Chapter 4

Discrete Time Delay Systems

This chapter presents robust stability criteria of discret-time delay systems
such as linear parameter dependent (LPD) system with time-delay, uncertain LPD
system with time-varying delays and uncertain linear system with interval time-
varying delays and nonlinear perturbations. We use appropriate Lyapunov func-
tions and derive stability conditions in terms of linear matrix inequalities (LMIs).
Numerical examples are presented to illustrate the effectiveness of the theoretical

results.

4.1 Stability Criteria of LPD System with Time-delay

Consider the discrete-time LPD system with time-delay of the form

z(k+1) = A(a)z(k) + B(a)x(k— h), Vke Zt,
z(k) = o(k), VEk € [—h,0],

(4.1)

where z(k) € R"™ represents the system state vector at time k£ € Z* and h is a
positive integer representing the time delay. A(a) and B(«) are uncertain M"™*"

matrices belonging to the polytope of the form

{A(a),B(a)} = {ﬁ:%z‘li,ﬁ:%&}

N
Y ai=1,0;>0A4;,B e M i=1.N.
i=1
Here ¢(k), is a real valued initial function on [—h,0]. Let us set
ATP; A, ATPB -P+Q; 0

Mml[A, P, B] = , N,-[P, Q} =
BiTPjAl Bz‘TPjBl 0 _Qi
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Theorem 4.1.1 The system (4.1) is robustly stable if there exist symmetric positive
definite matrices P;, QQ;, @ = 1,2, ..., N satisfying the following conditions.

(Z) Mi,i,i[Aapa B] + NZ[P, Q] < —I, 1=1,2, ,N

(i1) M, ;[A, P,B]+ M;,;[A, P,B]+ M;,;;[A, P, B| + 2N,[P, Q] + N;[P, Q]
1
—I, i=12.,Ni#755=12,., N.
<(N—1)2 ¢ ) Ly ey 72#]7] Rt IR
(ZZ’L) Mi,j,l [A, P, B] + Mi,l,j [A, P, B] w M]’ﬂ"l [A, P, B] + Mj,l,i[A7 P, B]
+M,;;[A, P, Bl + M, ;;[A, P, B] + 2N;[P, Q] 4 2N; [P, Q] + 2N, [P, Q]
6

<—, i=12,. ., N=-2j=0¢+1,.. ., N-11l=5+1,..,N.
(N-l)Q ) t » < ’ »J ¢+ ) ) ) j+ ) )

Proof. Consider a Lyapunov function for system (4.1) of the form

k—1

V(k,x(k)) = 2" (k) P(or)a(k) + Z ! ()Q(e)x (i),

where P(a) = 32N ;P and Q(a) = S.N  a;Q;. Then, the difference of Lya-
(

punov function along a trajectory of solution of (4.1) is given by
AV(k,z(k) = V(k+1Lx(k+1)) = V(k z(k))
T(k)A" () P(a) A(a) (k) + 2" (k — 1) BT (o) P(er) A(r)x (k)
+a” (k) A" (o) P(e) B(a)z(k — h) + &” (k)Q(a)z (k)
+27(k — h) B (a)P(a) B(a)x(k — h)
(

|
8

—2T(k)P(a)z(k) — 27 (k — h)Q(a)x(k — h).
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o7

ZaSYT[ M, [A, P, B] + N[P.Q]| Y

M, ;i|A, P, Bl + M, ;;|A, P, B

S S | MR M 4R B
i=1 i#j,5=1 +Mj7i,i[A7 P7 B} + 2N2[Pa Q] + Nj [P7 Q}
M; ;,1[A, P, Bl + M, ;[A, P, B]
£ M., [A, P, B+ M, .[A P,B
- | ]+ Ml ] Y.
1 +M; ; [A, P, B] + Ml,jﬂ-[A, P, B]

| +2N;[P, Q] + 2N;[P, Q] + 2Ni[P, Q]

N-2
+

i=1 j=1i

=

WE

+

li=j

+

where Y = [z(k) x(k —h)]T. By conditions (i) — (i74), we have

22 Z O‘O‘J

i=1 i#j,j=1

AV (k,2(k)) < —YT[ZQ?]—(

2

From (N — 1)® + A > 0, we obtain

N N-2 N-1

N
Zaf’— N_1)p Z Z ozozj El)Q ZO@'OZ]’CWZO-

i=1 i#j7,5=1

Therefore, we conclude AV (k) < 0 which means that the system (4.1) is robustly

stable. The proof of theorem is complete.

