
Chapter 3

Continuous Time Delay Systems

In this chapter, we study the problem of robust stability for continuous-

time delay systems such as linear parameter dependent (LPD) system with time-

delay, uncertain LPD system with time-varying delays, uncertain linear system

with interval time-varying delay and nonlinear perturbation. We use appropriate

Lyapunov functions and derive stability conditions in terms of linear matrix in-

equalities (LMIs). Based on combination of the Riccati equation approach and

the use of suitable Lyapunov functional, sufficient conditions for robust stabil-

ity of linear non-autonomous delay systems with time-varying and norm-bounded

uncertainties have been established. The conditions are formulated in terms of

the solution of curtain Riccati differential equations. Numerical examples are pre-

sented to illustrate the effectiveness of the theoretical results.

3.1 Stability Criteria of LPD Systems with Time-delay

Consider the linear parameter dependent (LPD) system with time-delay of the

form  ẋ(t) = A(α)x(t) + B(α)x(t − h), ∀t ≥ 0;

x(t) = φ(t), ∀t ∈ [−h, 0],
(3.1)

where x(t) ∈ Rn is the state, h ∈ R+ is the delay and φ(t) is a continuous vector-

valued initial condition on [−h, 0]. A(α) and B(α) are matrices belonging to the

polytope Ω1 or Ω2 where

Ω1 := {A(α), B(α)} =
{ N∑

i=1

αiAi,

N∑
i=1

αiBi

}
,

N∑
i=1

αi = 1, αi ≥ 0, Ai, Bi ∈ Mn×n, i = 1, ..., N,
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and

Ω2 := {A(α), B(α)} =
{ N∑

i=1

αi(t)Ai,

N∑
i=1

αi(t)Bi

}
,

N∑
i=1

αi(t) = 1, αi(t) ≥ 0, Ai, Bi ∈ Mn×n, i = 1, ..., N.

We assume the following bounds of the parameter values:

∃βi > 0 : ‖α̇i(t)‖ ≤ βi, ∀t > 0.

From system (3.1), we let

y(t) = eβtx(t), t ∈ R+,

then the system (3.1) is transformed to the following delay system of the form

ẏ(t) = Aβ(α)y(t) + Bβ(α)y(t − h), t ∈ R+, (3.2)

where

Aβ(α) = A(α) + βI, Bβ(α) = eβhB(α).

Theorem 3.1.1 For given β > 0, the system (3.1) with A(α), B(α) ∈ Ω1 is β−
stable if there exist symmetric positive definite matrices P , Q and positive real

numbers h, ε such that the following conditions hold.

(i) AT
i Pε + 2βPε + PεAi + Q + e2βhPεBiQ

−1BT
i Pε

≤ −I, i = 1, ..., N.

(ii) AT
i Pε + 4βPε + PεAi + 2Q + AT

j Pε + PεAj

+e2βhPεBiQ
−1BT

j Pε + e2βhPεBjQ
−1BT

i Pε

≤ 2I

N − 1
, i = 1, ..., N − 1, j = i + 1, ..., N.

Proof. We define the following Lyapunov function for system (3.2) of the form

V (t, y(t)) = yT (t)Py(t) + ε‖y(t)‖2 +

∫ t

t−h

yT (s)Qy(s)ds.
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The derivative of V (t, y(t)) along the trajectories of system (3.2) is given by

V̇ (t, y(t)) = 2ẏT (t)Py(t) + 2εẏT (t)y(t) + yT (t)Qy(t) − yT (t − h)Qy(t − h)

= 2yT (t)AT
β (α)Pεy(t) + 2yT (t − h)BT

β (α)Pεy(t)

+yT (t)Qy(t) − yT (t − h)Qy(t − h).

Since Pε = P + εI and Lemma 2.3.11, we have

2yT (t − h)BT
β (α)Pεy(t) − yT (t − h)Qy(t − h)

≤ yT (t)PεBβ(α)Q−1BT
β (α)Pεy(t).

Thus, we obtain

V̇ (t, y(t)) ≤ yT (t)
[
AT

β (α)Pε + PεAβ(α)

+PεBβ(α)Q−1BT
β (α)Pε + Q

]
y(t)

= yT (t)
[
{AT (α) + βI}Pε + Pε{A(α) + βI}

+Pε{eβhB(α)}Q−1{eβhBT (α)}Pε + Q
]
y(t)

= yT (t)
[
{

N∑
i=1

αiA
T
i + βI}Pε + Pε{

N∑
i=1

αiAi + βI}

+Pε{eβh

N∑
i=1

αiBi}Q−1{eβh

N∑
i=1

αiB
T
i }Pε + Q

]
y(t).

Then, we get that

V̇ (t, y(t)) ≤ yT (t)
[ N∑

i=1

αi[
N∑

i=1

αi[A
T
i Pε + 2βPε + PεAi + Q]]

+{
N∑

i=1

αie
βhPεBiQ

−1}{
N∑

i=1

αie
βhBT

i Pε}
]
y(t)

= yT (t)
[ N∑

i=1

α2
i [A

T
i Pε + 2βPε + PεAi + Q

+e2βhPεBiQ
−1BT

i Pε] +
N−1∑
i=1

N∑
j=i+1

αiαj[A
T
i Pε + 4βPε

+PεAi + 2Q + AT
j Pε + PεAj] +

N−1∑
i=1

N∑
j=i+1

αiαj[e
2βhPε

×BiQ
−1BT

j Pε + e2βhPεBjQ
−1BT

i Pε]
]
y(t).
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By assumption (i) and (ii), and from the facts that
∑N

i=1 αi = 1,

N∑
i=1

αiAi

N∑
i=1

αiBi =
N∑

i=1

α2AiBi +
N−1∑
i=1

N∑
j=i+1

αiαj[AiBj + AjBi],

and

(N − 1)
N∑

i=1

α2
i − 2

N−1∑
i=1

N∑
j=i+1

αiαj =
N−1∑
i=1

N∑
j=i+1

[αi − αj]
2 ≥ 0.

Hence, we conclude that

V̇ (t, y(t)) ≤ 0, ∀t ∈ R+.

Integrating both sides of this inequality from 0 to t, we find

V (t, y(t)) − V (0, y(0)) ≤ 0, ∀t ∈ R+,

and hence

yT (t)Py(t) + ε‖y(t)‖2 +

∫ t

t−h

yT (s)Qy(s)ds

≤ yT (0)Py(0) + ε‖y(0)‖2 +

∫ 0

0−h

yT (s)Qy(s)ds.

Since, we know that

yT Py ≥ 0,

∫ t

t−h

yT (s)Qy(t)ds ≥ 0,

and∫ 0

−h

yT (s)Qy(s)ds ≤ λmax(Q)‖φ‖
∫ 0

−h

eβsds =
λmax(Q)

β
(1 − e−βh)‖φ‖2,

we have

ε‖y(t)‖2 ≤ λmax(P )‖y(0)‖2 + ε‖y(0)‖2 +
λmax(Q)

β
(1 − e−βh)‖φ‖.

