Chapter 3

Robust stability criteria of
discrete-time neural networks with
time-varying delay

In this chapter, we study the problem of robust stability for discrete-time
neural networks with time-varying delay and stochastic neural networks with
time-varying delay with norm-bounded uncertainties as well as polytopic type
uncertainties. The linear system with polytopic type uncertainties is called lin-
ear parameter dependent system. Based on Lyapunov stability theory and the
S-procedure, we derive robust stability criteria in terms of linear matrix inequal-
ities which are solvable by several available algorithms. Numerical examples are
presented to illustrate the effectiveness of the theoretical results.

3.1 Robust Stability Criteria of LPD Neural Networks
with time-varying delay

Consider the following uncertain discrete-time LPD neural networks with time-

varying delay:

ulk +1) = — [A(€) + AAJu(k) + [W(E) + AW]f(u(k)) (3.1)
+ () + AWi]g(u(k — 7(k))) + 0,

where u(k) = [uy(k), . .., u,(k)]" € R™is the neuron state vector, b = [by, ..., b,]"
is constant input vector, 7(k) is a positive integer denotes the time-varying delay
satisfying

1 < 7(k) < 7
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where 71 > 0 and 7 > 0 are known integers, A(£), W () and W () (the inter-
connection matrices) are of polytopic types where

[A() W) W] €9,

N N

a={[a@ W@ mE] =&l W W], Y&=1&20}

(3.2)
where A;, W; and Wy, are known constant matrices and AA, AW and AW, are
uncertain matrices which are of the form

AA = H()F[)EQ, AW = HFFE and AWl = HlFlEl, (33)

where Hy, H, H,, Ey, E and E; are known constant matrices Fy, F' and Fj are
unknown matrices which satisfy

FIFy<I, FTF<I, and FI'F, <1, (3.4)

where T is the identity matrix of appropriate dimension, f(u(-)) = [fi(ui(:)), ...,
folun ()T and g(u(+)) = [g1(us(+)), .-, gn(un(-))]" are the activation functions
satisfying the following conditions

< BOTIW oy e gy =120 (35)

r—=y
U;SMSU;_ Vo, yeR, x4y, j=1,2,...,n, (3.6)

r—=1y
where [57, I, v;, v for j = 1,2,...,n are some constants. By Proposition 1.

in [20] guarantees the existence of an equilibrium point of system (3.1). Let u* =

[u},uj, ..., u] be an equilibrium point of system (3.1). We shift the equilibrium

point u* to the origin by the transformation x(-) = u(-) — «*. Then we obtain
the new system

w(k+1) = —[A(E)+AAJ (k) +[W () + AW (x(k))+[Wi(§)+AW]g(z(k—7(k))),
(3.7)
where z(k) = [z1(k),z2(k),...,x,(k)] is the state vector of the transformed
system, 7(k) is a positive integer denotes the time-varying delay satisfying
1 < 7(k) < 7,

where 7, > 0 and 7, > 0 are known integers, with f;(z;(k)) = f;(x;(k) + ui) —

f;(u;), j=1,2,...,n and the transformed activation function satisfies the con-
dition
ljgm%gj(y)glj Vo, yeR, x #y, j=1,2,...,n, (3.8)
'U.’<M§v;r Ve, yeR, v #y, j=1,2,...,n, (3.9)

J - x—y

where [, [T, v;

+ o
G U v, vf for g =1,2,.00,n.
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Theorem 3.1.1 The origin of system (3.7) with polytopic type uncertainties (3.2)
is robustly stable if there exist P, = PT >0, Q, = QI >0, T; = diag{ty;, ta;, ..., tni
0, S; = diag{sii, S2i,.-.,8ni} > 0 and scalars eg; >0, ¢; > 0 and ey; > 0, i =
1,2,..., N satisfying the following conditions

b >

( (Z) Mi72"i+NZ‘<—I, 1=1,2,...,N;
1
(ZZ) Mi,i,j + Mj,i,i + Mi,j,’i + QNZ —+ Nj < m[,
i=1,2,.... N, i#4j j=12 ... N