Example 4.1.1 Consider the following discrete-time LPD systems with time-delay

of the form

r(k+1) = A(a)z(k) + B(a)z(k — h), ke Z*, (4.2)
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where h is any positive integer and
A(a) = a1 A1 + azAs,

B(Oé) — OélBl + OéQBQ,

where ~ _ _ }
0.0233  0.4211 0.0198  0.5124
Al = ) A2 = )
—0.7472 0.1765 —0.6389 0.2015
0.0634  0.0036 0.0701  0.0041
B, = , By= .
—0.0054 0.0523 —0.0065 0.0621

By using LMI Toolbox in MATLAB, we use the condition (i), (4i) and (¢) in
Theorem 4.1.1 for this example. The solutions of LMI verify as follows of the form

1.6967 —0.1306 1.7014 —0.1525
Py =10° x , Py=10%x
—0.1306  2.3893 —0.1525  2.3556
521.0819 17.3861 528.0290 11.8215
— 5 2 —
17.3861 547.6851 11.8215 559.8311
Therefore, the system (4.2) is robustly stable. O

The state x(t)

Figure 4.1: The simulation of solutions for the states z1(k) and z5(k) in the LPD
delay system (4.2) where h = 2,4 = ay = 5 with initial conditions 2 (k) = 3 and
xo(k) = —4, k = —2,—1,0 by using method of Runge-Kutta order 4(h=0.01) with
Matlab.

Theorem 4.1.2 The system (4.1) is robustly stable if there exist symmetric positive
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definite matrices P, Q;, @ = 1,2, ..., N; Zyy;,1 = 1,2, ..., N; Zy; = ZL and Zijiyi =

Jit
].,2,...,N,j 7& Z,j == 1,2,...,N; Zijl == ZT Zilj = Z]:,;“Z]zl == ZTZ == ].,2,...,N—

lji» lij»

2,j=1+1,....N—=1,1l=75+1,...,N satisfying the following conditions.
(Z) MZ,Z,Z[A7P7B]+NZ[P7Q] <Ziii7 1= 1727aN7
(it) M, ;i[A, P,B)+ M, ;;[A, P, Bl + M;;;[A, P, Bl + 2N;[P, Q] + N;[P, Q)
< Zigj + 2 + Zijs,

i=1,2,...Ni#jj=12_..N

(ii7) MijlA, P, B] + My [A, P, B] + M, [A, P, B] + M;.,[A, P, B]
+Ml7i,j["4> P7 B] + Ml,j,i[Av Pv B] + 2NZ[P7 Q] + 2N][P7 Q] + 2NZ[P7 Q}
< Ziji+ Ziy + Zaj + Zy + Ziu + 2y,

i=1,2,.,N—2j=i+1,..,N—1,l=5+1,...N;

Zlil Zli2 te ZliN
Zun Zow - Za

() |77 M <0i=1,2,..,N
| Znit Zni2 ccr ZNiN

Proof. Consider a Lyapunov function for system (4.1) of the form

k—1

V(k,x(k)) = 2" (k) P()x(k) + Z 2" (1)Q(a)z (i)

i=k—h

where P(a) = YN ;P and Q(a) = -, ;Q;. Then the difference of Lyapunov

function along a trajectory of solution of (4.1) is given by

AV (k,2(k) = i 0> oY o (k) (ATP A = P+ Qi) ()]
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DI 90 DY LY o e P

i=1  j=1 =1

- Za?’YT[ M;;[A, P, B] + N;[P, Qﬂ

M, ;ilA, P, Bl + M, ;|A, P, B]
+ Z Z Za YT Y

i=1 itjj=1 +M;;ilA, P, Bl + 2N;[P, Q| + N,[P, Q)]

M; ji[A, P, B] + M;, ;[A, P, B]