Therefore, the solution y(t, φ) of the system (3.2) is bounded. Returning to the

solution x(t, φ) of system (3.1) and noting that

‖y(0)‖ = ‖x(0)‖ = ‖φ(0)‖ ≤ ‖φ‖,
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we summarize that

‖x(t, φ)‖ ≤ ξ(‖φ‖)e−βt, ∀t ∈ R+,

where

ξ(‖φ‖) := {ε−1λmax(P )‖φ‖2 + ‖φ‖2 +
λmax(Q)

βε
(1 − e−βh)‖φ‖} 1

2 .

This means that the system (3.1) is β−stable. The proof of the theorem is

complete. �
Example 3.1.1 Consider the following LPD system with time-delay of the form

ẋ(t) = A(α)x(t) + B(α)x(t − 1

2
), t ∈ R+, (3.3)

with initial function φ(t) =

 5

−6

 ∈ C([−1
2
, 0], R+) where

A(α) = α1

−5 1

1 −3

 + α2

−4 1

−2 −3

 ,

B(α) = α1

−0.5 0

1 0

 + α2

−0.05 0

1 0

 .

We have h = 1
2
, N = 2. By taking ε = β = 1 and α1 = α1 = 1

2
, we can verify

that P =

 4 −1

−1 3

 and Q =

16 −4

−4 9

 satisfy all conditions of Theorem 3.1.1.

Therefore, the system (3.3) is 1- stable. �
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Figure 3.1: The simulation of solutions for the states x1(t) and x2(t) in the LPD

delay system (3.3) with initial conditions x1(t) = 5 and x2(t) = −6, −1
2
≤ t ≤ 0

by using dde45 in Matlab.

We introduce the following notations for later use,

Mi(Pj, Qj) =

∑N
k=1 βkPk + AT

i Pj + PjAi + Qj PjBi

BT
i Pj −Qj

 ,

Ni,j(R, h) =

hAT
i RAj − R

h
hAT

i RBj + R
h

hBT
i RAj + R

h
hBT

i RBj − R
h

 , S ∈ R2n×2n.

Theorem 3.1.2 The system (3.1) with A(α), B(α) ∈ Ω2 is asymptotically stable

if there exist symmetric positive definite matrices Pj, Qj, j = 1, 2, ..., N , R, sym-

metric positive semi-definite matrix S and positive real numbers h, ε such that the

following LMIs hold.

(i) Mi(Pi, Qi) + Ni,i(R, h) < −S − εI, i = 1, ..., N.

(ii) Mj(Pi, Qi) + Mi(Pi, Qi) + Nj,i(R, h) + Ni,j(R, h)

<
2S

N − 1
− 2εI, i = 1, ..., N − 1, j = i + 1, ..., N.

Proof. We define the Lyapunov function for system (3.1) of the form

V (t, x(t)) = V1(t, x(t)) + V2(t, x(t)) + V3(t, x(t))

where

V1(t, x(t)) = xT (t)P (α)x(t), V2(t, x(t)) =

∫ t

t−h

xT (θ)Q(α)x(θ)dθ
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and

V3(t, x(t)) =

∫ t

t−h

∫ t

s

ẋT (θ)Rẋ(θ)dθds

with P (α) =
∑N

i=1 αi(t)Pi, Q(α) =
∑N

i=1 αi(t)Qi. The derivative of V (t, x(t))

along the trajectories of system (3.1) is given by V̇ (t, x(t)) = V̇1(t, x(t))+V̇2(t, x(t))+

V̇3(t, x(t)). Therefore, we obtain

V̇1(t, x(t)) = xT (t)Ṗ (α)x(t) + 2ẋT (t)P (α)x(t)

= xT (t)Ṗ (α)x(t) + 2xT (t)AT (α)P (α)x(t)

+2xT (t − h)BT (α)P (α)x(t)

V̇2(t, x(t)) = xT (t)Q(α)x(t) − xT (t − h)Q(α)x(t − h)

and

V̇3(t, x(t)) = hẋT (t)Rẋ(t) −
∫ t

t−h

ẋT (θ)Rẋ(θ)dθ.

By using the Jensen’s inequality, the last term can be bounded as follows:

−
∫ t

t−h

ẋT (θ)Rẋ(θ)dθ < −[x(t) − x(t − h)]T
R

h
[x(t) − x(t − h)].

We obtain that

V̇ (t, x(t)) < xT (t)Ṗ (α)x(t) + 2xT (t)AT (α)P (α)x(t)

+2xT (t − h)BT (α)P (α)x(t) + xT (t)Q(α)x(t)

−xT (t − h)Q(α)x(t − h) + xT (t)AT (α)hRA(α)x(t)

+2xT (t − h)BT (α)hRA(α)x(t) + xT (t − h)BT (α)hR

×B(α)x(t − h) − xT (t)
R

h
x(t) + 2xT (t)

R

h
xT (t − h)

−xT (t − h)
R

h
x(t − h).

Thus, we have

V̇ (t, x(t)) <

N∑
i=1

αi(t)
[
xT (t)

N∑
k=1

βkPkx(t) + 2xT (t)
N∑

j=1

αj(t)A
T
j Pix(t)

+2xT (t − h)
N∑

j=1

αj(t)B
T
j Pix(t) + xT (t)Qix(t)
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−xT (t − h)Qix(t − h) + xT (t)
N∑

j=1

αj(t)A
T
j hRAix(t)

+2xT (t − h)
N∑

j=1

αj(t)B
T
j hRAix(t)

+xT (t − h)
N∑

j=1

αj(t)B
T
j hRBix(t − h) − xT (t)

R

h
x(t)

+2xT (t − h)
R

h
x(t) − xT (t − h)

R

h
x(t − h)

]
since

∑N
i=1 α̇i(t)Pi ≤

∑N
i=1 βiPi. We can rewrite this inequality as

V̇ <

N∑
i=1

αi(t)
[ N∑

j=1

αj(t){xT (t)
N∑

k=1

βkPkx(t) + 2xT (t)AT
j Pix(t)

+xT (t)AT
j hRAix(t) + xT (t)Qix(t)

+2xT (t − h)BT
j hRAix(t) + 2xT (t − h)BT

j Pix(t)

−xT (t − h)Qix(t − h) + xT (t − h)BT
j hRBix(t − h)

−xT (t)
R

h
x(t) + 2xT (t − h)

R

h
x(t) − xT (t − h)

R

h
x(t − h)}

]
.

Thus,

V̇ <

N∑
i=1

α2
i (t)

[
xT (t)

N∑
k=1

βkPkx(t) + 2xT (t)A�
i Pix(t)

+xT (t)Qix(t) − xT (t − h)Qix(t − h)

+2xT (t − h)BT
i Pix(t) + xT (t)AT

i hRAix(t)

+2xT (t − h)BT
i hRAix(t) − xT (t)

R

h
x(t)

+2xT (t − h)
R

h
x(t) + xT (t − h)BT

i hRBix(t − h)

−xT (t − h)
R

h
x(t − h)

]
+

N−1∑
i=1

N∑
j=i+1

αi(t)αj(t)
[
xT (t)

N∑
k=1

βkPkx(t)

+2xT (t)AT
j Pix(t) + 2xT (t − h)BT

j Pix(t)

+xT (t)Qix(t) − xT (t − h)Qix(t − h)

+xT (t)AT
j hRAix(t) + 2xT (t − h)BT

j hRAix(t)
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+xT (t − h)BT
j hRBix(t − h) − xT (t)

R

h
x(t)

+2xT (t − h)
R

h
x(t) − xT (t − h)

R

h
x(t − h)

+xT (t)
N∑

k=1

βkPkx(t) + 2xT (t)AT
i Pjx(t)

+2xT (t − h)BT
i Pjx(t) + xT (t)Qjx(t)

+xT (t)AT
i hRAjx(t) + 2xT (t − h)BT

i hRAjx(t)

+xT (t − h)BT
i hRBjx(t − h) − xT (t)

R

h
x(t)

+2xT (t − h)
R

h
x(t) − xT (t − h)Qjx(t − h)

−xT (t − h)
R

h
x(t − h)

]
.