3.10
(ZZZ) Mi,j,l + Mi,l,j + Mjﬂ"l + M]}M + Ml,i:j + Mlﬂ",’ ( )
6
2N; + 2N, +2N; < —————1,
+ + j+ l (N 4 1)2
L 1=12,....N—-2, j=1:4+1,2,.... N—-1,1=1,2,..., N,
where
(011 0 @13 Quu Y15 Y16 P17
* 0 0 0 0 0 0
* * * P31 P35 P36 P37
Miji=1* x x * Va5 Pa6 Par|
* * * * * P56 P57
* * * * * PYe6 P67
| * * * * * * 9077_
BING, 0 —2L,T; 0 0 0 0 |
0 —Q; — 2V4S; 0 —2V5.S; 0 0 0
—2L5T; 0 H33(i) 0 0 0 0
N, = 0 —2V5S; 0 H44(i) 0 0 0 7
0 0 0 0 H55(i) 0 0
0 0 0 0 0 H66(i) 0
0 0 0 0 0 0 H77(i)

and @11 = A;TFPJ‘AI, Y13 = _AzTPjVVla P14 = —AiTPjWUa P15 = Az’TPme
16 = —A] PiH, 017 = —Al PjHy, 34 = 1" PWy, 35 = —W/ P;H,,
P36 = VVZ'TPJ‘H- P37 = WiTPth Pas = _WfQPjHOa P16 = WngHa

Par = Wf;Pth P56 = —H(?BH, P57 = —HOTPz‘Hh Y66 = HTPiH7

Yer = H"P,H, Prr = H1TPiH1,

T = To —T1 + ]_, HH(Z) = BOiEgEO _Pz'}_%Qz — 2L1T;, H33(2) = —2,1—; +€Z‘ETE,
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H44(i) = —287, + Gh‘E?El, H55(.) = —607;[ HGG(.) = —67;[, H77(Z) = —612'],

e 4= 14— l+l I3y L+l
Ll—dlag(llll7l2l27’”7l;’z—ln) L2 dlag( G T R ) ’
+ — + —
: +o= o~ vf v vt Un Vs
Vi = diag(vy vy, v3 05, ..., ufv)) and Vo = dlag( Lo, — 2, L, ),

Proof. Consider the Lyapunov function candidate

where

Vi(z(k),&) = Y e (k)& Pa(k), Va(z(k),&) = 2 (D&Qix(1),
i=1 i=1 l=k—7(k)
N —71+1 k—1

Va(z(k),O) =Y Y > 2T(1)&Qix(l).
i=1 j=k—1(k) l=k+j—1

The Lyapunov difference of system along trajectory of solution of (3.7) is given

by

N k N k-1
AVa(a(k).€) =3 > o ()&Qiw(l) =) T (DEQix (1)
i=1 l=k+1—7(k+1) i=1 |=k—71(k)
N k-m N
= 2" (DEQue(l) + Y« (k)&Qx (k)
i=1 |=k—7(k+1) il
N N k-1
= T (k= m(k)&Qiz(k — T(k) + (N&Qix (1)
=1 =1 k+1-7
N k-1
=Y D, A0EQu).
=1 |=k+1—7(k)
Since 7(k) > 11, we get
N k-1 N k—1
Yo A0EQuEM) =Y Y @"(D&EQ(l) <0
i=1 k+1-m i=1 I=k+1—7(k)
Therefore,
k—m1 N
M. <Y S A DEQa(D) + 3 REQu(h
i=1 I=k— T(k+1) i=1

- Zx K)EQia(k - 7(k)).
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Similarly, we obtain

N —71+1 k—1

A9 =Y X [ 06Qu + 3 o mgQu(m)
- i xT<m>5i@ix<m>]

k—71

T2 — 7—1 szz Z Z lel )

i=1 l=k+1—7o

||Mz

From AV,(z(k), &) and AVs(z(k), &), we get

AVy(x(k), €) + AVs(z

IIMZ

k)&iQix(

N
_ZIT ézQz ( ( ))
N k-7
+> ) " DEQia(
i=1 l=k+1
N k—71
=Y Y N (k)EQix(k),
i=1 [=k+1—m72

where 7 = 75 — 11 + 1. Since 7(k) < 73, we have

k—71 k—71

Z > 2" ()&Qua( Z S° 2T (k)EQial

i=1 I=k+1—7(k+1) i=1 l=k+1—7o

Thus,

AVa(w(k), )+AVa(w(k),€) < 372 (R)&Qia (k)= 2" (k=(k))&Qiw (k=7 (k)).
As a result, we obtain

