
Chapter 3

Main results

From a multiple asset model

dSi(t) = Si(t)
( m∑

j=1

σij(t)dWj(t) + µi(t)dt
)

where {Wj(t)}t≥0, j = 1, . . . ,m, are independent Brownian motions, µi(t) are the

drift, σij(t) are volatility. We assume that the matrix σ = (σij) is invertible. By

Itô formula with initial value Si(0) we have

Si(t) = Si(0)exp
{∫ t

0

(
µi(s)− 1

2

m∑
j=1

σ2
ij(s)

)
ds+

∫ t

0

m∑
j=1

σij(s)dWj(s)
}
.

Let µi, σij be constants and assume known.

We have

Si(t) = Si(0)exp
{(

r − 1

2

m∑
j=1

σ2
ij

)
t+

m∑
j=1

σijWj(t)
}

i = 1, 2, . . . ,m and Wj(t) � N(0, t) =
√
tzj. We have

Si(t) = Si(0)exp
{(

µi − 1

2

m∑
j=1

σ2
ij

)
t+

m∑
j=1

σij

√
tzj

}
.

Then, we find cumulative distribution function(CDF) to compute distortion risk

measures.

P (Si(t) ≤ x) = P (Si(0)exp
{(

µi − 1

2

m∑
j=1

σ2
ij

)
t+

m∑
j=1

σij

√
tzj

}
≤ x)

= P
(
(µi − 1

2

m∑
j=1

σ2
ij)t+

m∑
j=1

σij

√
tzj ≤ ln(

x

Si(0)
)
)

= P (
√
t

m∑
j=1

σijzj ≤ ln(
x

Si(0)
)− (µi − 1

2

m∑
j=1

σ2
ij)t).
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Since
m∑
j=1

σijzj � N(0,
m∑
j=1

σ2
ij) �

√√√√ m∑
j=1

σ2
ijz

then, from here let denote σ2
i =

m∑
j=1

σ2
ij and σi =

√√√√ m∑
j=1

σ2
ij.

Therefore the actual probability distribution Ft(x) of Si(t), a geometric Brownian

motion, is

Ft(x) = P (Si(t) ≤ x) = P

(
z ≤

ln( x
Si(0)

)− (µi − 1
2
σ2
i )t

σi

√
t

)
= Φ

(
ln( x

Si(0)
)− (µi − 1

2
σ2
i )t

σi

√
t

)
(3.1)

and by using choquet integral the risk measure of Yi(t) is of the form

ρh(Yi(t)) =

∫ ∞

0

h(P (Yi(t) > x))dx+

∫ 0

−∞
[h(P (Yi(t) > x))− 1]dx

where h(.) ia an arbitrary distortion function.

Under risk neutral probabilities when µi are replaced by r, then the multiple asset

model is

dSi(t) = Si(t)
( m∑

j=1

σij(t)dW̃j(t) + rdt
)
.

Where {W̃j(t)}t≥0, j = 1, 2, . . . ,m, are independent Brownian motion, from Gir-

sanov’s Theorem, if a process θ(t), t ∈ [0, T ] satisfies Girsanov’s condition then

the risk neutral probability measure Q exists and under Q,

W̃j(t) = Wj(t) +

∫ ∞

0

θ(s)ds

therefore the risk neutral probability distribution Ft(x) of Si(t) in Black-Scholes

model, is

Ft(x) = Q(Si(t) ≤ x) = Q

(
z ≤

ln( x
Si(0)

)− (r − 1
2
σ2
i )t

σi

√
t

)
= Φ

(
ln( x

Si(0)
)− (r − 1

2
σ2
i )t

σi

√
t

)
. (3.2)
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3.1 General case for risk in Black-Scholes model

Under actual probabilities, we will find a distortion risk measure. Consider a risk

measure of portfolio V (t).

By Choquet integral, we have

ρ(Y (t)) =
m∑
i=1

niρ(Yi(t))

=
m∑
i=1

ni

[ ∫ ∞

0

h(P (Yi(t) > x))dx+

∫ 0

−∞
[h(P (Yi(t) > x))− 1]dx

]
where

h : [0, 1] → [0, 1]

h(0) = 0, h(1) = 1

and h is increasing and strictly concave.

Recall that

P (Yi(t) > x) = P (Si(0)e
rt − Si(t) > x)

= P (Si(t) < Si(0)e
rt − x)

=


Φ

(
ln(Si(0)e

rt−x
Si(0)

)− (µi − 1
2
σ2
i )t

σi

√
t

)
if x < Si(0)e

rt

0 otherwise.

Therefore

ρ(Yi(t)) =

∫ Si(0)e
rt

0

h

(
Φ

[
ln(Si(0)e

rt−x
Si(0)

)− (µi − 1
2
σ2
i )t

σi

√
t

])
dx

+

∫ 0

−∞

[
h

(
Φ

[
ln(Si(0)e

rt−x
Si(0)

)− (µi − 1
2
σ2
i )t

σi

√
t

])
− 1

]
dx.