We can rewrite this inequality as

V̇ <

 x(t)

x(t − h)

T { N∑
i=1

α2
i (t)[Mi(Pi, Qi) + Ni,i(R)]

+
N−1∑
i=1

N∑
j=i+1

αi(t)αj(t)[Mj(Pi, Qi)

+Mi(Pi, Qi) + Nj,i(R, h) + Ni,j(R, h)]
}  x(t)

x(t − h)

 .

From the identities

(N − 1)
N∑

i=1

α2
i (t) − 2

N−1∑
i=1

N∑
j=i+1

αi(t)αj(t) =
N−1∑
i=1

N∑
j=i+1

[αi(t) − αj(t)]
2 ≥ 0

and

−ε

N∑
i=1

α2
i (t)I − 2ε

N−1∑
i=1

N∑
j=i+1

αi(t)αj(t)I = −εI,
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we obtain

V̇ <

 x(t)

x(t − h)

T [
(−

N∑
i=1

α2
i (t)S − ε

N∑
i=1

α2
i (t)I)

+
2

N − 1

N−1∑
i=1

N∑
j=i+1

αi(t)αj(t)S

−2ε
N−1∑
i=1

N∑
j=i+1

αi(t)αj(t)I
]  x(t)

x(t − h)


≤ −ε‖x‖2.

Therefore, this means that the system (3.1) is asymptotically stable. The proof of

the theorem is complete. �
Example 3.1.2 Consider the following LPD delay system of the form

ẋ(t) = A(α)x(t) + B(α)x(t − 1), t ∈ R+, (3.4)

where

A(α) = α1(t)

−9 1

1 −6

 + α2(t)

−9 1

1 −5

 ,

B(α) = α1(t)

−2 1

1 −1

 + α2(t)

−2 1

1 −2

 .

We have h = 1, N = 2. By taking ε = 1
8
, β = 1

2
(for instance, we choose α1 = e−

t
2

and α2 = 1 − e−
t
2 ), we can verify that

Q1 =

30 −1

−1 25

 , Q2 =

30 −1

−1 26

 , R =

 2 −1

−1 2

 , P1 = P2 =

100 −1

−1 80

 ,

and S =


1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1

 satisfy all conditions of Theorem 3.1.2. Therefore, the

system (3.4) is asymptotically stable. �
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Figure 3.2: The simulation of solutions for the states x1(t) and x2(t) in the LPD

delay system (3.4) with initial conditions x1(t) = −3 and x2(t) = 2, −1 ≤ t ≤ 0

by using dde45 in Matlab.

3.2 Stability Criteria of Uncertain LPD Systems with

Time-varying Delays

Consider the uncertain linear parameter dependent (LPD) system with time-

varying delays of the form ẋ(t) =
[
A(α) + ∆A(t)

]
x(t) +

[
B(α) + ∆B(t)

]
x(t − h(t)), ∀t ≥ 0;

x(t) = φ(t), ∀t ∈ [−h, 0],

(3.5)

where x(t) ∈ Rn, A(α) =
∑N

i=1 αiAi, B(α) =
∑N

i=1 αiBi and φ(t) is a continuous

vector-valued initial condition on [−h, 0]. The delay h(t) is a time varying bounded

continuous function satisfying

0 ≤ h(t) ≤ h, ḣ(t) ≤ δ < 1,

for all t > 0. ∆A(t) and ∆B(t) are unknown matrices representing time-varying

parameter uncertainties such as we assume to be of the form

∆A(t) = E(α)∆(t)H(α), ∆B(t) = E(α)∆(t)M(α),

where H(α) =
∑N

i=1 αiHi, M(α) =
∑N

i=1 αiMi, E(α) =
∑N

i=1 αiEi and ∆(k)

satisfies

∆(t) = F (t)[I − JF (t)]−1, I − JJT > 0.
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The uncertain matrix F (t) satisfies

F (t)T F (t) ≤ I. (3.6)

Remark 1. The condition (3.6) guarantees that I − JF (t) to be invertible. It

is easy to know that when J = 0, the parametric uncertainty of linear fractional

form reduces to ∆(t) = F (t).

We change the form of the state variable

y(t) = eβtx(t), t ∈ R+,

then the system (3.5) is transformed to the following delay system of the form

ẏ(t) = A(α, β)y(t) + B(α, β)y(t − h(t)), t ∈ R+, (3.7)

where

A(α, β) = A(α) + ∆A(t) + βI, B(α, β) = eβh(t)[B(α) + ∆B(t)].

We introduce the following notations for using this Section,

Φ(α) =

A
T
(α, β)P (α) + P (α)A(α, β) + Q(α) P (α)B̃(α)

B̃T (α)P (α) −(1 − δ)e−2βhQ(α)

 ,

where

P (α) =
N∑

i=1

αiPi, Q(α) =
N∑

i=1

αiQi, B̃(α) = B(α) + ∆B(t).

Lemma 3.2.1 Let A(α, β), B(α, β) ∈ Rn×n be given matrices as in (3.7). Let

Pi, Qi, i = 1, 2, ..., N be symmetric positive definite matrices and positive real num-

bers δ, β, h, ε, ζ. Then Φ(α) ≤ 0 if and only if

(i)


Θi,i PiBi ε−1HT

i εPiEi

BT
i Pi −(1 − δ)e−2βhQi ε−1MT

i 0

ε−1Hi ε−1Mi −I J

εET
i Pi 0 JT −I

 ≤ −ζI,
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i = i, 2, . . . , N.

(ii)


Θi,j PiBj ε−1HT

i εPiEj

BT
i Pj −(1 − δ)e−2βhQi ε−1MT

i 0

ε−1Hi ε−1Mi −I J

εET
i Pj 0 JT −I

 +


Θj,i PjBi ε−1HT

j εPjEi

BT
j Pi −(1 − δ)e−2βhQj ε−1MT

j 0

ε−1Hj ε−1Mj −I J

εET
j Pi 0 JT −I

 ≤ 2ζI

N − 1
,

i = 1, ..., N − 1, j = i + 1, ..., N,

where Θi,j = (AT
i + βI)Pj + Pi(Aj + βI) + Qi.

Proof. We consider Φ(α) define as

Φ(α) =

A
T
(α, β)P (α) + P (α)A(α, β) + Q(α) P (α)B̃(α)

B̃T (α)P (α) −(1 − δ)e−2hQ(α)

 .