AV (x(k),§) < [(M®+AM(@ (W(E) + AW) f(x(k)) + (Wi(§) + AW)
x g(a(k = 7(k))]" ()[(M)+AMM@+(()+AW)
(2(k)) + (W(&) + AW)g((k — (k)] — 2" (k) P(§)x(k)

+mf%)()() wnk—ﬂ))() — (k).
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By condition (3.3), we get

AV (z(k), &) <[ = (A(€) + HoFoEo)z (k) + (W (&) + HFE) f(x(k))
+ (W(&) + HFi L En)g(w(k — (k)] P(€) [ — (A(6) + HoFyEy)
X w(k) + (W(E) + HFE) f(x(k)) + (Wi(&) + HiFLEy)
x g(z(k —7(k)))] — 2" (k) P(§)a(k) + 72" (k)Q(€)z (k)
—al (k= 7(k)Q(&)x(k — 7(k)). (3.11)

By condition (3.8) and (3.9), we have

(f( (k) = G (k) (fi (s (R)) — I a(k)) <0, j=1,2,....m, (3.12)

J

and

(95(x;(k = 7(k))) = vj 2 (k = 7(k)))(g;(x;(k — 7(k))) — vj2;(k — 7())) <0,

i=1,2,...,n,
(3.13)

which are equivalent to

{féféfk);»r [ l:il;ldd; lf;lﬂd;z dT] {f(;(kk)))] <0, k=1,2,....n,

[g(xx((kk_ (k) ]T [ viorddl U ddT] L}x(k:—r(k:))

—7(k))) Ay (z(k = 7(k)))

} <0, (3.15)
J JddT ddT
k=1,2,...,n,

where dj, denotes the unit column vector having “1 "element on its kth row

and zeros elsewhere. By (3.12), (3.13), and the S-procedure in Lemma 2.4.16,
AV (z(k),€) <0 if the following inequality (3.16) holds:

£),€) =2 ) Gt f(w (k) — Uy (k) (f3 (x5 (R)) — 15 z;(k))

i=1 j=1

=2 > Gsiilgs(a(k = 7(k)) — v a;(k — 7(k))) (g (2;(k — 7(k)))

i=1 j=1

— vy xi(k —7(k))) <0. (3.16)
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We will now show that, under assumptions of the theorem, (3.16) holds. From
(3.14) and (3.15), we have

k), €) =2 ) &itjilfilw (k) — 1y (k) (f (25 (k) — 1 (k)

i=1 j=1

=2 > Gsjilgs(a(k —7(k) — v a;(k — 7(k))) (g (2;(k — 7(k)))

i=1 j=1

— vy zi(k = 7(k)))

SRS 9w v K R ] | e

P idd! d;d¥ fx(k))
B N a:(k (k) 1| ooy did? SR gt Tl — (k)
2225 3 g(w(k 7(k) [ B T ddT ] {g(x(k—ﬂk)))

s ft((k))} [Z [ﬂ [féé{k)))}

L3y O G () TTvi W Tk — (k)

22, 2 6 L,@(k - T<k>>>} [v ]} L,u(k - T<k>>>] ’ (3.17)
where Ly = diag(If Iy, 1§l ..., [}17), Ly = diag(—1H Bl Lty
Vi = diag(vi vy, vdvy ..., v v,) and Vg diag(— o ;”1 ,—”;;”5,...,—1)3%”5).
From (3.4), for ey > 0, ¢ > 0,, e; > 0, we have

eolFoEox (k)T [FoEox(k)] < epx (k)EL Eox(k),
e[FEf(x(k)'[FEf(x(k))] < ef(x(k)ETEf(x(k)), (3.18)
ei[FLEvg(x(k — (k)" [FiEvg(w(k — 7(k)))] '

< e’ (w(k — 7(k))EY Erg(x(k — 7(k))).
By adding and subtracting the terms on the left handside of (3.18) into (3.17)

and then using (3. 11) we get
ol 1o )

B QZZW [g (ol — %ﬁfnf [5 ﬂ [géfk_—(fk)))»]

T

<
Il
-
o~
Il
-

n iv:g ﬁ:gj f:& [xT(k;)( — ATP,W, — 2L2E)f(x(k>)]

|



366> & ®) (- ATPH) (R Eg(a(h - (k)]

