivative of V(-) in ¢ along the
solution of y(t) of system (3.20), we have

V(t,ye) = (P(8)y(t),y(t)) + 2(P0)g(), y () + [y @I — (1 = (D) [ly(t — a(e))|?
= (P(t)y(t), y(1)) + 2(Pe(t) Ao (t)y (1), y(1)) + 2(Pe(t) GoF (t) Hoy (1), y(1))
+ly@I° = (1= ~@®))lly(t = ht)]?
+ 20" O(P(8)[AL(t) + GLE(t) HiJy(t — h), y(t)
< (P(1)y(t), y(1)) + 2(Pe(t) Ao.a(t)y(t), y(2))
+2(Pe(t)GoF () Hoy(1), y (1)) + ly@)I* — (1 = ) [ly(t — h(t))II*
+ 20O P(8)[AL(1) + GLF(t) HiJy(t — h()), y(t)).
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From Lemma 2.3.11, it follows that

2(e*" W P.(t)[Ar(t) + Ga () F(8) Hy (8)]y (t = h(t)), y(£)) — (1 = 8)lly(t — h(t))||?
< (Cf%h(;)@e(t)[z‘h (t) + GL (O F(O)Hi(D)][Aw(t) + GL () F () Hy (1) P(t)y (), y (1))
Using Lemma 2.3.15, for numbers e, ¢ such that
2(P,GyF Hyy,y) < el(P GoGT Py, y) + eol HY Hoy, ),
Ay + Gy FHL[Ay + GiFH|T < ALAT + A H (1] — HyHT) "L AT + 6Gh G,

provided ¢,/ — HiH] > 0. Furthermore, note that e2eh) < e2eh it ¢ Rt we

obtain
V(t, y(1))
< (P (1), y()) + 2(P.(8) Ao (D)y(E), (1)
+ (R.GoGE Py v) + colHY Hay(@),9(0) + (O
fzjhé({P (AT + A HT (e — HiHT) " H AT + eoGTGH P y(t), y(1).
Therefore,

V(t,y(t)) < ({P. + PAva + AL P + €' P.GoGE P + e Hf Ho + 1
2ah

1—5[
+ aPGIGP}y(0), y(1)):

+ P.AATP. + P.AHY (] — HiH]) ' H, AT P,
Since P(t) is the solution of (3.18), we obtain

V(t,y(t)) <0, VteR" (3.22)
Thus, from (3.19), (3.20) and Lemma 2.3.7, it follows the boundedness of the
solution y(t, ¢) for the system (3.20); i.e., there exists N > 0 such that

ly(t, o)l < N|oll, Vvt=>0.

Returning to the solution x (¢, ¢) of the system (3.17) by the transformation (3.19),
we obtain

lz(t. )| < Nllglle™, vt >0,
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which gives the exponential stability of (3.17). To determine the stability factor
N, we integrate both sides of (3.22) from 0 to ¢ we find

V(t,y(t)) —V(0,y(0)) <0, VteR",

and hence
(P®)y(t), y(t)) +elly®)]1* + / ly(s)|[*ds
t—h(t)
< (Poy(0),y(0)) + elly(0)||? +/ ly(s)]1*ds.
—h(0)
Since t
P(t)y,y) >0, s)||*ds > 0,
Pl 20 [ ol
and

0 0

1 Y 1 o

/ MMW%SMW/ Pords = L1 — o200 g2 < (1= e )|l
—h(0) —h(0) (07 2«

we have

L1 e

O < Amax(PO)IyO)” + elly(O)* + 5

Returning to the solution z(¢, ¢) of system (3.17) and noting that

lyO)| = [l=(0) ]| = ¢(0) < [|#]l,

we have
lz(t, @)l < Nlglle™, vt eRT,
where
N = \/M—F%ﬂe(l—e—%‘h)—kl.
The proof of the theorem is complete. U

Example 3.4.1 Consider the uncertain linear non-autonomous unforced system

with time-varying delay (3.17), where u(t) = 0, with any initial function ¢(¢) and
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time-delay function h(t) = 3sin*(2/3)t and

-3 1 === B
0 6_%—1 0 — 2:;,
t
— 0 et et
Go(t)= [ " |, Hot)= ,
0 % et et
_c;tt 0 et 0
Gi(t)= | T, Hit) =
0 & 0 et

We see that h = 3, and h(t) = 2sin(4/3t) and then § = 2. Taking a = ¢ = ¢y = 1
and ¢; = 2, we have

- 2 —e 2 0
61] — Hl(t)Hl (t) — > 0.

We can verify that the matrix P(t) = is a solution of (3.18). Therefore,
0 1

by Theorem 3.4.1 the system is robustly exponentially stable and the solution
satisfies

lz(t, @)l < (3 —e)llle™, teR™.

The state x(t)

x2(t)

Time (s)

Figure 3.5: The simulation of solutions for the states z1(¢) and z5(t) in the LPD
delay system (3.15) with initial conditions z1(¢) = 5 and z5(t) = —4, =3 <t <0
by using dde45 in Matlab.