Then, we have

Φ(α)

=

AT (α, β)P (α) + P (α)A(α, β) + Q(α) P (α)B(α)

BT (α)P (α) −(1 − δ)e−2βhQ(α)


+

P (α)E(α)∆(t)H(α) + HT (α)∆T (t)ET (α)P (α) P (α)E(α)∆(t)M(α)

MT (α)∆T (t)ET (α)P (α) 0


=

AT (α, β)P (α) + P (α)A(α, β) + Q(α) P (α)B(α)

BT (α)P (α) −(1 − δ)e−2βhQ(α)


+

P (α)E(α)

0

 ∆(t)
[
H(α) M(α)

]
+

HT (α)

MT (α)

 ∆T (t)
[
ET (α)P (α) 0

]
.
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We assume Φ(α) ≤ 0. By lemma 2.3.14, Φ(α) ≤ 0 is equivalent to below inequality

as AT (α, β)P (α) + P (α)A(α, β) + Q(α) P (α)B(α)

BT (α)P (α) −(1 − δ)e−2βhQ(α)


+

ε−1HT (α) εP (α)E(α)

ε−1MT (α) 0

  I −J

−JT I

−1 ε−1HT (α) εP (α)E(α)

ε−1MT (α) 0

T

≤ 0.

By using Schur complement Lemma 2.3.8 in above inequality, it becomes that
Θ11(α) P (α)B(α) ε−1HT (α) εP (α)E(α)

BT (α)P (α) −(1 − δ)e−2βhQ(α) ε−1MT (α) 0

ε−1H(α) ε−1M(α) −I J

εET (α)P (α) 0 JT −I

 ≤ 0,

where Θ11(α) = AT (α, β)P (α) + P (α)A(α, β) + Q(α). We know from the facts

that
∑N

i=1 αi = 1,

N∑
i=1

αiAi

N∑
i=1

αiBi =
N∑

i=1

α2AiBi +
N−1∑
i=1

N∑
j=i+1

αiαj[AiBj + AjBi],

(N − 1)
N∑

i=1

α2
i ζ − 2

N−1∑
i=1

N∑
j=i+1

αiαjζ =
N−1∑
i=1

N∑
j=i+1

[αi − αj]
2ζ ≥ 0.

Therefore, we obtain
Θi,i PiBi ε−1HT

i εPiEi

BT
i Pi −(1 − δ)e−2βhQi ε−1MT

i 0

ε−1Hi ε−1Mi −I J

εET
i Pi 0 JT −I

 ≤ −ζI,

i = i, 2, . . . , N.
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Θi,j PiBj ε−1HT

i εPiEj

BT
i Pj −(1 − δ)e−2βhQi ε−1MT

i 0

ε−1Hi ε−1Mi −I J

εET
i Pj 0 JT −I

 +


Θj,i PjBi ε−1HT

j εPjEi

BT
j Pi −(1 − δ)e−2βhQj ε−1MT

j 0

ε−1Hj ε−1Mj −I J

εET
j Pi 0 JT −I

 ≤ 2ζI

N − 1
,

i = 1, ..., N − 1, j = i + 1, ..., N,

where Θi,j = (AT
i +βI)Pj +Pi(Aj +βI)+Qi. The proof of the lemma is complete.�

Theorem 3.2.2 For given β > 0, the system (3.5) is robustly β− stable, if there

exist symmetric positive definite matrices Pi, Qi, i = 1, 2, ..., N and positive real

numbers δ, ε, ζ such that the following conditions hold.

(i)


Θi,i PiBi ε−1HT

i εPiEi

BT
i Pi −(1 − δ)e−2βhQi ε−1MT

i 0

ε−1Hi ε−1Mi −I J

εET
i Pi 0 JT −I

 ≤ −ζI,

i = i, 2, . . . , N.

(ii)


Θi,j PiBj ε−1HT

i εPiEj

BT
i Pj −(1 − δ)e−2βhQi ε−1MT

i 0

ε−1Hi ε−1Mi −I J

εET
i Pj 0 JT −I

 +


Θj,i PjBi ε−1HT

j εPjEi

BT
j Pi −(1 − δ)e−2βhQj ε−1MT

j 0

ε−1Hj ε−1Mj −I J

εET
j Pi 0 JT −I

 ≤ 2ζI

N − 1
,

i = 1, ..., N − 1, j = i + 1, ..., N,
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where Θi,j = (AT
i + βI)Pj + Pi(Aj + βI) + Qi.

Proof. We define the following Lyapunov function for system (3.7) of the form

V (t, y(t)) = yT (t)P (α)y(t) +

∫ t

t−h(t)

yT (s)Q(α)y(s)ds.

The derivative of V (t, y(t)) along the trajectories of system (3.7) is given by

V̇ (t, y(t)) = ẏT (t)P (α)y(t) + yT (t)P (α)ẏ(t)

+yT (t)Q(α)y(t) − (1 − ḣ(t))yT (t − h(t))Q(α)y(t − h(t))

≤ yT (t)A
T
(α, β)P (α)y(t) + yT (t − h(t))B

T
(α, β)P (α)y(t)

+yT (t)P (α)A(α, β)y(t) + yT (t)P (α)B(α, β)y(t − h(t))

+yT (t)Q(α)y(t) − (1 − δ)yT (t − h(t))Q(α)y(t − h(t))

≤
 y(t)

eβh(t)y(t − h(t))

T

Φ(α)

 y(t)

eβh(t)y(t − h(t))


where

Φ(α) =

A
T
(α, β)P (α) + P (α)A(α, β) + Q(α) P (α)B̃(α)

B̃T (α)P (α) −(1 − δ)e−2βhQ(α)

 ,

and

A(α, β) = A(α) + ∆A(t) + βI, B(α, β) = eβh(t)B̃(α) = eβh(t)
[
B(α) + ∆B(t)

]
.

By assumption (i), (ii) and Lemma 3.2.1, we conclude that

V̇ (t, y(t)) ≤ 0.

Integrating both sides of above inequality from 0 to t, we find

V (t, y(t)) − V (0, y(0)) ≤ 0,

and hence

yT (t)P (α)y(t) +

∫ t

t−h(t)

yT (s)Q(α)y(s)ds

≤ yT (0)P (α)y(0) +

∫ 0

−h(0)

yT (s)Q(α)y(s)ds,
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∫ 0

−h

yT (s)Q(α)y(s)ds ≤ max(λmax(Qi))‖φ‖2

∫ 0

−h

e2βsds

=
max(λmax(Qi))

2β
(1 − e−2βh)‖φ‖2.

We conclude that

min(λmin(Pi))‖y(t)‖2 ≤ max(λmax(Pi))‖y(0)‖2 +
max(λmax(Qi))

2β
(1 − e−2βh)‖φ‖2,

for i = 1, 2, 3, ..., N. Therefore, the solution y(t, φ) of the system (3.7) is bounded.

Returning to the solution x(t, φ) of system (3.5), it is easy to see that

‖y(0)‖ = ‖x(0)‖ = φ(0) ≤ ‖φ‖,

we conclude

‖x(t, φ)‖ ≤ ξ(‖φ‖)e−βt,

where

ξ(‖φ‖) :=
{max(λmax(Qi))‖φ‖2 + max(λmax(Qi))

2β
(1 − e−2βh)‖φ‖

min(λmin(Pi))

} 1
2
.