N—2 N—1 N
+M;|A, P,B] + M;,,[A, P, B
+ Z Z P OzJOq Js ,l[ ] Il [ ] Y,
i=1 jmit1i=jt1 +M, (A, P, Bl + My j4[A, P, B

| +2Ni[P. Q] + 2N, [P, Q] + 2Ni[P, Q]

where Y = [z(k) x(k — h)]T. By conditions (i) — (4ii), we have

N
AV (k < Zaf'YTZmY + Z Z ;oY [ Zyy + Z5 + Ziyi]Y
i=1 i#j,j=1
N-2 N-1 N
+ Z Z 6710 zgl+Z1]z+Zzl] +Z]lz+le+Zgj]Y
i=1 j=1 ll:] +1
ol 2111 Zuz -+ Zun ol
ool Z A A ool
~ YTa1 2 2‘11 2‘12 2.1N 2 v
_OéN[_ _ZNll ZNi2 - ZNlN_ _OéN[_
. = T - — — —_
a Zioyn Lz - Zian ol
asl 7 Z e ool
+YTa2 2 2.21 2.22 2.2N 2 v
_OéNf_ _ZN21 ZN22 e ZN2N_ _OéNf_
- 2T r 4 r -
ol Zint Zine - ZiNN an
ol Z Z ez ol
- YTaN 2 2N1 2N2 2NN 2

anl ZNN1 ZNN2 e ZNNN_ anl



Thus, we have
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- — T —_
ol Ziil
ool Zain
AV (k,z(k) < YT Pl
anl ZnNi1

AT AN ar
Laia Z%N aol Y
ZNi2 ZNiN_ _OéNf_

By the condition (iv) we obtain AV (k) < 0. Therefore, the system (4.1) is ro-

bustly stable.

O

Example 4.1.2 Consider the following discrete-time LPD systems with time-delay

of the form

z(k+1) = Ala)xz(k) + B(a)z(k — h),

where h is any positive integer and

—0.52130  0.34646
Ala) = + as
—0.21218 —0.72940
0.0318  —0.00234
B(a) =m + ay
—0.00456  0.0350

keZt, (4.3)

—0.63410  0.26354
—0.25410 —0.71280

—0.00364
0.0834 |

0.0354
—0.00605

By using LMI Toolbox in MATLAB, we use the condition (1), (i), (¢i7) and (iv)

in Theorem 4.1.2 for this example. The solutions of LMI verify as follows of the

form
5 3.8531 0.4311 ), 4.4796 0.2519
P1 =10 s P2 = 10" x
0.4311 5.4663 0.2519 5.0000
3 1.3666 0.0713 5 1.2795 —0.0066
Q1 = 10" x Qs = 10% x
0.0713 1.2885 —0.0066 1.2584
—2.9670 0 0 0
5 0 —2.9670 0 0
lel = 10° x
0 0 —2.9670 0
0 0 0 —2.9670




and

29770
0
0
0

ZQQQ = 103 X

Zng = Ziy = Zo11 = 10% x

Lotg = Zigg = Zao1 = 10° x
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Therefore, the system (4.3) is robustly stable.

0 0 0 |
29770 0 0
0 29770 0 |
0 0 —2.9770]
04322 0 0 |
0 —0.4322 0
0 0 —04322 0 |
0 0 04322
04162 0 0 |
0 —0.4162 0
0 0 —04162 0
0 0 ~0.4162

Figure 4.2: The simulation of solutions for the states z1(k) and z5(k) in the LPD

delay system (4.3) where h = 2,4 = oy = £ with initial conditions 21 (k) = 6 and

xo(k) = =5, k = —2,—1,0. by using method of Runge-Kutta order 4 with Matlab.
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4.2 Stability Criteria of Uncertain LPD System with
Time-Varying Delay

We consider the uncertain discrete-time linear parameter dependent (LPD) system

with time-varying delay of the form

ok +1) = [A(a) + AA(k)} (k) + [B(a) + AB(k)}x(k — k), Vke Z*

z(k) = o(k), Vk € [—h, 0],
(4.4)

where z(k) € R™ represents the system state vector at time k € Z+ = {0,1,2,...}
and h(k) € Z* is a positive integer representing the time delay. A(«) and B(«)

are uncertain M"™*" matrices belonging to the polytope of the form
N N
{A(), B)} = { 30, Y- i},
i=1 i=1

N
Z&i = 17ai Z OvAiaBi € Mnxnai = 17"'7N'
i=1

¢(k) is a real valued initial function on [—h,0]. AA(k) and AB(k) are unknown
matrices representing time-varying parameter uncertainties, we are assumed to be

of the form
AA(k) = K(a)A(k)A(a), AB(k) = K(a)A(k)B;(«),

where A;(a) = 320, ;AL Bi(a) = 3N B}, K(a) = Y. a;K; and A(k)
satisfies

Ak)=FR)I - JFK), 1—-JJ" >0
The uncertain matrix F'(k) satisfies
FR)'F(k) <1

In addition, we assume that the time-varying delay h(k) is upper and lower

bounded. It satisfies the following assumption of the form

hy < h(k) < ho,
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where hy; and hsy are known positive integer. Let us set
N N
Pla)=> P, Qo) => Qs
i=1 i=1
flT(a) = A(a) + AA(k), B(a)= B(a)+ AB(k).