Now, if we let

yi =
Si(0)e

rt − x

Si(0)

we have

ρ(Yi(t)) =

∫ Si(0)e
rt

0

h

(
Φ

[
ln(yi)− (µi − 1

2
σ2
i )t

σi

√
t

])
dx

+

∫ 0

−∞

[
h

(
Φ

[
ln(yi)− (µi − 1

2
σ2
i )t

σi

√
t

])
− 1

]
dx.
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Let

zi =
ln
(
yi
)− (

µi − 1

2
σ2
i

)
t

σi

√
t

then

yi = exp
{(

µi − 1

2
σ2
i

)
t+ σi

√
t(zi)

}
.

Let

Ci =
rt−

(
µi − 1

2
σ2
i

)
t

σi

√
t

we obtain

ρ(Yi(t)) = Si(0)

∫ Ci

−∞
h(Φ[zi])σi

√
t exp

{(
µi − 1

2
σ2
i

)
t+ σi

√
tzi

}
dzi

+ Si(0)

∫ ∞

Ci

[h(Φ[zi])− 1]σi

√
t exp

{(
µi − 1

2
σ2
i

)
t+ σi

√
tzi

}
dzi.

Note that since h is increasing. h has countable discontinuity points. Moreover,

for cohorent risk measures, the distortion h is strictly concave which implies that

h′ is continuous almost everywhere.

By integration by parts, if we let

ui = h(Φ[zi]) , dui = h′(Φ[zi])dΦ[zi] and

dvi = σi

√
t exp

{(
µi − 1

2
σ2
i

)
t+ σi

√
tzi

}
dzi , vi = exp

{(
µi − 1

2
σ2
i

)
t+ σi

√
tzi

}
.

The first part of ρ(Yi(t)) is

ρ1(Yi(t)) = Si(0)
(
uivi

∣∣∣Ci

−∞
−
∫ Ci

−∞
vidui

)
= Si(0)

(
h(Φ[zi])exp

{(
µi − 1

2
σ2
i

)
t+ σi

√
tzi

}∣∣∣Ci

−∞

−
∫ Ci

−∞
exp

{(
µi − 1

2
σ2
i

)
t+ σi

√
tzi

}
h′(Φ[zi])dΦ[zi]

)
= Si(0)

(
h(Φ[Ci])exp

{(
µi − 1

2
σ2
i

)
t+ σi

√
tCi

}
−
∫ Ci

−∞
exp

{(
µi − 1

2
σ2
i

)
t+ σi

√
tzi

}
h′(Φ[zi])dΦ[zi]

)
.

And by integration by parts, if we let

ui = h(Φ[zi])− 1 , dui = h′(Φ[zi])dΦ[zi] and

dvi = σi

√
t exp

{(
µi − 1

2
σ2
i

)
t+ σi

√
tzi

}
dzi , vi = exp

{(
µi − 1

2
σ2
i

)
t+ σi

√
tzi

}
.
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The second part of ρ(Yi(t)) is

ρ2(Yi(t)) = Si(0)
(
uivi

∣∣∣∞
Ci

−
∫ ∞

Ci

vidui

)
= Si(0)

(
[h(Φ[zi])− 1]exp

{(
µi − 1

2
σ2
i

)
t+ σi

√
tzi

}∣∣∣Ci

−∞

−
∫ ∞

Ci

exp
{(

µi − 1

2
σ2
i

)
t+ σi

√
tzi

}
h′(Φ[zi])dΦ[zi]

)
= Si(0)

(
− [h(Φ[Ci])− 1]exp

{(
µi − 1

2
σ2
i

)
t+ σi

√
tCi

}
−
∫ ∞

Ci

exp
{(

µi − 1

2
σ2
i

)
t+ σi

√
tzi

}
h′(Φ[zi])dΦ[zi]

)
.

Then

ρ(Yi(t)) = ρ1(Yi(t)) + ρ2(Yi(t))

= Si(0)
(
h(Φ[Ci])exp

{(
µi − 1

2
σ2
i

)
t+ σi

√
tCi

}
−
∫ Ci

−∞
exp

{(
µi − 1

2
σ2
i

)
t+ σi

√
tzi

}
h′(Φ[zi])dΦ[zi]

)
+ Si(0)

(
− [h(Φ[Ci])− 1]exp

{(
µi − 1

2
σ2
i

)
t+ σi

√
tCi

}
−
∫ ∞

Ci

exp
{(

µi − 1

2
σ2
i

)
t+ σi

√
tzi

}
h′(Φ[zi])dΦ[zi]

)

= Si(0)
(
exp

{(
µi − 1

2
σ2
i

)
t+ σi

√
tCi

}
−
∫ ∞

−∞
exp

{(
µi − 1

2
σ2
i

)
t+ σi

√
tzi

}
h′(Φ[zi])dΦ[zi]

)
= Si(0)

(
exp{rt} −

∫ ∞

−∞
h′(Φ[zi])exp

{(
µi − 1

2
σ2
i

)
t+ σi

√
tzi

}
dΦ[zi]

)
.