This means that the system (3.5) is robustly β− stable. The proof of the theorem

is complete. �
Example 3.2.2 Consider the following uncertain linear parameter dependent (LPD)

system with time-varying delays of the form

ẋ(t) =
[
A(α) + ∆A(t)

]
x(t) +

[
B(α) + ∆B(t)

]
x(t − h(t)), t ∈ R+, (3.8)

where

A(α) = α1

−4 1

2 −3.9

 + α2

 −3 0.3

−0.6 −0.2

 ,

B(α) = α1

−0.4 0.1

−0.6 −0.2

 + α2

−1.1 −0.3

2.1 −1.3

 ,

E(α) = α1

−2.1 0.1

0 −0.1

 + α2

−0.1 0.2

0 −0.1

 ,
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H(α) = α1

0.2 0

0 0.3

 + α2

0.1 0

0 0.2

 ,

M(α) = α1

−0.1 0

−0.1 −0.1

 + α2

−0.11 0

0.21 −0.1

 ,

J =

0.5 0

0 0.5

 , F (t) =

1 0

0 1

 .

By taking ε = 1, β = 0.9, δ = 0.1, we choose α1 = α2 = 1
2
. By using LMI Toolbox

in MATLAB, we use the condition (i) and (ii) in Theorem 3.2.2 for this example.

The solutions of LMI verify as follows of the form

P (α) = α1

 0.6876 −0.0722

−0.0722 0.1706

 + α2

0.9396 0.1174

0.1174 0.2178

 ,

Q(α) = α1

2.0002 0.1645

0.1645 0.6791

 + α210−3

0.5298 0.0594

0.0594 0.1686

 ,

and ζ = 4.7267 × 10−6. We obtain the maximum upper bound of time-varying

delays (hmax = 0.6363). Therefore, the system (3.8) is asymptotically stable. �
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Figure 3.3: The simulation of solutions for the states x1(t) and x2(t) in the LPD

delay system (3.8) with initial conditions x1(t) = −5 and x2(t) = 4, −0.6363 ≤
t ≤ 0 by using dde45 in Matlab.
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3.3 Stability Criteria of Uncertain Linear System with

Interval Time-varying Delays and Nonlinear Per-

turbations.

Consider systems described by the following state equation of the form
ẋ(t) = [A + ∆A(t)]x(t) + [B + ∆B(t)]x(t − h(t))

+f(t, x(t)) + g(t, x(t − h(t))), ∀t ≥ 0;

x(t) = φ(t), ẋ(t) = ψ(t), ∀t ∈ [−h2, 0],

(3.9)

where x(t) ∈ Rn is the state, A and B are given matrices of appropriate di-

mensions, 0 ≤ h1 ≤ h(t) ≤ h2, h2 > 0. Consider the initial function φ(t), ψ(t) ∈
C([−h2, 0], Rn) with the norm ‖φ‖ = supt∈[−h2,0] ‖φ(t)‖ and ‖ψ‖ = supt∈[−h2,0] ‖ψ(t)‖.
∆A(t) and ∆B(t) are unknown matrices representing time-varying parameter un-

certainties, we are assumed to be of the form

∆A(t) = KF (t)A1, ∆B(t) = KF (t)B1,

where K,A1, B1 are known constant matrices and F (t) is an unknown time-varying

matrix satisfying ‖F (t)‖ ≤ 1. The uncertainties f(.), g(.) represent the nonlinear

parameter perturbations with respect to the current state x(t) and the delayed

state x(t − h(t)), respectively, and are bounded in magnitude of the form

fT (t, x(t))f(t, x(t)) ≤ ηxT (t)x(t),

gT (t, x(t − h(t)))g(t, x(t − h(t))) ≤ ρxT (t − h(t))x(t − h(t)),

where η, ρ are given positive real constants. The delay h(t) is a continuous differ-

entiable function satisfying

0 ≤ h1 ≤ h(t) ≤ h2, ḣ(t) ≤ δ < 1.

In this section, we present the exponentially stability conditions dependent on

interval time-varying delays of uncertain linear system (3.9) with nonlinear per-

turbations vie linear matrix inequality (LMIs) approach.
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Theorem 3.3.1 The system (3.9) is robust exponentially stable with a decay rate

α, if there exist symmetric positive definite matrices Pi, i = 1, 2, ..., 8, matrices

Q1, Q2 of appropriate dimension and positive real numbers h1, h2, α, ε1, ε2, δ, γ, η, ε

such that the following condition holds.

Ā11 Ā12 0 0 A15 0 0 QT
1 QT

1 QT
1 E

∗ Ā22 0 0 A25 0 0 0 0 0

∗ ∗ A33 A34 0 0 0 0 0 0

∗ ∗ ∗ A44 0 0 0 0 0 0

∗ ∗ ∗ ∗ A55 0 0 QT
2 QT

2 QT
2 E

∗ ∗ ∗ ∗ ∗ −e−2αh2P7 0 0 0 0

∗ ∗ ∗ ∗ ∗ ∗ −e−2αh2P8 0 0 0

∗ ∗ ∗ ∗ ∗ ∗ ∗ −ε1I 0 0

∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ −ε2I 0

∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ −εI



≤ 0,

(3.10)

where

Ā11 = 2αP1 + QT
1 A + AT Q1 + ε1ηI + P2 + P3 + P4 − e−2αh2P5 + εAT

1 A1,

Ā22 = −(1 − δ)e−2αh2P2 − e−2αh2P5 + ε2γI + εBT
1 B1,

A33 = −e−2αh1P3 − e−2αh2P6,

A44 = −e−2αh2P4 − e−2αh2P6,

A55 = −QT
2 − Q2 + h2

2[P5 + P7] + (h2 − h1)
2[P6 + P8],

Ā12 = QT
1 B + εAT

1 B1,

A15 = P1 − QT
1 + AT Q2,

A25 = BT Q2,

A34 = e−2αh2P6.
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Proof. Rewrite system (3.9) in the following descriptor system:

ẋ(t) = y(t),

y(t) = A(t)x(t) + B(t)x(t − h(t)) + f(t, x(t)) + g(t, x(t − h(t))),

A(t) = [A + ∆A(t)], B(t) = [B + ∆B(t)]. (3.11)

It is easy to see that (3.9) is equivalent to (3.11). We consider a Lyapunov func-

tional candidate for system (3.11) of the form

V (t, x(t)) =
8∑

i=1

Vi(t, xt)

where

V1(t, xt) = e2αtxT (t)P1x(t) = e2αt

x(t)

y(t)

T I 0

0 0

 P1 0

Q1 Q2

 x(t)

y(t)

 ,

V2(t, xt) =

∫ t

t−h(t)

e2αsxT (s)P2x(s)ds,

V3(t, xt) =

∫ t

t−h1

e2αsxT (s)P3x(s)ds,

V4(t, xt) =

∫ t

t−h2

e2αsxT (s)P4x(s)ds,

V5(t, xt) = h2

∫ 0

−h2

∫ t

t+θ

e2αsẋT (s)P5ẋ(s)dsdθ,

V6(t, xt) = [h2 − h1]

∫ −h1

−h2

∫ t

t+θ

e2αsẋT (s)P6ẋ(s)dsdθ,

V7(t, xt) = h2

∫ 0

−h2

∫ t

t+θ

e2αsyT (s)P7y(s)dsdθ,

V8(t, xt) = [h2 − h1]

∫ −h1

−h2

∫ t

t+θ

e2αsyT (s)P8y(s)dsdθ.