Lemma 4.2.1 Let AT(a), B(a) be given matrices as in (4.4). Let Py, Q;, i =

1,2,..., N, be symmetric positive matrices and positive real numbers €, (, h=hy—

hi+ 1. Then,

AT(a)P(a)A(a) = P(a) + hQ(a)  AT(a)P(a)B(a)

BT(a) P(a) A(c) BT(a)P(a)B(a) — Q(a) P i
if and only if
Pk 0 ATR AT o ]
0 ~Qi BI'p, 'BT 0
(4) AP, B,P, —P, 0 ePK,| <—CI, i=1,2,..N,
e tA! ¢ 'B} 0 —1 J
0 0 eKTP  JT -1
[ phQ. 0 ATR, AT o]
0 -Q: BIP, 'BY 0
(i4) AP, BP, -P 0  ePK;
e tA! ¢ 'B} 0 —I J
0 0 KT JT -I |
p+hQ; 0 ATR AT o ]
0 —-Q; BIR !B 0 &
+ A; P B;pP, —F; 0 eP;K; <m,
Al Bl 0 Y J
0 0 eK/P J" =

1=1,..N—-1,j57=1+1,...,N.
Proof. We consider

AT(a)P(a)A(a) = P(a) + hQ() AT(a)P(a) B(a)
B (a)P(a)A(a) B (a)P(e) B(a) = Qo)



where h = hy — by + 1, P(a) = 3.~ oy P, and Q(a) = SN | 2;Q;. Then,

—P(a) + fAzQ(oz) 0

)
+ | _ _ _ _
0 —Q(a) BT (a)P(a)A(a) BT (a)P(a)B(a)
—P(a)+hQ(c) 0 AT (a) _ _
—= + | P(a) |A(a) Bla
[ 0 Q@] |B"() ) B
We assume that
—P(a) +hQ(a) 0 AT (@) _ _
== P Oé) Al(e) B(a)| <0
0 —Q(a) B'(a) [ A\ )]

Using the well-known Schur compliment lemma (Lemma 2.3.16), we change above

inequality in this form

—Pla)+hQ(a) 0 A()T + [K(a)Ak) A (a)]”
* —Q(a) B()T 4 [K(a)A(k)Bi(a)]"| <O.
* k _P(a)—l

We rewrite above inequality again as

—P(a)+hQ(a) 0 A(a)T 0
0 ~Q(@) B@" |+ | 0 [AK)|Aa) Bi(a) 0
Al) Bla) -P@)| |K()
NSt
+|Ai(@) Bi(a) o}TA(mT 0 | <o (4.5)
K(a)

By using Lemma 2.3.14, inequality (4.5) holds if and only if there exists € > 0
such that
—P(a) +hQ(a) 0 Ala)T
0 —Q(e)  B(a)"
Ala) B(a) —P(a)™

e 'Bi(a)t 0 < 0. (4.6)
0 eK ()
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We apply Scher complement lemma in (4.6) , we obtain
_P(a) +hQ(a) 0 A@T A @ 0
0 —Q(a)  B(@)" 'Bi(a) 0
Ala) B(a) —P(a)™! 0 eK(a)| <0 (4.7)
e 1A (a) e 1B () 0 -1 J
i 0 0 eK ()T Jr —1 |
Pre-multiplying (4.7) by diag{I, I, P(«), I, 1} and post-multiplying by
diag{I, I, P(a),I,1}. We obtain
_P(a)+hQa) 0 A(@TP@) e Ay(a)” 0o |
0 —Q(a)  B(a)'P(a) e 1Bi(a)” 0
P(a)A(a) P(a)B(a) —P(a) 0 eP(a)K(a)| <0(4.8)
e 1A () () 0 -1 J
I 0 0 eK(a)TP(a) JT -1 ]

The facts that ZZ]\LI a; = 1, we obtain the following identities :

ZaA ZaB ZoﬂAB +Z Z i0i[A; Bj + A; Bil,

=1 j=1+1
—12@2(—222041(1]{ ZZ a; — aj)*¢ > 0.
i=1 j=i+1 =1 j=i+1

Hence, the inequality (4.8) is equivalent to the following inequalities

_P+hQ. 0 ATR AT o
0 -Q; BIP, BT 0
AiP; BipP;  —F 0 ePK;| <—CI, i=1,2,..N,
1Al Bl 0 -1 J
0 0 eKTP JT =
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and
-P+hQ; 0  ATP
Qi BIP,
A, P; B, —P;
e tA! ¢ 'B} 0
0 eK]'P;
—Pj + th O A?B €
-Q; BIP
+ AP, B PP,
—1 41 -1pl
€ Aj € B, 0
0 eKjTPi

i=1,..N—1,j=i+1,..,N.