N N N

i=1  j=1 =1

- 30626 o etk — o (2128, Jalh = 0]
" ig i 2 ig /7 @) (= WPy A; = 2LaT, (b
+ Zi@il@ ZENT‘& 7 @) (W BW = 213 ) f(w (k)]
¥ ig i 3 is 7w (W W)

i=1 =1 =1

GG & @)

i=1  j=1 I=1

WP H) (FEf(a(k)))]

(
(
(
S3EY ) @) (= WP H, ) (FoEoa (k)|
(
(

+Y 6> &) & :fT(fU(/f))

>G> G > g @k — r)( -

i=1  j=1 I=1

(

_ ZN:& ZN:@ ZN:& :gT(qJ(k —7(k))) (2%Si)$(l€ - T(k))]
(
(

WP Hy ) (FEvg(a(k = (k)]

i=1 =1 I=1

i=1  j=1 =1



+Z£Z@Z@:

+Z§Z@Z@

=1 jl =1

+Z&Z@Z@:
+Z£Z@Z@:

=1 J=1 =1

+Z§Z§;’Z§z-
i=1 j=1 =1
N N N
+Zf¢ijZ§z_
+Z€Z€ngl

=1 ]]_ =1

+Z§ Zﬁy Z&:

=1 jl =1

+Z£Z@Z@:
+Z§Z@Z@:

i=1 jl =1

+Z§ Zﬁy Zﬁz:

+Z§Z@Za:
+Z§Z@Z@:

=1 jl =1

+Z&Z@Z@:
+Z£Z@Z@:

=1 ]]_ =1

27

9" (ol = (1) (WP, — 281 ) gk — (k)|

9" (ol = (k) (WP, H ) (FEfo (k)]

g7 (= 7(k) (WEPH ) (FyErg (ke — 7())))]
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—I—Z&Zf] Zfl (FlElg HTPA) ]
—f—Z&Z@Z& (FlElg HTPW) ]
+Z&Z@Z& (RBg(o (BT EW)(elh = (k)]

HY P.Hy ) (Fy By (k)]

+ Z@Z@ Zsl (FlElg
=1 7j=1 =1
+Z§¢Z§j Z& (F1E1g
=1 =1 =
N N lNl
+YEY 5 6 (F1E1g
i=1  j=1 =1
N
< ZfzgyT( ) [Misi + N;] (k) + Z& Z Sy |:Mz]z + M5 + szz:| y (k)
i=1

=1 j#i; j=1 +2NZ+NJ

N— N
M; g+ Mg+ M+ M
: ] T k ,],l av) VA2 sty k .
PILPIEPIERL Mg, 4 Mg, 42N, 428, + 2 | V)

i=1  j=i+l I=j+1

HTPH> (FEf(z ))}

(-
Rl
o
(-
o
o) (HE B (B g (el — (k)]

where
y(k) = [27(k) 2T (k=7 (k) [T(x(k)) g"(x(k=7(k))) (FoEox (k)" (FEf(x(k))"
(FrErg(@(k —7(k)T]"

By conditions (3.10), we have

0-23 e[ 10 Tl ][]
(

=1 j=1

> 2 Z Z 1 [g(xx((kk —TT(]{Z))))} T {2 ‘ﬂ [gév((kk_—jf’j))))]

i=1 j=1
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Now let © and A be defined as

N N N
0= Y &G&-§)’=(N-1 253 Z > &4
=1 j=1 i=1 j#i; j=1
N N-1 N N N¢ N-2 N-1 N
AN S -a?=(N-9) Y &6 3 age
i=1 j=i+11=j+1 i=1 j#i; j=1 i=1 j=i+1l=j+1

Then, we obtain

N-2

=

Mz

55]6[ > 0

1

N N N
(N-DO+A=(N-1"Y &-)" &€ — 6
=1 =1 7

1 j#i; j=1 i=1 j=1t

+

1il=j

+

Thus, we have AV (z(k), &) < 0. By Definition 2.4.11, the system (3.7) is robustly
stable. The proof is complete. 0

We give a couple of corollaries below in order to show that our main result are
more general than some of the previous known results.

Case 1. In this case, we consider (3.7) without polytopic uncertainties. Let
A(E) = A, W(&) = W and W1(§) = Wy be given constant matrices, then the
system (3.7) is reduced to

r(k+1) = —[A+AAx(k)+[W+AW] f(z(k))+[Wi1+AWL]g(z(k—7(k))). (3.19)
In this case, we have the following corollary (cf. Theorem 1 in [22]).