Taking the time derivative of V (t, x(t)) along the solution of system (3.11) gives

that

V̇1(t, xt) = e2αt
[
2αxT (t)Px(t) + 2

x(t)

y(t)

T P1 QT
1

0 QT
2

 ẋ(t)

0

 ]
= e2αt

[
2αxT (t)P1x(t) + 2xT (t)P1y(t)

+2xT (t)QT
1

[ − y(t) + A(t)x(t) + B(t)x(t − h(t)) + ft + gt−h

]
+2yT (t)QT

2

[ − y(t) + A(t)x(t) + B(t)x(t − h(t)) + ft + gt−h

]]
,
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where, for simplicity, f(t, x(t)) := ft, g(t, x(t − h(t))) := gt−h.

V̇2(t, xt) = e2αt
[
xT (t)P2x(t) − (1 − ḣ(t))e−2αh(t)xT (t − h(t))P2x(t − h(t))

]
≤ e2αt

[
xT (t)P2x(t) − (1 − δ)e−2αh2xT (t − h(t))P2x(t − h(t)),

V̇3(t, xt) = e2αt
[
xT (t)P3x(t) − e−2αh1xT (t − h1)P3x(t − h1)

]
,

V̇4(t, xt) = e2αt
[
xT (t)P4x(t) − e−2αh2xT (t − h2)P4x(t − h2)

]
,

V̇5(t, xt) = e2αt
[
h2

2ẋ
T (t)P5ẋ(t) − h2

∫ t

t−h2

e2α(s−t)ẋT (s)P5ẋ(s)ds
]
,

V̇6(t, xt) = e2αt
[
h2

21ẋ
T (t)P6ẋ(t) − h21

∫ t−h1

t−h2

e2α(s−t)ẋT (s)P6ẋ(s)ds
]
,

V̇7(t, xt) = e2αt
[
h2

2y
T (t)P7y(t) − h2

∫ t

t−h2

e2α(s−t)yT (s)P7y(s)ds
]
,

V̇8(t, xt) = e2αt
[
h2

21y
T (t)P8y(t) − h21

∫ t−h1

t−h2

e2α(s−t)yT (s)P8y(s)ds
]
,

where h21 = h2−h1. For any a scalar s ∈ [t−h2, t], we obtain e−2αh2 ≤ e2α(s−t) ≤ 1.

Thus,

−h2

∫ t

t−h2

e2α(s−t)ẋT (s)P5ẋ(s)ds ≤ −h(t)e−2αh2

∫ t

t−h2

ẋT (s)P5ẋ(s)ds

≤ −h(t)e−2αh2

∫ t

t−h(t)

ẋT (s)P5ẋ(s)ds,

−h2

∫ t

t−h2

e2α(s−t)yT (s)P7y(s)ds ≤ e−2αh2

∫ t

t−h(t)

yT (s)dsP7

∫ t

t−h(t)

y(s)ds,

−h21

∫ t−h1

t−h2

e2α(s−t)yT (s)P8y(s)ds ≤ e−2αh2

∫ t−h1

t−h2

yT (s)dsP8

∫ t−h1

t−h2

y(s)ds.

We use to follow from Lemma 2.3.12, then we get

−h(t)e−2αh2

∫ t

t−h(t)

ẋT (s)P5ẋ(s)ds

≤ e−2αh2

 x(t)

x(t − h(t))

T −P5 P5

P5 −P5

  x(t)

x(t − h(t))


≤ e−2αh2

[
− x(t)P5x(t) + 2x(t)P5x(t − h(t)) − x(t − h(t))P5x(t − h(t))

]
,
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and

−h21

∫ t−h1

t−h2

e2α(s−t)ẋT (s)P6ẋ(s)ds

≤ e−2αh2

[
− x(t − h1)P6x(t − h1) + 2x(t − h1)P6x(t − h2)

−x(t − h2)P6x(t − h2)
]
.

By the existence of positive scalars ε1 and ε2, we obtain

ε1ηxT (t)x(t) − ε1f
T
t ft ≥ 0, (3.12)

ε2γxT (t − h(t))x(t − h(t)) − ε2g
T
t−hgt−h ≥ 0, (3.13)

It follows from V̇ (t, x(t)) with respect to system (3.11), together with (3.12),(3.13),

V̇ (t, x(t)) ≤
8∑

i=1

V̇i(t, xt)

+e2αt
[
ε1ηxT (t)x(t) − ε1f

T
t ft + ε2γxT (t − h(t))x(t − h(t)) − ε2g

T g
]

≤ e2αtζT (t)χζ(t),

where ζ(t) =
[
xT (t) xT (t − h(t)) xT (t − h1) xT (t − h2) yT

t

∫ t

t−h(t)
yT (s)ds∫ t−h1

t−h2
yT (s)ds fT

t gT
t−h

]T

, with χ = Ω+MF (t)N +NT F (t)T MT , where Ω,M,N

are given by

Ω =



A11 A12 0 0 A15 0 0 QT
1 QT

1

∗ A22 0 0 A25 0 0 0 0

∗ ∗ A33 A34 0 0 0 0 0

∗ ∗ ∗ A44 0 0 0 0 0

∗ ∗ ∗ ∗ A55 0 0 QT
2 QT

2

∗ ∗ ∗ ∗ ∗ −e−2αh2P7 0 0 0

∗ ∗ ∗ ∗ ∗ ∗ −e−2αh2P8 0 0

∗ ∗ ∗ ∗ ∗ ∗ ∗ −ε1I 0

∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ −ε2I



,

MT =
[
ET Q1 0 0 0 ET Q2 0 0 0 0

]
,

N =
[
A1 B1 0 0 0 0 0 0 0

]
,
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where

A11 = 2αP1 + QT
1 A + AT Q1 + ε1ηI + P2 + P3 + P4 − e−2αh2P5,

A22 = −(1 − δ)e−2αh2P2 − e−2αh2P5 + ε2γI,

A33 = −e−2αh1P3 − e−2αh2P6,

A44 = −e−2αh2P4 − e−2αh2P6,

A55 = −QT
2 − Q2 + h2

2[P5 + P7] + h2
21[P6 + P8],

A12 = QT
1 B(t),

A15 = P1 − QT
1 + A(t)T Q2,

A25 = B(t)T Q2,

A34 = e−2αh2P6.

By using Schur complement lemma 2.3.16, (3.10) is equivalent to the following

condition

Ω + ε−1MMT + εNNT ≤ 0. (3.14)

By using Lemma 2.3.13, condition (3.14) is equivalent to the following condition

χ := Ω + MF (t)N + NT F (t)T MT ≤ 0.