The proof of lemma is complete.

21

<—
N-—-1

O

Theorem 4.2.2 The system (4.4) is robustly stable if there exist symmetric positive

matrices P, > 0 and QQ; > 0, i = 1,2,..., N, and positive real numbers €, (, h =
ho — hy + 1 satisfying the LMI.

—P; + hQ;
0
AP,

e 1Al

0 ATP,
—Q; Bl'P,
BiP,  —P,

B0

0  eK/P,

0 AP
-Q; B'P
BiP; P,

B! 0
0 eK[P

e 1Al
e1p1T
0
-1
JT




~P+hQ; 0 ATR AT 0
0 ~Q; BFP, «'BYY 0
21
+ AP, B;P, —P 0 el K; N_1’
6’1Aj1 elejl 0 -1 J
0 0 eKTP, JT —I

Proof. We define the following Lyapunov function for system (4.4) of the form
V(z(k)) = Vi(z(k)) + Va(z(k)) + Vs(z(k))

where

—h1+1

-y Y. -Yan Q=Y a0

j=—ha+2 l=k+j—1

A Lyapunov difference for the system (4.4) is defined as
AV (z(k)) = AVi(z(k)) + AVa(x(k)) + AVs(x(k)).
Thus, we have

AVi(z(k)) = Vi(z(k+1)) = Vi(z(k))
— " (k+ DP(a)a(k+ 1) — " (k) P(a)a(k
= 2T(k)AT(a)P(a) A()x(k) + 2T (k — h(k

NN

)B" () P(a) A(a)x (k)
+2”(k — h(k)) BT (a)P(a) B(a)z(k — h(k))
+2T (k) AT (o) P(a) B(a)z(k — h(k)) — 2" (k) P(a)z (k).

Next, we consider

AVa(a(k) = Va(a(k +1)) - Va(a(k))

i=k+1—h(k+1) i=k—h(k)
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= T (R)Qa)a(k) - " (k — h(k)Q(a)a(k — h(k))

k—h1 k—1

+ ) A OQ) — Y 2 ()Q)x(i)

i=k+1—h(k+1) i=k+1—h(k+1)
k—1
+ Y 2T ()Q()x(i).
i=k+1—h
Form h(k) > hy, we have that

k-1 k—1

Y Q@) — Y. AT )Q@)() < 0.

i=k+1—hy i=k+1—h(k+1)
Thus, we obtain
AVy(z(k)) < 2" (k)Q(e)a(k) — a” (k — h(k)Q(a)x(k — h(k))

k—h1

+ > 2 ()Qz(i).

i=k+1—h(k+1)

Finally, we know that

AVs(x(k)) = Va(x(k+1)) — Va(z(k))

—h1+1 k—1

= Y [ RQE@m £ Y 2T ()Q()x()
- Y S0
= (- WP RQR) — Y. Q). (19)

It is easy to see that

AVy(x(k)) + AVz(x(k)) < (ha —hi + 1)xT(k)Q(a)x(k) — nghQ(a)xk—h

LY Qe - Y T ()Qa)(i)
i=k-+1—h(k+1) i=k+1—hy

for simplicity, we let z(k — h(k)) = xx_p. Since, h(k) < hq, we obtain that

k*hl k*hl

Y. @O ~ Y 2" ()Qa)x(i) 0.

i=k+1—h(k+1) i=k+1—ho
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Therefore, we conclude that

AV (z(k)) ' (k) AT (o) P(a)A(a)x (k) + ' (k — h) BT (o) P(a) A(a)z(k)

IN

7 (k)AT () P(a)B(Q)zg_p, + o1, BY () P(a) B(a)xy_p

' (k)P(e)x(k) + (he — hy + 1" (k)Q(a)x (k) =z, Q) zr—p.