Since

dΦ[zi] =
1√
2π

exp
{
− 1

2
(zi)

2
}
dzi

then

exp
{(

µi − 1

2
σ2
i

)
t+ σi

√
tzi

}
dΦ[zi] = exp

{(
µi − 1

2
σ2
i

)
t+ σi

√
tzi

} 1√
2π

exp
{
− 1

2
(zi)

2
}
dzi

=
1√
2π

exp
{(

µi − 1

2
σ2
i

)
t+ σi

√
tzi − 1

2
(zi)

2
}
dzi

=
1√
2π

exp{µit}exp
{
− 1

2
(zi)

2 + σi

√
tzi − 1

2
σ2
i t
}
dzi

=
1√
2π

exp{µit}exp
{
− 1

2

(
zi − σi

√
tzi

)2}
dzi.
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So that

ρ(Yi(t)) = Si(0)
(
exp{rt} −

∫ ∞

−∞
h′(Φ[zi])

1√
2π

exp{µit}exp
{
− 1

2

(
zi − σi

√
tzi

)2}
dzi

)
= Si(0)e

rt

[
1− e(µi−r)t

∫ ∞

−∞
h′(Φ[zi])

1√
2π

exp
{
− 1

2

(
zi − σi

√
t
)2}

dzi

]
.

The present value of ρ(Yi(t)) are

PV (ρ(Yi(t))) = e−rtρ(Yi(t))

= Si(0)

[
1− e(µi−r)t

∫ ∞

−∞
h′(Φ[zi])

1√
2π

exp
{
− 1

2

(
zi − σi

√
t
)2}

dzi

]
.

Observe that if

µi − r ≤ 0

then ρ(Yi(t)) or PV (ρ(Yi(t))) are always increasing as t goes to ∞.

So we only consider the case when

µi − r > 0 ∀i, i = 1, 2, . . . ,m.

We have risk measure of portfolio is

ρ(Y (t)) =
m∑
i=1

niρ(Yi(t))

=
m∑
i=1

niSi(0)e
rt
[
1− e(µi−r)t

∫ ∞

−∞
h′(Φ[zi])

1√
2π

exp
{

− 1

2

(
zi − σi

√
t
)2}

dzi

]

if µi − r > 0 and

∫ ∞

−∞
h′(Φ[zi])

1√
2π

exp
{

− 1

2

(
zi − σi

√
t
)2}

dzi are never equal

to 0 then ρ(Y (t)) is eventually negative at long horizons. The following Theorems

illustrate the situation under some conditions.

Theorem 3.1.1. For each i = 1, 2, . . . ,m if h′(Φ(zi)) is bounded below by some

constants C �= 0 on [0, 1], i = 1, 2, . . . ,m then ρ(Y (t)) is negative as t goes to ∞.

Proof. We have∫ ∞

−∞
h′(Φ[zi])

1√
2π

exp
{

− 1

2

(
zi − σi

√
t
)2}

dzi ≥ C

∫ ∞

−∞

1√
2π

exp
{

− 1

2

(
zi − σi

√
t
)2}

dzi

≥ C

> 0.
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Therefore

e(µi−r)t

∫ ∞

−∞
h′(Φ[zi])

1√
2π

exp
{

− 1

2

(
zi − σi

√
t
)2}

dzi , i = 1, 2, . . . ,m

tend to ∞ as t → ∞. So, ρ(Yi(t)) are negative for t >
lnCi

µi − r
, i = 1, 2, . . . ,m.

Hence ρ(Y (t)) is negative as t goes to ∞. �
It implies that under “actual probability”, the risk measure of portfolio in

Theorem 3.1.1 is not consistent with time.

Theorem 3.1.2. If µi − r − 1

2
σ2
i > 0, i = 1, 2, . . . ,m then ρ(Y (t)) is negative as t

goes to ∞.

Proof. Note that since h is increasing then h′(Φ[zi]) is nonnegative. Moreover,

since h′ is continuous and h′ cannot be 0 (due to the definition of ρ(Yi(t))), there

exists a closed subset Ai of [0, 1] with non-zero measure and a constant ai0 such

that

h′(u) ≥ ai0 for all u ∈ Ai

then ∫ ∞

−∞
h′(Φ[zi])

1√
2π

exp
{

− 1

2

(
zi − σi

√
t
)2}

dzi

=

∫
Φ−1(Ai)

h′(Φ[zi])
1√
2π

exp
{

− 1

2

(
zi − σi

√
t
)2}

dzi

+

∫
R\Φ−1(Ai)

h′(Φ[zi])
1√
2π

exp
{

− 1

2

(
zi − σi

√
t
)2}

dzi

≥
∫
Φ−1(Ai)

ai0
1√
2π

exp
{

− 1

2

(
zi − σi

√
t
)2}

dzi

+

∫
R\Φ−1(Ai)

h′(Φ[zi])
1√
2π

exp
{

− 1

2

(
zi − σi

√
t
)2}

dzi.