By assumption (3.10), we obtain

V̇ (t, x(t)) ≤ 0. (3.15)

Integrating both sides of (3.15) form 0 to t, we find

V (t, x(t)) ≤ V (0, x(0)),

and hence

e2αtλmin(P1)‖x(t)‖2 ≤ V1(t, x(t)) ≤ V (t, x(t)) ≤ V (0, x(0)),
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where

V (0, x(0)) = xT (0)P1x(0) +

∫ 0

−h(0)

e2αsxT (s)P2x(s)ds

+

∫ 0

−h1

e2αsxT (s)P3x(s)ds +

∫ 0

−h2

e2αsxT (s)P4x(s)ds

+h2

∫ 0

−h2

∫ 0

θ

e2αsẋT (s)P5ẋ(s)dsdθ

+h21

∫ −h1

−h2

∫ 0

θ

e2αsẋT (s)P6ẋ(s)dsdθ

+h2

∫ 0

−h2

∫ 0

θ

e2αsẋT (s)P7ẋ(s)dsdθ

+h21

∫ −h1

−h2

∫ 0

θ

e2αsẋT (s)P8ẋ(s)dsdθ.

Let us set λ = max
[
λmaxP1, h2λmaxP2, h1λmaxP3, h2λmaxP4, h

3
2λmaxP5, h

3
21λmaxP6

, h3
2λmaxP7, h

3
21λmaxP8

]
, we obtain that

e2αtλmin(P1)‖x(t)‖2 ≤ V (0, x(0)) ≤ λ
[

sup
−h2≤s≤0

(‖φ(s)‖, ‖ψ(s)‖)]2
,

and

‖x(t)‖ ≤
√

λ

λmin(P1)

[
sup

−h2≤s≤0
(‖φ‖, ‖ψ‖)]e−αt.

Therefore, system (3.9) is robustly exponentially stable with a decay rate α. The

proof of theorem is complete. �
Example 3.3.1 Consider uncertain linear time-varying delay system with nonlinear

perturbations described by the following state equation of the form

ẋ(t) = A(t)x(t) + B(t)x(t − h(t)) + f(t, x(t)) + g(t, x(t − h(t))),

A(t) = A + KF (t)A1, B(t) = B + KF (t)B1, (3.16)

where

A =

−8 1

2 −9

 , B =

−0.2 0

−0.1 −0.3

 ,

A1 =

 0.1 0.01

0.02 −0.1

 , B1 =

0.1 0

0.1 0.1

 , K =

0.1 0.1

0 0.2

 ,
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f(t, x(t)) =

0.7037sin(t)x1(t)

0.7037cos(t)x2(t)

 , g(t, x(t − h(t))) =

0.7037cos(t)x1(t − h(t))

0.7037sin(t)x2(t − h(t))

 ,

By taking ε1 = 0.0266, ε2 = 0.0157, ε = 0.4351, α = 0.1 and h(t) = 0.1 +

1.2sin2(1
3
t), we obtain γ = η = 0.7037, δ = 0.5 and h1 = 0.1, h2 = 1.3. By

using LMI Toolbox in MATLAB, we use the condition (i) in Theorem 3.3.1 for

this example. The solutions of LMI verify as follows of the form

P1 =

 0.0789 −0.0156

−0.0156 0.0811

 , P2 =

 0.7097 −0.0270

−0.0270 0.7336

 ,

P3 =

 0.1172 −0.0710

−0.0710 0.1391

 , P4 =

 0.1199 −0.0738

−0.0738 0.1428

 ,

P5 = 10−3 ×
 0.9295 −0.0164

−0.0164 0.9189

 , P6 =

0.0010 0.0000

0.0000 0.0010

 ,

P7 =

0.0015 0.0000

0.0000 0.0015

 , P8 =

0.0017 0.0000

0.0000 0.0017

 ,

Q1 =

 0.0809 −0.0034

−0.0034 0.0741

 , Q2 =

 0.0091 −0.0003

−0.0003 0.0091

 .

Therefore, the system (3.16) is robust exponentially stable. �
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Figure 3.4: The simulation of solutions for the states x1(t) and x2(t) in the uncer-

tain linear delay system (3.16) where F (t) = I with initial conditions x1(t) = −6

and x2(t) = 2, −1.3 ≤ t ≤ 0 by using dde45 in Matlab.
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3.4 Stability Criteria of Uncertain Linear Non-autono-

mous System with Time-varying Delays

Consider the uncertain linear non-autonomous system with time-varying delays of

the form ẋ(t) = [A0(t) + ∆A0(t)]x(t) + [A1(t) + ∆A1(t)]x(t − h(t)), t ≥ 0 ;

x(t) = φ(t), t ∈ [−h, 0],

(3.17)

where x(t) ∈ Rn, Ai(t), i = 0, 1 are given matrix functions continuous on [0,∞), 0 ≤
h(t) ≤ h, h > 0. Consider the initial function φ(t) ∈ C([−h, 0], Rn) with the norm

‖φ‖ = supt∈[−h,0] ‖φ(t)‖, and the admissible control u(·) ∈ L2([0, t], R
m), for all

t ∈ R
+. The delay h(t) is a continuously differentiable function satisfying

0 ≤ h(t) ≤ h, ḣ(t) ≤ δ < 1.

The uncertainties ∆A0, ∆A1 are time-varying and satisfy the condition:

∆Ai(t) = Gi(t)F (t)Hi(t), i = 0, 1,

‖F (t)‖ ≤ 1, ∀t ∈ R+,

where Gi(t), Hi(t), i = 0, 1 are given matrix functions of appropriate dimensions.

Given numbers ε > 0, ε0 > 0, ε1 > 0, α > 0, h > 0, we set

Pε(t) = P (t) + εI, A0,α(t) = A0(t) + αI,

Q(t) = ε0H
T
0 (t)H0(t) + I, S(t) = ε1I − H1(t)H

T
1 (t),

R(t) =
e2αh

1 − δ
[A1(t)A

T
1 (t) + ε1G1(t)G

T
1 (t)

+ A1(t)H
T
1 (t)S−1(t)H1(t)A

T
1 (t)] + ε−1

0 G0(t)G
T
0 (t).

Consider the Riccati differential equation

Ṗε(t) + Pε(t)A0,α(t) + AT
0,α(t)Pε(t) + Pε(t)R(t)Pε(t) + Q(t) = 0. (3.18)

Theorem 3.4.1 The uncertain linear non-autonomous system (3.17), where u(t) =

0, is robustly exponentially stable if there exist positive real numbers α, ε, ε0, ε1, and
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a matrix function P (t) ∈ BM+(0,∞) such that ε1I−H1(t)H
T
1 (t) > 0 and the RDE

(3.18) holds. Moreover, the solution x(t, φ) satisfies the inequality

‖x(t, φ)‖ ≤ N‖φ‖e−αt, t ∈ R
+,

where

N =

√
λmax(P (0))

ε
+

1

2αε
(1 − e−2αh) + 1.

Proof. Let Pε(t) ∈ BM+(0,∞), t ∈ R+, be a solution of the RDE (3.18). We take

the change of the state variable

y(t) = eαtx(t), t ∈ R
+, (3.19)

then the linear delay system (3.17), where u(t) = 0, is transformed to the delay

system

ẏ(t) = [A0,α(t) + ∆A0(t)]y(t) + eαh(t)[A1(t) + ∆A1(t)]y(t − h(t)),

y(t) = eαtφ(t), t ∈ [−h, 0],
(3.20)

Consider the following time-varying Lyapunov function for the system (3.20),

V (t, yt) = 〈P (t)y(t), y(t)〉 + ε‖y(t)‖2 +

∫ t

t−h(t)

‖y(s)‖2ds.