Then, it follows form above inequality and we rewrite this inequality as

AH AT(O()P(O[)B(OZ)
B¥(a)P(a)A(a) B*(a)P(e)B(a) — Q(a)
where Ay = AT(a)P(a)A(a) — P(a) + hQ(a), h = hy — hy + 1 and Y7
[x(k)T  x(k — h(k))T]. From (4.10), we assume (i), (i7) and by Lemma 4.2.1 then
we obtain that AV (z(k)) < 0. Therefore, this means that the system (4.4) is
O

AV(z(k) < YT

IN

Y, (4.10)

robustly stable. The proof of theorem is complete.
Example 4.2.2 Consider the following the uncertain discrete-time LPD system

with time-varying delays (4.4) where h(k) = 2 + cos() i.e., hy = 1,hy = 3 and

—0.6 0.02 —0.7 0.03 —0.6 0.02
Ay = 2 = , B =
0.02 -0.6 0.03 —-0.7 0.02 —-0.08
B —0.8 0.03 ) 0.005 0.0001 0 0.006  0.0002
9 = e s 2 E— ,
0.03 —0.09 0.0001  0.005 0.0002 0.006
) —0.007 0.0005 —0.004 0.0002
= Bl = ,
0.0005 —0.007 0.0002 —0.004
0.01 0.003 0.02 0.001
K, = £
0.003 0.01 0.001 0.02
0.001 0
and J = . By using LMI Toolbox in MATLAB, we use the condi-
0  0.001

tion (i) and (i) in Theorem 4.2.2 for this example. The solutions of LMI verify as

31.3635 1.2365

follows of the forme =1, P, =

1.2365 29.4763

9.4325 0.5587
0.5587 11.4534

10.8564
1.3856

1= , all 2 =

37.6354  0.2543
0.2543 41.3745

1.3856
11.9781|

U



71

Figure 4.3: The simulation of solutions for the states x;(k) and xo(k) in the
this example for Uncertain discrete LPD delay system with initial conditions
x1(k) = 2 and z9(k) = 4, k = —3,—2,—1,0 by using method of Runge-Kutta
order 4(h=0.01) with Matlab.

4.3 Stability Criteria of Uncertain Linear Time-Varying
Delay System with Nonlinear Perturbation

Consider the uncertain linear time-varying delay system with nonlinear perturba-
tions described by the following state equation of the form

z(k+1) = [A+ AA]z(k) + [B + ABx(k — h(k))

(2 (R)) + gt ok — h(R))), Vkezt o (411)

x(k) = o(k), Vk € [—hs, 0],
where z(k) € R", h(k) is a positive integer representing the time delay. A and B
are given matrix of appropriate dimensions. ¢(k) is a real valued initial function
on [—hy,0] with the norm [[¢[| = sup,e(_p, ) [[#(k)|. The uncertainties f(-), g(-)
represent the nonlinear parameter perturbations with respect to the current state

x(k) and the delayed state x(k—h(k)), respectively, and are bounded in magnitude:
F (ke 2(k) f (k, (k) < mat (k) (k),
g" (k,x(k — h(k))g(k, x(k — h(k))) < pz" (k — h(k))(k — h(k)),

where 7, p are given nonnegative integers. The uncertainties AA(k) and AB(k)

are unknown matrices representing time-varying parameter uncertainties, we are
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assumed to be of the form
AA(k) = KA(k)A;, AB(k) = KA(k)By,
where K, Ay, By € M™™ and A(k) satisfies
Ak)=FR)I - JF&)™, 1-JJ" >0
The uncertain matrix F'(k) satisfies
F)'F(k) <1

In addition, we assume that the time-varying delays h(k) are upper and lower

bounded. It satisfies the following assumption of the form
hy < h(k) < hy,
where hy and hy are known positive integer. Let us set
A=A+ ANA, B=DB+AB.

Lemma 4.3.1 Let A, B be given matrices as in (4.11). Let P, Q be symmetric

positive matrices and positive real numbers €, €y, €x,n,7y and h = ho — hy + 1.
Then,
(ATPA— P +hQ+eanl ATPB AP ATP |
BTPA BTPB—-Q+eyl BT  BTP -0
PA PB P—el P
PA PB P P —el

if and only if

—P+hQ + el 0 0 0 ATP AT 0
0 —Q+eryI 0 0 BTP BT 0
0 0 —al 0 P 0 0
0 0 0 —el P 0 €K | <O.