Corollary 3.1.2 The origin of system (3.19) is robustly exponentially stable if
there erist P = PT > 0,Q = QT > 0, T = diag{t,ta,...,t,} >0, S = diag{s,
S9y...ySn} > 0 and scalars eg > 0, e > 0 and e; > 0 such that the following
LMI holds :

11, 0 1, —AT"PW; ATPH, —ATPH —ATPH,]
* 15 0 =258 0 0 0
* * [, wW'pw, -—-W'PH, WT'PH WTPH,
M= x * * 1. -wtfpPH, WIPH WIPH, | <0,
s * * * Il —-HI'PH —H!PH,
* * * * * [ Te6 H"PH,
| x * * * * * I,
(3.20)
where

Hll = ATPA — P + %Q + €0EgE0 — 2L1T, H13 = —ATPW — 2L2T,
[l = —Q—2ViS [y = WPPW — 2T + ¢E"E,
H44:W1TPW1—2S+€1E1TE17 H55:HgPH0—€0],

[les = H'PH —el, [],,=H{PH,—el, and 7 =1 —7 +1.
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Proof. From Theorem 3.1.1, with N = 1, the LMI (3.10) becomes (3.20), Let

V(z(k)) = Vi(z(k)) + Va(z(k)) + Va(x(k))

where Vi (z(k)) = o7 (k) Px(k), Va(z(k)) = 2_: a (1) Qu(4),

i=k—7(k)
k—T11 k—1

and Vs(z(k)) = Z ZxT(z)Qx(z) One may show, with the same argu-

j=k—Ta+1 i=j
ment as in the proof of Theorem 3.1.1, that the Lyapunov difference along any

trajectory of solution of (3.19) satisfies
AV (2(k)) = Amax (M)l (k) ||

Then, by a similar argument used in the proof of Theorem 1 of [20], one may
prove that if the LMI (3.20) holds, then (3.19) is robustly exponentially stable.
The proof is complete. O

Case 2. In this case, we suppose that there are neither polytopic type uncer-
tainties nor uncertain matrices in (3.7), namely, A(§) = A, W() = W and
W1(§) = W, are given constant matrices and AA = 0, AW = 0 and AW; = 0,
then (3.7) is reduced to

x(k+1) = —Ax(k) + W f(x(k)) + Wig(z(k — 7(k))). (3.21)
We have the following main result (Theorem 1) in [20] as the following corollary.

Corollary 3.1.3 The origin of system (3.21) is globally exponentially stable if
there exist P = PT > 0,Q = QT > 0, T = diag{t|,ts,...,t,} > 0 and
S = diag{si, s2,..., 8.} = 0 such that the following LMI holds

I 0 ~ATPW —2L,T  —ATPW,
| —Q-2WS 0 AL
ML), A WTPW — 2T WTPW, <0,
* % * Wl pPw, —28
where

[[= ATPA— P +#Q — 2L,T,

7A' =T —T1 + 1.
Proof. Similar to Corollary 3.1.2 and will be omitted (see also [20]).

Remark 3.1.4 We now compare our obtained results with those obtained in [22].
In our main results, we derived robust stability conditions for general discrete-
time LPD neural networks with both norm-bounded uncertainties and polytopic
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type uncertainties. When neither norm-bounded uncertainties nor polytopic type
uncertainties are considered, our system is in the following form

x(k+1)=Ax(k) + W f(x(k)) + Wig(z(k — 7(k)))

As discussed previously, Corollary 3.1.3 of our main result is exactly the same
as the main result (Theorem 1) of [22], and in this circumstances, Corollary
3.1.3 also gives global exponential stability condition (see [22]). Therefore, our
main result is much better than [22] as it can be used for systems with both
norm-bounded uncertainties and polytopic type uncertainties.

