Chapter 5

On the Nonlinear Product of
Laplacian Related to the Biharmonic
Equation

In this chapter, we study the nonlinear product of Laplacian related to the
nonhomogeneous Biharmonic equation.

Theorem 5.1 Given the nonlinear equation
DEA + m2)u(z) = f(z, DD+ m?) (@) (5.1)
where A\F is the Laplacian iterated k times, defined by
0? 0? 0?2

N=——+—+--- . 5.2
03 K 3 e oz (5.2)
and (/N 4+ m?2)* is the Helmholtz operator iterated k times, defined by
o? o? o?
AN=—+—+- -  \ .
022 + 022 +- 022 +m (5.3)

Let f be defined and have continuous first derivatives for all x € QU 02, Q) is an
open subset of R™ and 0S) denotes the boundary of 2 and n is even with n > 4.
Let f be a bounded function, that is

|f (2, A HA +m*)Fu(z))] < N, (5:4)
where N 1is a positive constant and the boundary condition
AFHA +m?)ru(z) =0, for x € 00 (5.5)
then we obtain

u(@) = (=1 " Ry (@) * Wi (v,m) + W (2) (5.6)
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as a solution of (5.1) with the boundary condition
u(z) = (=1)" (R ()Y Wi (v, m)

forx € 00,1 = (n—4)/2, k = 2,3,4,... and v is given by (2.25), W(z) is a
continuous function for x € QUIN. Ry, ., (x), with f = 2(k—2), and Wy, (v, m)
are giwen by (2.26) and (2.27), respectively. Moreover, for k = 1 then (5.1)

becomes
A(A +mP)u(z) = f(z, (A +m*)u(z)) (5.7)

with boundary condition
(A +mPu(z) =0, for x € 09; (5.8)

we have

u(z) = Ws(v,m) « W(x) (5.9)
as a solution of (5.7) and we can write (5.7) as

A*u(z) = g(z, Du(z)),
which is called the nonhomogeneous biharmonic equation, where g(x, Au(x)) =

£, (B + mP)u(z)) — m*Du(z).
Proof. From equation (5.1), we have

AMA +m?)u(z) = A(AMHA +m?) u(z))

= f(x, AP A + m?)Fu(x)). (5.10)
Since u(z) has continuous derivatives up to order 2k for k = 1,2,3,... we can

assume
AHA 4 m?)ru(x) = W(x), for x € 0Q. (5.11)

Thus, (5.10) can be written in the form

NFu(x) = AW (2) = f(z, W(x)). (5.12)

by (5.4)
|f(z, W(z))[ < N. (5.13)

and by (5.5), W (z)=0 or
AN+ m?)ru(x) =0,  for € 00. (5.14)

Thus by Lemma (2.3.12) there exists a unique solution W (z) of (5.12) which
satisfies (5.13).
Now consider the Equation (5.11); we have (—l)k*IRS(kfl)(x) and Ws, (v, m) are



38

the elementary solutions of the operators A*~1 and (A +m?)*, respectively. Thus,
convolving both sides of (5.11) by (—1)’“_1R§(k_1)(x) * W, (v,m) we obtain

(1) T R oy () % Wi (v, m)] % AFTHA + m?)Fu(a)
= (1) " R5gy) (@) * W (v,m) + W (a).

By properties of convolution, we obtain
(AN =DM Ry (@)][(D + m?) W (v, m)] + u()

= (=) " R5_py () x Wiy (0,m) x W (2)
§x 8 xu(x) = (—1)" 1R2(k 1( ) Wa (v, m) x W(x).

Thus
u(z) = (=1)* 'Ry (2) ¥ Wiy (v, m) « W (x) (5.15)

as required. Consider AP 1A + m?)fu(z) = 0, for z € Q. By Lemma (2.3.9),
we have

(& +m?)ru(e) = (=1)72 (R g ()Y
u(z) = (1) (R (@) % Wi (v,m)

for x € 0 and k= 2,3,4,....
Moreover, if we put & =1 in (5.1), then

AD +mYu() = fo, (D + m?)u(z)) (5.16)
with boundary condition
(AN +mPu(z) =0, forz € dQ,

respectively, we obtain

u(z) = Wy (v,m) « W(z).
From (5.16) we can write
ANPu(z) = g(w, (A)u(x)), (5.17)

where g(z, (A)u(z)) = f(z, (A + m*)u(z)) — m?* Au(z) and (5.17) is called the
nonhomogeneous biharmonic equation. This completes the proof. 0



Chapter 6

Conclusion

In this thesis, we study the generalized solution of the operator L related
to the generalized heat equation and spectrum. Next, we study the operator L*
related to the generalized wave equation by using € approximation. Finally, we
study the nonlinear product of Laplacian related to the nonhomogeneous Bihar-
monic equation. The results obtained in this thesis extend and improve several
results obtained in this area. The results are summarized as follows.