It is easy to see that

ε‖y(t)‖2 ≤ V (t, yt) ≤ (p + ε + h)‖yt‖2, (3.21)

where p = maxt≥0 |P (t)| which is a finite number because P (t) ∈ BM+(0,∞) and

hence P (t) is a bounded function. Taking the derivative of V (·) in t along the

solution of y(t) of system (3.20), we have

V̇ (t, yt) = 〈Ṗ (t)y(t), y(t)〉 + 2〈Pε(t)ẏ(t), y(t)〉 + ‖y(t)‖2 − (1 − ḣ(t))‖y(t − h(t))‖2

= 〈Ṗ (t)y(t), y(t)〉 + 2〈Pε(t)A0,α(t)y(t), y(t)〉 + 2〈Pε(t)G0F (t)H0y(t), y(t)〉
+ ‖y(t)‖2 − (1 − ḣ(t))‖y(t − h(t))‖2

+ 2eαh(t)〈Pε(t)[A1(t) + G1F (t)H1]y(t − h), y(t)〉
≤ 〈Ṗ (t)y(t), y(t)〉 + 2〈Pε(t)A0,α(t)y(t), y(t)〉

+ 2〈Pε(t)G0F (t)H0y(t), y(t)〉 + ‖y(t)‖2 − (1 − δ)‖y(t − h(t))‖2

+ 2〈eαh(t)Pε(t)[A1(t) + G1F (t)H1]y(t − h(t)), y(t)〉.
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From Lemma 2.3.11, it follows that

2〈eαh(t)Pε(t)[A1(t) + G1(t)F (t)H1(t)]y(t − h(t)), y(t)〉 − (1 − δ)‖y(t − h(t))‖2

≤ e2αh(t)

1 − δ
〈Pε(t)[A1(t) + G1(t)F (t)H1(t)][A1(t) + G1(t)F (t)H1(t)]

T Pε(t)y(t), y(t)〉.

Using Lemma 2.3.15, for numbers ε0, ε1 such that

2〈PεG0FH0y, y〉 ≤ 1

ε0

〈PεG0G
T
0 Pεy, y〉 + ε0〈HT

0 H0y, y〉,

[A1 + G1FH1][A1 + G1FH1]
T ≤ A1A

T
1 + A1H

T
1 (ε1I − H1H

T
1 )−1H1A

T
1 + ε1G1G

T
1 ,

provided ε1I − H1H
T
1 > 0. Furthermore, note that e2αh(t) ≤ e2αh,∀t ∈ R

+, we

obtain

V̇ (t, y(t))

≤ 〈Ṗ (t)y(t), y(t)〉 + 2〈Pε(t)A0,α(t)y(t), y(t)〉

+
1

ε0

〈PεG0G
T
0 Pεy, y〉 + ε0〈HT

0 H0y(t), y(t)〉 + ‖y(t)‖2

+
e2αh

1 − δ
〈{Pε[A1A

T
1 + A1H

T
1 (ε1I − H1H

T
1 )−1H1A

T
1 + ε1G

T
1 G1]Pε}y(t), y(t)〉.

Therefore,

V̇ (t, y(t)) ≤ 〈{Ṗε + PεA0,α + AT
0,αPε + ε−1

0 PεG0G
T
0 Pε + ε1H

T
0 H0 + I

+
e2αh

1 − δ
[PεA1A

T
1 Pε + PεA1H

T
1 (ε1I − H1H

T
1 )−1H1A

T
1 Pε

+ ε1PεG
T
1 G1Pε]}y(t), y(t)〉.

Since P (t) is the solution of (3.18), we obtain

V̇ (t, y(t)) ≤ 0, ∀t ∈ R
+. (3.22)

Thus, from (3.19), (3.20) and Lemma 2.3.7, it follows the boundedness of the

solution y(t, φ) for the system (3.20); i.e., there exists N > 0 such that

‖y(t, φ)‖ ≤ N‖φ‖, ∀t ≥ 0.

Returning to the solution x(t, φ) of the system (3.17) by the transformation (3.19),

we obtain

‖x(t, φ)‖ ≤ N‖φ‖e−αt, ∀t ≥ 0,
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which gives the exponential stability of (3.17). To determine the stability factor

N , we integrate both sides of (3.22) from 0 to t we find

V (t, y(t)) − V (0, y(0)) ≤ 0, ∀t ∈ R
+,

and hence

〈P (t)y(t), y(t)〉 + ε‖y(t)‖2 +

∫ t

t−h(t)

‖y(s)‖2ds

≤ 〈P0y(0), y(0)〉 + ε‖y(0)‖2 +

∫ 0

−h(0)

‖y(s)‖2ds.

Since

〈P (t)y, y〉 ≥ 0,

∫ t

t−h(t)

‖y(s)‖2ds ≥ 0,

and∫ 0

−h(0)

‖y(s)‖2ds ≤ ‖φ‖2

∫ 0

−h(0)

e2αsds =
1

α
(1− e−2αh(0))‖φ‖2 ≤ 1

2α
(1− e−2αh)‖φ‖2,

we have

ε‖y(t)‖2 ≤ λmax(P (0))‖y(0)‖2 + ε‖y(0)‖2 +
1

2α
(1 − e−2αh)‖φ‖2.

Returning to the solution x(t, φ) of system (3.17) and noting that

‖y(0)‖ = ‖x(0)‖ = φ(0) ≤ ‖φ‖,

we have

‖x(t, φ)‖ ≤ N‖φ‖e−αt, ∀t ∈ R
+,

where

N =

√
λmax(P (0))

ε
+

1

2αε
(1 − e−2αh) + 1.

The proof of the theorem is complete. �
Example 3.4.1 Consider the uncertain linear non-autonomous unforced system

with time-varying delay (3.17), where u(t) = 0, with any initial function φ(t) and
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time-delay function h(t) = 3 sin2(2/3)t and

A0(t) =

−1
2

−1

0 e−2t − 3
4

 , A1(t) =

− √
2−e−2t

e3(e−2t+1)
0

0 −
√

2−e−2t

2e3

 ,

G0(t) =

 et

e−2t+1
0

0 e−t√
2

 , H0(t) =

e−t e−t

et e−t

 ,

G1(t) =

 et

e3(e−2t+1)
0

0 e−t

e3

 , H1(t) =

e−t 0

0 e−t

 .

We see that h = 3, and ḣ(t) = 2 sin(4/3t) and then δ = 2. Taking α = ε = ε0 = 1

and ε1 = 2, we have

ε1I − H1(t)H
T
1 (t) =

2 − e−2t 0

0 2 − e−2t

 > 0.

We can verify that the matrix P (t) =

e−2t 0

0 1

 is a solution of (3.18). Therefore,

by Theorem 3.4.1 the system is robustly exponentially stable and the solution

satisfies

‖x(t, φ)‖ ≤ (3 − e−3)‖φ‖e−t, t ∈ R
+.
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Figure 3.5: The simulation of solutions for the states x1(t) and x2(t) in the LPD

delay system (3.15) with initial conditions x1(t) = 5 and x2(t) = −4, −3 ≤ t ≤ 0

by using dde45 in Matlab.