Example 3.1.5 Consider the CNNs (3.7) with polytopic type uncertainties with
N = 2 where

04 0 0 04 0 0 03 —01 02
Ai=|0 05 0|,4=]0 03 0|, Wi=| 0 —03 02/,
0 0 04 0 0 03 —0.1 -01 -02
02 -02 0.1 02 01 01
Wy=| 0 —03 02|, Wy=]-02 03 01,
—02 —01 —02 01 —02 03
—02 01 0 0.005 —0.011  0.002
Wi =|-02 03 01|, Hy= {0004 0005 —0.006],
01 —02 03 0 0009  0.012
—0.005 —0.003 0.012 0.022 —0.016  0.007
H = | 0.008 0  —0014|, H = [|-0006 0 0.037 |,
0.001  0.008 —0.007 0.008  0.005 —0.004
0 0 0] 03 0 0 02 0 0
Li=Vi=10 0 0|, Lo=| 0 02 0|,V%=|0 —01 0 |,
0 0 0 L0 0 01 0 0 —02
09 0 0] 0.8 0 0 -1 0 0
=10 08 0|, F=|0 07 0|, R=|0 09 o0f,
0 0 —1] L0 0 09 0 0 1

T
(k) =4+sin(%”), b= [—0.3 02 —01| , m=3, =5, Ey=Hy, E = H,
Ey = Hy, fi(s) = tanh(0.6s), fo(s) = tanh(—0.4s), fs(s) = tanh(—0.2s),
g1(s) = tanh(—0.4s), g2(s) = tanh(0.2s), gs3(s) = tanh(0.4s).

By using the Matlab LMI toolbox, we can solve P; ,Q;, S; and T; for ¢+ = 1,2
which satisfy the conditions (3.10) in Theorem 3.1.1. Thus, the system (3.7) is
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robustly stable. A set of solutions of (3.7) are given below

[31.4088 —3.8603 0.5752 4.1676  —0.7573 0.0712
P = |-3.8603 209466 5.1187 |, Q= [—0.7573  2.1780  0.2434|,
| 0.5752 5.1187  27.7678 0.0712 0.2434  3.4850
[5.9263 0 0 6.5273 0 0
S = 0 5.9263 0 , 11 = 0 6.5273 0 ,
0 0 5.9263 0 0 6.5273
eor = 10.6009, e; = 10.6020, e;; = 10.6095,
[ 38.3718  —10.7932  5.9300 4.7744  —0.5258 0.5766
P, = |-10.7932  25.1604 0.6578 |, Q2= |—0.5258 4.6576  0.9620| ,
| 5.9300 0.6578 25.7448 0.5766 0.9620  5.2208
[6.3622 0 0 6.6139 0 0
Sy = 0 6.3622 0 , Iy = 0 6.6139 0 ,
0 0 6.3622 0 0 6.6139

eoz = 10.6048, ey = 10.6099, e;2 = 10.6319.

The trajectories of solutions of system (3.7) of example are illustrated in Fig.3.1,
where A(§) = 1A + 1Ay, W(E) = 2Wy + sWa, Wi(€) = 2Wh + Wi, with

— 3

uy (k) = ug(k) = us(k) =0, k=—4,-3,-2,—1, and u1(0) = 0.6, u2(0) = 0.3,
U3(O) = —0.5.

0.6

—>—ul
—k— u2

-0.6

10 20 30 40 50

Figure 3.1: The trajectory of solutions of system (3.7) in Example 3.1.5.
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3.2 Robust stability of stochastic LPD neural net-
works with time-varying delay

Consider the following uncertain stochastic LPD discrete-time neural networks
with time-varying delay:
z(k+1) = = [A(§) + AA(R)]x(k) + W (&) + AW (k)] f (z(k)) + W (€)
+ AWL(k)lg(x(k = 7(K))) + o (x(k), 2(k — 7(k)), k)w(k),  (3.22)

where (k) = [z1(k),z2(k), ..., x,(k)] € R" is the neuron state vector, 7(k) is a
positive integer denotes the time-varying delay satisfying

T1 S T<k) S T2,

where 77 > 0 and 75 > 0 are known integers, A(§), W (&) and Wy () (the inter-
connection matrices) are of polytopic types where

[A() W) W] €9,

o = {[A©) w©) mi(©) =§j&- A W, Wi fjs =1, & >0},
(" y (3.23)

where A;, W; and Wj; are known constant matrices and AA(k), AW (k) and
AW, (k) are uncertain matrices which are of the form

where Hy, H, Hy, Ey, E and E; are known constant matrices Fy(k), F(k) and
F\ (k) are unknown matrices which satisfy