Since for each i = 1, 2, . . . ,m, Ai is close subset of [0, 1], we can assume that

Ai is an interval in [0, 1]. Therefore for each Ai, Φ
−1(Ai) is also an interval and

assume that

Φ−1(Ai) = [ai, bi] , i = 1, 2, . . . ,m
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where ai �= bi, Hence,∫ ∞

−∞
h′(Φ[zi])

1√
2π

exp
{

− 1

2

(
zi − σi

√
t
)2}

dzi

≥
∫ bi

ai

ai0
1√
2π

exp
{

− 1

2

(
zi − σi

√
t
)2}

dzi

+

∫
R\Ai

h′(Φ[zi])
1√
2π

exp
{

− 1

2

(
zi − σi

√
t
)2}

dzi

≥ai0

[
Φ
(
bi − σi

√
t
)− Φ

(
ai − σi

√
t
)]

+

∫
R\Ai

h′(Φ[zi])
1√
2π

exp
{

− 1

2

(
zi − σi

√
t
)2}

dzi.

By Mean Value Theorem, we have

[Φ
(
bi − σi

√
t
)− Φ

(
ai − σi

√
t
)] ≥ (bi − ai)

1√
2π

exp
{
− 1

2

(
bi − σi

√
t
)2}

.

Therefore

e(µi−r)t

∫ ∞

−∞
h′(Φ[zi])

1√
2π

exp
{

− 1

2

(
zi − σi

√
t
)2}

dzi

≥e(µi−r)tai0(bi − ai)
1√
2π

exp
{

− 1

2

(
bi − σi

√
t
)2}

≥ai0(bi − ai)
1√
2π

exp
{(

µi − r − 1

2
σ2
i

)
t+ biσi

√
t− 1

2
b2i

}
, i = 1, 2, . . . ,m

implies

e(µi−r)t

∫ ∞

−∞
h′(Φ[zi])

1√
2π

exp
{

− 1

2

(
zi − σi

√
t
)2}

dzi

are getting larger than 1 for t large and therefore ρ(Yi(t)) are becoming negative

for t large ∀i, i = 1, 2, . . . ,m.

Hence ρ(Y (t)) is negative as t goes to ∞. �
Therefore under “actual probability”, the risk measure of portfolio in Theorem

3.1.2 is not monotone increasing with time.

Theorem 3.1.3. If h′(1) > 0 then ρ(Y (t)) is negative as t goes to ∞.

Proof. Since h is the concave distortion function, so h′ is deceasing.
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So, we have ∫ ∞

−∞
h′(Φ[zi])

1√
2π

exp
{

− 1

2

(
zi − σi

√
t
)2}

dzi

≥
∫ σi

√
t

−∞
h′(Φ[zi])

1√
2π

exp
{

− 1

2

(
zi − σi

√
t
)2}

dzi

≥1

2
h′(Φ[σi

√
t]
)

≥1

2
h′(1) > 0 ∀i, i = 1, 2, . . . ,m.

Therefore

e(µi−r)t

∫ ∞

−∞
h′(Φ[zi])

1√
2π

exp
{

− 1

2

(
zi − σi

√
t
)2}

dzi

are getting larger than 1 for t large and hence ρ(Yi(t)) are becoming negative for

t >
ln2− lnh′(1)

µi − r
∀i, i = 1, 2, . . . ,m.

Hence ρ(Y (t)) is also negative as t goes to ∞. �
Therefore under “actual probability”, the risk measure of portfolio in Theorem

3.1.3 is not consistent with time.

Theorem 3.1.4. If

lim
t→∞

(
e(µi−r)th′

(
Φ
(
σi

√
t
)))

= +∞ ∀i, i = 1, 2, . . . ,m

then ρ(Y (t)) is negative as t goes to ∞.

Proof. Indeed, similar to the above theorem, we have

e(µi−r)t

∫ ∞

−∞
h′(Φ[zi])

1√
2π

exp
{

− 1

2

(
zi − σi

√
t
)2}

dzi

≥e(µi−r)th′
(
Φ
(
σi

√
t
))

.

Therefore,

e(µi−r)t

∫ ∞

−∞
h′(Φ[zi])

1√
2π

exp
{

− 1

2

(
zi − σi

√
t
)2}

dzi

are getting larger than 1 for t large and therefore ρ(Yi(t)) are becoming negative

for t large ∀i, i = 1, 2, . . . ,m
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Hence ρ(Y (t)) is negative as t goes to ∞. �
Therefore under “actual probability”, the risk measure of portfolio in Theorem

3.1.4 is not consistent with time.

Under risk neutral probabilities, multiple asset model is

dSi(t) = Si(t)
( m∑

j=1

σij(t)dW̃j(t) + rdt
)

Then we use (3.2) to find a distortion risk measure. When µi = r ∀i, i =

1, 2, . . . ,m. We have a risk measure of portfolio is

ρ(Y (t)) =
m∑
i=1

niρ(Yi(t))

=
m∑
i=1

niSi(0)e
rt
[
1−

∫ ∞

−∞
h′(Φ[zi])

1√
2π

exp
{

− 1

2

(
zi − σi

√
t
)2}

dzi

]
which result in that ρ(Y (t)) is increasing with respect to t (since h′(φ[zi]) ≥ 0

and exp{−1
2
(zi − σi

√
t)2} is decreasing with respect to t). In conclusion, the risk

measure of portfolio under “risk neutral probability” is consistent with time.

3.2 Value-at-Risk in Black-Scholes model

For the case of V aRα(.), the distortion function is

hα(u) = 1(α,1](u).