Theorem 1 Given the equation
0
au(w,t) + ALY u(z,t) =0 (6.1)

with initial condition
u(w,0) = () (6.2)

where L% is the operator iterated k-times and defined by

p m ptq mk
0? 0?
Lk — (=1 mk _ - ' 4
o (55) - (57) |
i=1 v j=p+1 J

p+ q = n is the dimension of the space R™, u(x,t) is an unknown function for
(x,t) = (z1,22,...,2Tn,t) € R" x (0,00), f(x) is a given generalized function, k
and m are positive integers and c is a positive constant. Then

u(z,t) = E(x,t) * f(z) (6.3)

is a solution of (6.1) which satisfies (6.2), where E(z,t) is given by

4.1 ~((T0, )" - (T, 8)7) i)
B 1) = o /Q el Jag (6.4)
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Theorem 2 The kernel E(x,t) is defined by (6.4) has the following properties:
(1) E(x,t) € C*°(R" x (0,00)) the space of continuous with infinitely differen-
tiable,
(2) (% + ALEYE(z,t) =0, fort >0,

(@IE@JWSiLZHKQ ,ﬁrt>0

m\F
where M (t fo T = t(r®m =) b= a1 s s a function oft > 0 in the
the spectrum Q and F denote the Gamma function. Thus E(x,t) is bounded
for any fized t > 0.

(4) limy o E(z,t) = 0(x).

Theorem 3 Given the equation
82

prel u(z,t) + ALE u(x,t) =0, (6.5)

where L defined by

m mA k
p 82 p+q 82
k _ (_1\ymk _ E i
=1 ? j=p+1 J

with initial conditions

u(z,0) = f(z) and %u(m,()) = g(x), (6.6)

where u(x,t) € C, ¢ is a positive constant, k and m are nonnegative integer, f
and g are continuous functions and absolutely integrable for x € R™. Then (6.5)
has a unique solution

u(z,t) = f(z) * ¢(z,1) + g() * d(,1) (6.7)

and satisfy the condition (6.6) where ¢(z,t) is an inverse Fourier transform of

sin cty/ (r2m — g2m)F
)
c

B, ) =

(T2m _ SZm)k

and Y(z,t) is an inverse Fourier transform of

B(&,1) = coscty (ram — szm)t = 2

where 1> = & + & + -+ &, ¥ =&+, + - +E,, andr > 5 >0,
Moreover, if we put m =k =1 and ¢ =0 in (6.5), then it become the generalized
n-dimenstonal wave equation

82
@u(x t) — *Au(z,t) = 0.
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Theorem 4 Given the nonlinear equation

AN +mPru(z) = fz, AYHA + m?)Fu(z)) (6.8)
where AF is the Laplacian iterated k times, defined by
0? 0? 0?
—a—x%—f'a—m%—i—"’-i-a—w%. (6.9)
and (A + m?)* is the Helmholtz operator iterated k times, defined by
0? 0? 0? 9
I = N , 1
o7 + o2 +-e o2 +m (6.10)

Let [ be defined and have continuous first derivatives for all x € QU 09, is an
open subset of R" and OS2 denotes the boundary of Q) and n is even with n > 4.
Let f be a bounded function, that is

|z, AR A + m?)u())] < N (6.11)
where N is a positive constant and the boundary condition
AHA +m?)ru(z) =0,  for x € 00 (6.12)
then we obtain
u(z) = (—1)k’1R§(k71)(:c) x Ws (v,m) « W(x) (6.13)
as a solution of (6.8) with the boundary condition
u(z) = (=1)" (R ()Y Wi (v,m)

forx € 00,1l = (n—4)/2, k = 2,3,4,... and v is given by (2.25), W(z) is a
continuous function for x € QUIN. Ry, , (x), with f = 2(k—2), and W, (v, m)
are given by (2.26) and (2.27), respectively. Moreover, for k = 1 then (6.8)
becomes

A(A +mPu(z) = fz, (A +m®)u(z)) (6.14)
with boundary condition
(A +mPu(z) =0, for x € 0; (6.15)
we have
w(x) = Wi (v,m) = W(z) (6.16)

as a solution of (6.14) and we can write (6.14) as
A*u(z) = g(z, Du(z)),

which is called the nonhomogeneous biharmonic equation, where g(x, Au(x)) =

flz, (A +m?)u(z)) — m2Au(z).