Fo(k)'Fy(k) < I, F'(k)F(k) < I and Fy (k)" Fy(k) < I, (3.25)

where [ is the identity matrix of appropriate dimension, w(k) is a scalar Wiener
process (Brownian Motion) on (2, F,P) with

E[w(k)] = 0, E[w?*(k)] = 1, Elw(i)w(j)] =0 (i # j), (3.26)
and 0 : R" X R” x R — R" is a continuous function satisfying
ol (z,y,k)o(z,y, k) < pra’x + poy'y,  w,y €RY, (3.27)

where p; > 0 and ps > 0 are known constant scalars, f(u(-)) = [fi(ui(+)),...,
foluy(N]F and g(u(+)) = [g1(ui(+)), ..., gn(un(-))]* are the activation functions
satisfying the following conditions
- < fi@) = fi(y)
T y

o <IUf Vo, yeR, x#y, j=12,...,n, (3.28)
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9;(r) — g;(y)

v; < p— <wv Vo, yeR, v#y j=12,...n, (3.29)
where I7, I, v;, v] for j =1,2,...,n are constant. As in Proposition 1 of [20],

we may show that there exists an equilibrium point of system (3.22).

Theorem 3.2.1 The DSNNs (3.22) with polytopic type uncertainties (3.23) is
robustly stable in the mean square if there evist P, = PT > 0, Q; = QT > 0,
T; = diag{t1;, toi, ..., tni} >0, S; = diag{s1;, S2i, ..., Sni} > 0 and scalars ey; >
0,e>0,e;>0and\; >0,i=1,2,...,N satisfying the following conditions

(l) Mi,i,i+Ni <—-I,1=1,2,...,N; (330)
. 1
(’LZ) Mi,i,j + Mj,i,i + M@jﬂ' + 2N7, -+ Nj < m[,
1=1,2,....,N, i #j4, 7=1,2,... N; (3.31)
(233) My g0+ Mg+ Mo+ M + M+ M,
6
2N; + 2N, + 2N, < ———1,
+ + 2N + 21N (N—17
1=1,2,.... N—-2, j=:4+1,2,.... N—-1,1=1,2,...,N; (3.32)
() P, < X1, (3.33)
where ) )
e 0 i3 vuu P15 Yie P17
* 0 0 0 0 0 0
* * * P34 P35 P36 P37
Mi,j,l = | * * * * Pa5 P46 Par|
* * * * * P56 P57
* * * * * Y6 P67
| B S B S * * * B S @77_
1,09 0 —2L,T; 0 0 0 0 |
0 HQQ(i) 0 —2V5.5; 0 0 0
—2L5T; 0 Hdg(z) 0 0 0 0
N, = 0 —2V35; 0 [144(9) 0 0 0
' 0 0 0 0 [..() 0O 0 |
0 0 0 0 0 H66(2') 0
0 0 0 0 0 0 H77(i)

IROE eoi B¢ By — P+ 7Q; — 201 T; + Xipi 1, [15(1) = =Q; — 2V1iS; + Afpol,
[155(0) = —2T; + & ETE, [],,(i) = =2S; + ey, B{ En, []55(i) = —enil,

H66(i) =—el, H77(i> =—eul,T=1—1+1,

I T
T +1— g+7— 47— T I+ 3+ I+l
L1—dlag(llll,l2l2,...,lnln),Lg—dlag(—IQI,—222,...,—"2"),
S +o-
— o= o Fa— +0y— — di vy Fv Vg Fv Un +0n
Vi = diag(v vy , 030y ,..., 000, ), and V, = diag(——5—=, — 252, ..., =5,
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Proof Consider the Lyapunov function candidate

where
N N k—1

Vila(k), &) = aT (k)& Pa(k), Vala(k),) =Y > 2" ()&Qix(l)
=1 =1 I=k—7(k)
N —71+1 k—1

V(z(k), &) =Y > @ (0&Qi()

The Lyapunov difference of system along any trajectory of solution of (3.22) and
taking the mathematical expectation, we obtained

E{AV (2(k), &)} = E{AVi(2(k), §) + AVa(x(k), &) + AVs(z(k), £},

then, we get

E{AV; (z(k), }]E{Zx (k + 1)&Pa(k + 1) ZxT )& P (k }

{[ (AE) + AA(R))z(k) + (W(E) + AW (K)) f(2(F))