Finding V aRα(.) by using Choquet integral, we have

V aRα(Y (t)) =
m∑
i=1

niV aRα(Yi(t))

=
m∑
i=1

ni

[ ∫ ∞

0

hα(P (Yi(t) > x))dx+

∫ 0

−∞
[hα(P (Yi(t) > x))− 1]dx

]
.

Since

P (Yi(t) > x) = P (Si(0)e
rt − Si(t) > x)

= P (Si(t) < Si(0)e
rt − x)

=


Φ

(
ln(Si(0)e

rt−x
Si(0)

)− (µi − 1
2
σ2
i )t

σi

√
t

)
if x < Si(0)e

rt

0 otherwise
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then

hα(P (Yi(t) > x)) = 1

if and only if

Φ

(
ln(Si(0)e

rt−x
Si(0)

)− (µi − 1
2
σ2
i )t

σi

√
t

)
> α

if and only if

ln(Si(0)e
rt−x

Si(0)
)− (µi − 1

2
σ2
i )t

σi

√
t

> Φ−1(α)

if and only if

x < Si(0)e
rt − Si(0)exp

{
(µi − 1

2
σ2
i )t+ σi

√
tΦ−1(α)

}
if and only if

x < Si(0)e
rt − Si(0)exp

{
(µi − 1

2
σ2
i )t− σi

√
tΦ−1(1− α)

}
.

Let

x∗ = Si(0)e
rt − Si(0)exp

{
(µi − 1

2
σ2
i )t− σi

√
tΦ−1(1− α)

}
= Si(0)e

rt
[
1− exp

{
(µi − r − 1

2
σ2
i )t− σi

√
tΦ−1(1− α)

}]
.

Case 1: If

µi − r − 1

2
σ2
i ≤ 0

or

µi − r − 1

2
σ2
i > 0 and t ≤

(
σiΦ

−1(1− α)

(µi − r − 1
2
σ2
i )

)2

then

x∗ > 0.

So

V aRα(Yi(t)) =

∫ x∗

0

dx = x∗

= Si(0)e
rt
[
1− exp

{
(µi − r − 1

2
σ2
i )t− σi

√
tΦ−1(1− α)

}]
.

Case 2:

If

µi − r − 1

2
σ2
i > 0 and t >

(
σiΦ

−1(1− α)

(µi − r − 1
2
σ2
i )

)2
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then

x∗ < 0.

So

V aRα(Yi(t)) =

∫ 0

x∗
(−1)dx = x∗.

Therefore, in both cases, we have

V aRα(Yi(t)) = x∗ = Si(0)e
rt
[
1− exp

{
(µi − r − 1

2
σ2
i )t− σi

√
tΦ−1(1− α)

}]
.

Thus, the present value of V aRα(Yi(t)) are

PV (V aRα(Yi(t))) = e−rtV aRα(Yi(t))

= Si(0)
[
1− exp

{
(µi − r − 1

2
σ2
i )t− σi

√
tΦ−1(1− α)

}]
.

Thus, if

µi − r − 1

2
σ2
i > 0 ∀i, i = 1, 2, . . . ,m

then for each i, i = 1, 2, . . . ,m the value for V aRα(Yi(t)) or PV (V aRα(Yi(t)))

will become negative for t >
(σiΦ

−1(1− α)

µi − r − 1
2
σ2
i

)2

and keep decreasing afterwards.

Since, portfolio V (t) = n1S1(t) + n2S2(t) + . . . + nmSm(t), ni = number of stock

in Si(t), i = 1, 2, . . . ,m.

We have

V aRα(Y (t)) = V aRα

(
V (0)ert − V (t)

)
= V aRα

(
(

m∑
i=1

niSi(0))e
rt −

m∑
i=1

niSi(t)
)

= V aRα

( m∑
i=1

(niSi(0)e
rt − niSi(t))

)
by comonotonic property, we have

V aRα(Y (t)) =
m∑
i=1

V aRα

(
ni(Si(0)e

rt − Si(t))
)

=
m∑
i=1

niV aRα

(
Si(0)e

rt − Si(t)
)

=
m∑
i=1

niV aRα

(
Yi(t)

)
.
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If

µi − r − 1

2
σ2
i > 0 ∀i, i = 1, 2, . . . ,m

then

V aRα(Y (t)) =
m∑
i=1

ni

(
Si(0)e

rt
[
1− exp

{
(µi − r − 1

2
σ2
i )t− σi

√
tΦ−1(1− α)

}])
.

The value for V aRα(Y (t)) will become negative for t large and keeps decreasing

afterwards. Thus, under actual probability, V aRα(Y (t)) is not monotone with

time horizons. So that, The Value-at-Risk of portfolio is not consistent with time.

In risk neutral probability measure when µi are replace by r for i = 1, 2, . . . ,m

the value of V aRα(Y (t)) reduce to

V aRα(Y (t)) =
m∑
i=1

ni

(
Si(0)e

rt
[
1− exp

{
(−1

2
σ2
i )t− σi

√
tΦ−1(1− α)

}])
.

It implies that V aRα(Y (t)) is always increasing as t is increasing in risk neutral

probability. Thus, the Value-at-Risk of portfolio is consistent with time.

