Chapter 3

Generalized Heat Kernel Related to
the Operator L]fn and Spectrum

In this chapter, we study the generalized solution of the operator L related
to the generalized heat equation and spectrum. Moreover, such heat kernel has
interesting properties and also related to the kernel of an extension of the heat
equation.

Theorem 3.1Given the equation
%u(w, t) 4+ AL u(z,t) =0 (3.1)

with initial condition
u(w,0) = f(x) (3:2)

where LE is the operator iterated k-times and defined by
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p+ q = n is the dimension of the space R"™, u(x,t) is an unknown function for
(x,t) = (1, 29,...,2,,t) € R" x (0,00), f(z) is a given generalized function, k
and m are positive integers and c is a positive constant. Then

u(z,t) = E(x,t) * f(z) (3.3)

is a solution of (3.1) which satisfies (3.2), where E(x,t) is given by (2.24).
Proof. Taking the Fourier transform to the both sides of the (3.1), we obtain
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Thus

k

(e, t) = K(€)e t(Z )" ~(Zi5n8)") (3.4)

where K () is constant and 4(&,0) = K(€).
Now, by (3.2) we have

K (&) = a(&,0) = f(§) = (27:)” 7 /R ) e~ f(z)d. (3.5)

And by the inversion in (2.20), (3.4), (3.5) we obtain

= 1 //ei(ﬁ,x)ei(&y)f(we_czt[(zf_lsg)m_(zﬁzﬂg)m]kdgdy.

_ 1 —et((2r, )"~ (0, €)™ e o-y)
uet) = / n / el ) ) I f(y)dedy.  (3.6)

Set

E(x,t) = / UL ) (50 8) ) el ge (37

(2m)"

Since the integral in (3.7) is divergent, therefore we choose {2 C R™ be the spectrum
of E(z,t) and by (2.24), we have

E(z,t) = / [t )= &)™) 41660 g

(2m)"

= [~ee((Sr )"~ (S )™ rite]
(2m)™ /Qe dg. (3.8)

Thus (3.6) can be written in the convolution form

u(z,t) = E(x,t) * f(x).

Moreover, since F(z,t) exists, we see that
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=6(x), for zeR"™ (3.9)

holds (see [6],p.396, equation (10.2.19Db)).
Thus for the solution u(x,t) = E(z,t) * f(x) of (3.1), then we have

u(z,0) = 2lﬁimu(ac,zf) - 15% E(z,t) * f(z) =0(z) % f(z) = f(x)

—0
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which satisfies (3.2). This complete the proof. O

Theorem 3.2 The kernel E(x,t) is defined by (3.8) has the following properties:

(1) E(z,t) € C*(R"™ x (0,00)) the space of continuous with infinitely differen-
tiable,

(2) (& + ALE)E(x,t) =0, fort >0,
2—n M
(3> |E($,t| < %ng%), fort >0,

m m k
where M (t) = fOR OT e =) 1 50=1 4 ds s @ function of t > 0 in the
the spectrum 2 and I" denote the Gamma function. Thus E(x,t) is bounded
for any fized t > 0.

(4) limy0 E(z,t) = 6(x).

Proof. (1) From (3.8), since

o E(z,t) = L 0" [-ed(Sr &) (S, &)™) i) d¢
oz (2m) Jo Ox™

Thus E(z,t) € C* for x € R” and ¢ > 0.

(2) By computing directly, we obtain (% + 2LE) E(z,t) = 0.

(3) We have

Bt = L [ (S (e ]
7 (2m)™ Jq

B2, 1)] < (21) / (T )" (27280 )" e,
)" Jo

By changing to bipolar coordinates

51 — 7“0.)1,52 =Twy, ... 7€p = TOJp
and
Ept1 = SWpt1, Epa = SWpt2, - - - Eptg = SWpiq,
P 2 _ P+q 2 _
where > 7w =1and > 570 wi =1. Thus
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where d¢§ = drdsdw,dw, and dw,, dw, are the elements of surface area of the unit
sphere in R? and R?, respectively. Since w C R" is the spectrum of E(z,t) and



27

we suppose 0 < r < R and 0 < s <T where R and T are constants. Thus
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— t) for any fixed ¢ > 0 in the spectrum
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where
o 24 (n2m_ 2m\F
M(t) = / / e =) =1 g1 g
o Jo
is a function of ¢, w, = % and w, = # Thus, for any fixed t > 0, F(z,t) is
P = T(T) 9= T
bounded.
(4) Obvious by (3.9). O
For the example, If we put n = 1,¢ = 0,m =2,k = 1,¢ =1/3 in (3.1) and
u(z,0) = sin(v/3z), we have
0 104
au(m, t)+ §@u(a¢, t) =0. (3.10)
From (3.8) we have E(z,t) = & [ e 9% *%€d¢ and u(x,t) = e 'sin(v/3z) is the
solution of (3.10). Graphical solution shows below.

Figure 3.1: The solution u(xz,t) = e *sin(v/3z).
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For another example, we put n =2,¢=0,m =2k =1,¢=1/2in (3.1) and
u(z,0) = sinz siny, we have the equation

B 170 9%\

From (3.8), we have F(x,t) = # [, e # @+ Hier ge and u(z,y, t) = e 'sinasiny
is the solution of (3.11). Graphical solution shows below.

Figure 3.2: The solution u(z,t) at t = 0.
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Figure 3.3: The solution u(z,t) at ¢ = 500.