M
=~
[
L
=
o o M
o
o
|
~
<




Proof. We consider
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(ATPA_p+ hQ + einl ATPB ATp  ATp
BTPA B"PB—-Q+eyI B'™P  BTP
PA PB P—el P
I PA PB P P — eQI_
where h = ho — hy + 1. Then, we rewrite above matrix as
P hQ + el 0 0 0 ]
0 —Q+eyl 0 0
0 0 —el 0
i 0 0 0 —62[_
(ATPA ATPR AP ATP]
B"PA BTPB BTP BTP
i PA PB P P
I PA PB P P \
[ PihQienl 0 0 0]
Y 0 —Q+eyl 0 0
N 0 0 ol 0
0 0 0 —eod
L - i
BT
+| | Pl B 1
1
I
We assume that
P hQ+ el 0 0 0 AT
0 —Q+eyl 0 0 BT P[fl A7 I]<0.
0 0 —al 0 1
i 0 0 0 —621_ 1 |
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Using the well-known Schur complement lemma (Lemma 2.3.16), the above in-

equality is equivalent to below inequality as

—P+hQ+enl 0 0 0 AT
0 ~Q+eyl 0 0 BT
0 0 —al 0 I |<o0.
0 0 0 —el I
i A B I I p!

We rewrite above inequality again as

—P+hQ+enl 0 0 0 AT
0 —-Q+evyl 0 0 BT
0 0 —el 0 I
0 0 0 —el I
i A B ro1 P
- - - AT
0 0
0 0
+ (0| Ak) [Al B, 0 0 0]+[A1 B 00 O}TA(k:)T 0| <o.
K K
K K|

By using Lemma 2.3.15, above inequality holds if and only if there exists ¢ > 0

such that
[P+ hQ +ent 0 0 0 AT]
0 —-Q+evyl 0 0 BT
0 0 —al 0 I |+
0 0 0 —el
I A B 1 1 P_l_
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e AT 0 e tAT
e'BY 0 -1 [e BT
I —J
0 0 0
=Jr I
0 e 0
0 eK 0

< 0.

(4.12)

We use Schur complement lemma (Lemma 2.3.16) again for (4.12), it becomes

that

[P+ hQ+ el 0 0 0 AT
0 Qe O 0 BT

0 0 el 0 I

0 0 0 —el I
A B I 1 p

14, B, 0 0 0
\ 0 0 0 eKT eKT

e tAT
e BT
0
0
0
—1
JT

0
0
0
eK
eK
J
=1

<0 (4.13)

Pre-multiplying (4.12) by diag{I,I,I,I, P, 1,1} and post-multiplying by

diag{I,I,1,1,P,I,1}. We obtain the result

P+ hQ+ el 0 0 0 ATP
0 —Q+4eyl 0 0 BTP
0 0 —al 0 P
0 0 0 —el P
PA PB Pl p S p
e 14, B 0 0 0
I 0 0 0 eKT eKTP

The proof of lemma is complete.

e tAT
e ‘BT
0
0

JT

0

< 0.

U

Theorem 4.3.2 The system (4.11) is robustly stable if there exist symmetric positive

matrices P, QQ and positive real numbers €, €1, €2, 1,y and h=hy—hi+1 satisfying
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the LMI.
P4 hQ+ el 0 0 0 AP AT 0 |
0 —Q+4eyI 0 0 BTP BT 0
0 0 —al 0 P 0 0
0 0 0 —el P 0 €K | <O.
PA PB P P —P 0 €ePK
e 1A e 'B; 0 0 0 —1I J
0 0 0 KT eKTP JT I |

(4.14)

Proof. We define the following Lyapunov function for system (4.11) of the form
V(z(k)) = Vi(z(k)) + Va(z(k)) + Va(z(k)),
where
Vi(e(k)) = 2 (k) Pr(k), Va(a(k) = ) 2" (0)Qu(i),
—hi+1 k-1

Vi) = Y Y AT 0)Qa(),

j=—ho+2l=k+j—1

A Lyapunov difference for the system (4.11) is defined as
AV(@(k) = AV (@(k)) + AVa(e(k) + AVa(a(k).
Thus, we have

AVi(z(k)) = Vi(z(k +1)) = Vi(z(k))
= 27 (k+1)Px(k+1) — 27 (k) Pz (k)

= T
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+f1 (k, (k) Pg(k, 2(k — h(k))) + g" (k, 2(k — h(k)))P Az (k)
+g" (k, x(k — h(k)))PBx(k — h(k)) + g" (k, x(k — h(k)))Pf (k, (k))
+g" (k, z(k — h(k))) Pg(k, x(k — h(k))) — 2" (k) Px(k)