3.3 Tail Value-at-Risk in Black-Scholes model

The distortion function in TV aRα(.) is

hα(u) = min
{
1,

u

α

}
Finding TV aRα(.) by using Choquet integral, we have

TV aRα(Y (t)) =
m∑
i=1

niTV aRα(Yi(t))

=
m∑
i=1

ni

[ ∫ ∞

0

hα(P (Yi(t) > x))dx+

∫ 0

−∞
[hα(P (Yi(t) > x))− 1]dx

]
.

Observe that

hα[P (Yi(t) > x)] = 1

if and only if
P (Y (t) > x)

α
> 1
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if and only if

P (Y (t) > x) > α

if and only if

P (Y (t) ≤ x) ≤ 1− α

if and only if

x ≤ V aRα(Yi(t)) = x∗.

Note that

P (Yi(t) > x) = P (Si(0)e
rt − Si(t) > x)

= P (Si(t) < Si(0)e
rt − x)

=


Φ

(
ln(Si(0)e

rt−x
Si(0)

)− (µi − 1
2
σ2
i )t

σi

√
t

)
if x < Si(0)e

rt

0 otherwise.

Case 1:

If

x∗ > 0.

Then

TV aRα(Yi(t)) =

∫ x∗

0

dx+

∫ Si(0)e
rt

x∗

[P (Yi(t) > x)

α

]
dx

= x∗ +
∫ Si(0)e

rt

x∗

[ 1
α
Φ

(
ln

(Si(0)e
rt − x

Si(0)

)
−
(
µi− 1

2
σ2
i

)
t

σi

√
t

)]
dx.

Now, if we let

yi =
Si(0)e

rt − x

Si(0)

we have

TV aRα(Yi(t) = x∗ +
Si(0)

α

∫ Si(0)e
rt−x∗

Si(0)

0

Φ

(
ln(yi)−

(
µi− 1

2
σ2
i

)
t

σi

√
t

)
dyi.

Now, let

zi =
ln(yi)−

(
µi − 1

2
σ2
i

)
t

σi

√
t
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then

TV aRα(Yi(t)) =x∗ +
Si(0)

α
σi

√
t

∫ −Φ−1(1−α)

−∞
Φ(zi)exp

{(
µi − 1

2
σ2
i

)
t+ σi

√
tzi

}
dzi.

By integration by parts, if we let

ui = Φ(zi) and dvi = σi

√
texp

{(
µi − 1

2
σ2
i

)
t+ σi

√
tzi

}
dzi

then we have

TV aRα(Y (t))

= x∗ +
Si(0)

α
(1− α)exp

{(
µi − 1

2
σ2
i

)
t+ σi

√
tΦ−1(1− α)

}
− Si(0)

α

∫ Φ−1(1−α)

−∞ exp
{(

µi − 1
2
σ2
i

)
t+ σi

√
tzi

} 1√
2π

exp
{
− 1

2
z2i

}
dzi

= x∗ + Si(0)exp
{(

µi − 1
2
σ2
i

)
t+ σi

√
tΦ−1(1− α)

}
− Si(0)

α
exp

{(
µi− 1

2
σ2
i

)
t
}
exp

{1
2
tσ2

i

}∫ −Φ−1(1−α)

−∞

1√
2π

exp
{
− 1

2

(
zi−σi

√
t
)2}

dzi

= Si(0)e
rt − Si(0)

α
exp{µit}Φ

[
− Φ−1(1− α)− σi

√
t
]

= Si(0)e
rt
[
1− 1

α
exp{(µi − r)t}Φ[− Φ−1(1− α)− σi

√
t
]]
.

Case 2 : if

x∗ ≤ 0

then

TV aRα(Yi(t)) =

∫ ∞

0

P (Yi(t) > x)

α
dx+

∫ 0

x∗

[P (Yi(t) > x)

α
− 1

]
dx

=
1

α

∫ Si(0)e
rt

0

Φ

(
ln(Si(0)e

rt−x
Si(0)

)− (µi − 1
2
σ2
i )t

σi

√
t

)
dx

+

∫ 0

x∗

[
1

α
Φ

(
ln(Si(0)e

rt−x
Si(0)

)− (µi − 1
2
σ2
i )t

σi

√
t

)
− 1

]
dx.

Now, if we let

yi =
Si(0)e

rt − x

Si(0)
, di = exp

{(
µi − 1

2
σ2
i

)
t+ σi

√
tΦ−1(1− α)

}
we have

TV aRα(Yi(t)) =
Si(0)

α

∫ ert

0

Φ

(
ln(yi)−

(
µi − 1

2
σ2
i

)
t

σi

√
t

)
dyi

+ Si(0)

∫ di

ert

[
1

α
Φ

(
ln(yi)−

(
µi − 1

2
σ2
i

)
t

σi

√
t

)
− 1

]
dyi.
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Now, let

zi =
ln(yi)−

(
µi − 1

2
σ2
i

)
t

σi

√
t

and qi =
rt− (

µi − 1
2
σ2
i

)
t

σi

√
t

then

TY aRα(Yi(t))

=
Si(0)

α

∫ qi

−∞
Φ(z)σi

√
texp

{(
µi − 1

2
σ2
i

)
t+ ziσi

√
t
}
dzi

+ Si(0)
∫ −Φ−1(1−α)

qi

[
Φ(zi)

α
− 1

]
σi

√
texp

{(
µi − 1

2
σ2
i

)
t+ ziσi

√
t
}
dzi.

By integration by parts, if we let

ui = Φ(zi) and dvi = σi

√
texp

{(
µi − 1

2
σ2
i

)
t+ σi

√
tzi

}
dzi

then the first part of TV aRα(Yi(t)) is

TV aR1
α(Yi(t)) =

Si(0)

α
Φ

[
rt−
(
µi− 1

2
σ2
i

)
t

σi

√
t

]
ert

− Si(0)

α
eµitΦ

[
rt−
(
µi− 1

2
σ2
i

)
t

σi

√
t

− σi

√
t

]
.

And by integration by parts, if we let

ui =
1

α
Φ(zi)− 1 and dvi = σi

√
texp

{(
µi − 1

2
σ2
i

)
t+ σi

√
tzi

}
dzi

then the second part of TV aRα(Yi(t)) is

TV aR2
α(Yi(t)) = −Si(0)

(
1

α
Φ

[
rt−
(
µi− 1

2
σ2
i

)
t

σi

√
t

]
− 1

)
ert

− Si(0)

α
eµitΦ

[
− Φ−1(1− α)− σi

√
t
]

+
Si(0)

α
eµitΦ

[
rt−
(
µi− 1

2
σ2
i

)
t

σi

√
t

]
.

Then

TV aRα(Yi(t)) = Si(0)e
rt − 1

α
Si(0)e

µitΦ
[
− Φ−1(1− α)− σi

√
t
]

Hence, in both cases, TV aRα(Yi(t)) has the same form and is

TV aRα(Yi(t)) = Si(0)e
rt − 1

α
Si(0)exp{µit}Φ

[− Φ−1(1− α)− σi

√
t
]

= Si(0)e
rt
[
1− 1

α
exp{(µi − r)t}Φ[− Φ−1(1− α)− σi

√
t
]]
.
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The present value of TV aRα(Yi(t)) are

PV (TV aRα(Yi(t))) = e−rtTV aRα(Yi(t))

= Si(0)
[
1− 1

α
exp{(µi − r)t}Φ[− Φ−1(1− α)− σi

√
t
]]
.

Since

Φ
[
− Φ−1(1− α)− σi

√
t
]
< Φ

[− Φ−1(1− α)
]

= Φ
[
Φ−1(α)

]
= α.

Therefore

if

µi − r > 0, ∀i, i = 1, 2, . . . ,m

then TV aRα(Yi(t)) or PV (TV aRα(Yi(t))), ∀i, i = 1, 2, . . . ,m will be decreasing

and becoming negative for large value of t.

If

µi − r ≤ 0

then TV aRα(Yi(t)) or PV (TV aRα(Yi(t))) are increasing as t gets to ∞.

Since, portfolio V (t) = n1S1 + n2S2(t) + . . . + nmSm(t), ni = number of stock in

Si(t), i = 1, 2, . . . ,m.

So that

TV aRα(Y (t)) = TV aRα

(
V (0)ert − V (t)

)
= TV aRα

(
(

m∑
i=1

niSi(0))e
rt − (

m∑
i=1

niSi(t))
)

= TV aRα

( m∑
i=1

(niSi(0)e
rt − niSi(t))

)
by comonotonic property, we have

TV aRα(Y (t)) =
m∑
i=1

TV aRα

(
ni(Si(0)e

rt − Si(t))
)

=
m∑
i=1

niTV aRα

(
Si(0)e

rt − Si(t)
)

=
m∑
i=1

niTV aRα

(
Yi(t)

)
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TV aRα(Y (t)) =
m∑
i=1

ni

(
Si(0)e

rt
[
1− 1

α
exp{(µi − r)t}Φ[− Φ−1(1− α)− σi

√
t
]])

then TV aRα(Y (t)) will becoming negative for large value of t if µi − r > 0,

∀i, i = 1, 2, . . . ,m and at t = 0, we have TV ARα(Y (0)) = 0. Thus, under actual

probability, TV aRα(Y (t)) is not increasing as t increasing. So that the Tail Value-

at-Risk of portfolio is not consistent with time.

In risk neutral probability measure when µi are replace by r for i = 1, 2, . . . ,m

, the value of TV aRα(Y (t)) reduce to

TV aRα(Y (t)) =
m∑
i=1

ni

(
Si(0)e

rt
[
1− 1

α
Φ
[− Φ−1(1− α)− σi

√
t
]])

so that it is always increasing as t is increasing in risk neutral probability.

Hence, the Tail Value-at-Risk of portfolio is consistent with time under risk neutral

probability.

3.4 Risks based onWang’s distortion function in Black-

Scholes model

The Wang’s distortion function is

hλ(u) = Φ
[
Φ−1(u) + λ

]
, λ > 0.