Next, we consider

AVy(x(k)) = Va(a(k+1)) — Va(x(k))

B - z;(k ) —k—h(k \
Qe 47k~ H)Qk H(8)
Y G- Y T0e)
i=k+1—h(k+1) =k 1—h(k+1)
by 0

Form h(k) > hy, we have that

k—1 k—1
o AT~ D 2T(H)Qu(i) <0.
i=k+1—hy i=k+1—h(k+1)

Thus, we obtain

k—h1

AVa(k) < @' (k)Qu(k) — 2" (k = h(k)Quz(k = h(k)) + > «"()Qux(i).

i=k+1—h(k+1)

Finally, we have

AV(a(k) = Va(a(k +1)) - Va(a(k))

—h1+1 k-1 k—1

= Y [TWeem+ Y 0~ Y 2T WQa)]
= (a—m) 1@~ Y aT0)r)

It is easy to see that

AVa(k) + AVa(k) < (hg — hy + Da" (k)Qu(k) — 27 (k — h(k))Qx(k — h(k))

k—hq k—h1

+ Y @)~ Y 2" ()Qu().

i=k+1—h(k+1) i=k+1—hs
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Since, h(k) < hs, we obtain that

k—h1 k—hy
Z 27 (1) Qu (i) — Z 2" (1)Qx(i) < 0.
i=k-+1—h(k+1) i=k-+1—ho

Therefore, we conclude that

+(hy — by + D2t (k)Qx(k) — 27 (k — h(k))Qx(k — h(k))
+ena’ (t)z(t) — e f1 (k2 (k)T f(k, (k)
+exyal (t = h(t)z(t — h(t)) — e2g” (k,a(k — h(k))g" (k, x(k — h(k))).
Since,
ez’ (t)a(t) — e f (k,a (k)" f(k, (k) >0,
ey’ (t —h(t)z(t — h(t)) — eag” (k, x(k — h(k)))g" (k, x(k — h(k))) > 0.

Then, it follows from above inequality as

JANT! ATPB ATp ATp
BTPA BT™PB—-Q+enyl BTP BTP
AV(R) < YT |7 P <o Y,
PA PB P—al P
PA PB P P—el
(4.15)

Whereil:hg—h1+1, AH:ATPA—P"‘}A?JQ—FElT][

Y =" (k) o (k = h(k)) SOk, a(k)) gT<k,x<k—h<k>>>}T.
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From (4.15), assumption (4.14) and Lemma 4.3.1, we conclude that
AV (z(k)) < 0.

Therefore, this means that the system (4.11) is robustly stable. The proof of
theorem is complete. 0
Example 4.3.2 Consider uncertain linear time-varying delay system with nonlinear

perturbations described by the following state equation of the form

v(k+1) = [A+ AAlz(k)+ [B+ ABlz(k — h(k)) + f(k,z(k))
+g(t,z(k — h(k))), keZ* (4.16)
where
—0.062110 0.026464 B 0.001482 —0.001284
—0.024400 —0.061080 | - —0.002704  0.002664
0.1sin(k)z1 (k) 2cos(k)zy(k — h(k))
0.1cos(k)xa(k) 2sin(k)xo(k — h(k))
0.01288 —0.01484 4 —0.0560 0.00846
—0.01486  0.01480 —0.0024208 —0.062900
0.0288  —0.00484 —0.0071  0.0117 10
B, = , J = ) F(k) =
—0.00486  0.0480 0.0117 —0.0155 01

By taking €; = €2 = 2,e = 1 and h(k) = 3sin*(%2t), we obtain v = n = 0.1, and
hs — hy = 3. By using LMI Toolbox in MATLAB, we use the assumption (4.14)
in Theorem 4.3.2 for this example. The solutions of LMI verify as follows of the

form
0.9176 0.0009 0 0.2127 0.0002

0.0009 0.9205| 0.0002 0.2137
Therefore, the system (4.16) is robustly stable. O
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The state x(t)

gk J

0 20 40 60 80 100 120 140 16¢
s)

Figure 4.4: The simulation of solutions for the states z1(t) and xo(t) in the
LPD delay system (4.16) with initial conditions z;(t) = —2 and zy(t) = 4,
k = —4,-3,—-2,—1,0 by using method of Runge-Kutta order 4(h=0.01) with
Matlab.