The risk measure under Wang’s distortion function is

ρw(Y (t)) =
m∑
i=1

niρw(Yi(t))

=
m∑
i=1

ni

[ ∫ ∞

0

hλ(P (Yi(t) > x))dx+

∫ 0

−∞
[hλ(P (Yi(t) > x))− 1]dx

]
and

P (Yi(t) > x) = P (Si(0)e
rt − Si(t) > x)

= P (Si(t) < Si(0)e
rt − x)

=


Φ

(
ln(Si(0)e

rt−x
Si(0)

)− (µi − 1
2
σ2
i )t

σi

√
t

)
if x < Si(0)e

rt

0 otherwise.
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Therefore

ρW (Yi(t)) =

∫ Si(0)e
rt

0

Φ

 ln(Si(0)e
rt−x

Si(0)

)
− (

µi − 1

2
σ2
i

)
t

σi

√
t

+ λ

 dx

+

∫ 0

−∞

Φ
 ln(Si(0)e

rt−x
Si(0)

)
− (

µi − 1

2
σ2
i

)
t

σi

√
t

+ λ

− 1

 dx.

Now if we let

yi =
Si(0)e

rt − x

Si(0)
.

we have

ρW (Yi(t)) =

∫ Si(0)e
rt

0

Φ

 ln(yi)− (
µi − 1

2
σ2
i

)
t

σi

√
t

+ λ

 dx

+

∫ 0

−∞

Φ
 ln(yi)− (

µi − 1

2
σ2
i

)
t

σi

√
t

+ λ

− 1

 dx.

Let

zi =
ln
(
yi
)− (

µi − 1

2
σ2
i

)
t

σi

√
t

+ λ

then

yi = exp
{(

µi − 1

2
σ2
i

)
t+ σi

√
t(zi − λ)

}
.

Let

Ci =
rt−

(
µi − 1

2
σ2
i

)
t

σi

√
t

+ λ

we obtain

ρW (Yi(t)) = Si(0)

∫ Ci

−∞
Φ[zi]σi

√
texp

{(
µi − 1

2
σ2
i

)
t+ σi

√
t(zi − λ)

}
dzi

= Si(0)

∫ ∞

Ci

[Φ[zi]− 1]σi

√
texp

{(
µi − 1

2
σ2
i

)
t+ σi

√
t(zi − λ)

}
dzi.

By integration by parts, if we let

ui = Φ(zi) and dvi = σi

√
texp

{(
µi − 1

2
σ2
i

)
t+ σi

√
t(zi − λ)

}
dzi

then the first part of ρW (Yi(t)) is

ρ1W (Yi(t)) = Si(0)Φ

[
rt−

(
µi − 1

2
σ2
i

)
t

σi

√
t

+ λ

]
ert

− Si(0)exp
{
µit− λσi

√
t
}
Φ

[
rt−

(
µi − 1

2
σ2
i

)
t

σi

√
t

+ λ− σi

√
t

]
.
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And also by integration by parts, if we let

ui = Φ(zi)− 1 and dvi = σi

√
texp

{(
µi − 1

2
σ2
i

)
t+ σi

√
t(zi − λ)

}
dzi

then the second part of ρW (Yi(t)) is

ρ2W (Yi(t)) = −Si(0)

(
Φ

[
rt−

(
µi − 1

2
σ2
i

)
t

σi

√
t

+ λ

]
− 1

)
ert

− Si(0)exp
{
µit− λσi

√
t
}(

1− Φ

[
rt−

(
µi − 1

2
σ2
i

)
t

σi

√
t

+ λ− σi

√
t

])
.

Then

ρW (Yi(t)) = ρW (Y 1
i (t)) + ρ2W (Yi(t)) = Si(0)e

rt − Si(0)exp
{
µit− σi

√
tλ
}

= Si(0)e
rt
[
1− exp

{
(µi − r)t− σi

√
tλ
}]

.

The present value of ρW (Yi(t)) are

PV (ρW (Yi(t))) = e−rtρW (Yi(t))

= Si(0)
[
1− exp

{
(µi − r)t− σi

√
tλ
}]

if

µi − r > 0 ∀i, i = 1, 2, . . . ,m

then ρW (Yi(t)) are become negative for t >

(
σiλ

µi − r

)2

∀i, i = 1, 2, . . . ,m.

As same as V aRα(Y (t)) and TV aRα(Y (t)). We have risk measure of portfolio

under Wang’s distortion function is

ρW (Y (t)) =
m∑
i=1

ni

(
Si(0)e

rt
[
1− exp

{
(µi − r)t− σi

√
tλ
}])

.

If µi − r > 0, ∀i, i = 1, 2, . . . ,m then ρW (Y (t)) is becoming negative for t large.

In conclusion, “under actual probability”, the risk measure of portfolio under

Wang’s distortion function is not consistent with time.

Under risk neutral probability, when µi = r ∀i, i = 1, 2, . . . ,m, we have a risk

measure of portfolio is

ρW (Y (t)) =
m∑
i=1

ni

(
Si(0)e

rt
[
1− exp

{
− σi

√
tλ
}])

.
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So that, ρW (Y (t)) is increasing as t is increasing.

In conclusion, “under risk neutral probability”, the risk measure of portfolio

under Wang’s distortion function is consistent with time.