+ (Wi(&) + AW (R))g(x(k — 7(k))) + o (2(k), x(k — 7(k)), k)
w(k)]" P(&)[ = (A(€) + AA(K))z(k) + (W (&) + AW (k)
fa(k)) + (W ( )+AW1( ))g(fv(k 7(k)))
+o(e(k), x(k -

—E{ [~ (A(§) + AA®)(k) + (W(E) + AW (k) f (2(k))

+ (WA () + AW, (k)g(a(k — (k)] P(E)[ — (A®€)
+Am>m<><w<wwwwmvm@» (W1 (€)
+ AWy (k))g(z(k = (K))) k

|+ [=(A(§) + AA(K))x (k)
+(W(E) + AW (k ))f(iv(/f))+(W1(§) AW (k))g(z(k — 7(k)))]
x P(&)o(x(k), x(k — 7(k)), k)w(k) + 0" (x(k), z(k — 7(k)), k)w(k)
X P(O)[=(AE) + AA(K))x(k) + (W(E) + AW (k) f (x(k))

(

(
+ (WA () + AW, (k))g(a(k — (k)]
+ 0" (a(k), 2k — (k). K)w (k) P(E)o (w(k), 2k — (k). K)w(k) }.

T
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By asumption (3.26), we have

E{AVi(x(k),€)} Z]E{ [ — (A(©) + AA(K))z (k) + (W (&) + AW (k)
+ (W2(6) + AW (R)g (k= (k)] P~ (
+ AA(R))x(k) + (W(E) + AW (k) f(x(k)) + (W
x g(z(k — (k)] + 0" (2(k), 2(k — 7(k)), k) P(§)o (x(k),

ok = (k),k) },

d
- N k N k-1
Blaveh. ) B{Y. 3 S0su-3 3 o (eQu))
i=1 I=k+1—7(k+1) i=1 l=k—7(k)
N k—11 N
:E{ >, 2 (D&EQix(l) + ) 2" (k)&Qix (k)
=1 I=k—7(k+1) =1
N N k—1
=Y (k= r(k)&Qix(k — (k) + > > 2T (1)&Qix(l)
=1 i=1 -1
N - k+1
- Z Z JJT(Z)@QM(Z)}-
i=1 l=k+1—7(k)
Since 7(k) > 1, we get
N k—1 N k—1
>N T (&EQal Y " &Qix(l) <0,
i=1 k4+1-7; i=1 |=k+1—7(k)
Therefore,
N k—71
E{AVy(z(k),€)} SE{Z > aT(D&Qi(l +Za: k)&Qiw(k
i=1 l=k—7(k+1)

—Zw )6 Quath () |

Similarly, we get
N —711+1 k—1

E{AVs(2(k), )} E{Z > [TWeat + Y M meQuatm
- _S’ xT(m)fiQixOn)}}

N k—11

:{Z(Tg_ﬁ) k)EQix(k Z >l (k)EQu(k }

i=1 =1 l=k+1—m79
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From AV,(z(k), &) and AVs(z(k), &) obtained above, we get
E{AV;(z(k), ) + AVs(x(k), §)}

<E{Zm BEQual Zw E)EQue(k — 7(k))

N k-7 k—11

F Y Qe Y Y AT 0EQa )
i=1 l=k+1 i=1 I=k+1—72
where 7 = 75 — 7 + 1. Since 7(k) < 79, we have
k—11 k—r1
Z Y. 2 (0&EQi(l) Z > aT(k)&Qu(k
i=1 l=k+1—7(k+1) i=1 l=k+1—7o

Thus,
E{AV3(x(k), €) + AVs(x(k), )}

{Zm DEQr(h Zw )6l ~ 7(4) |

From (3.27) and (3.33), we have

p! (@ (k), x(k — 7(k)), k) Pp(a(k), 2(k — 7(k)), k)
Dmax(P)p" (2(k), 2(k — 7(k)), k) plx(k), 2(k — 7(k)), k)
<N (pra? (k)x (k) + por” (k — 7(k))z(k — 7(K))).

As a result, we obtain

E{AV (2(k), &)} <B{ [~ (A(€) + HoFoEo)a(k) + (W(€) + HFE) f(x(k))
+ (WA(€) + Hi P Ey)g(a(k — (k)] P(§)[ — (A(€)
+ HoFoEo)w (k) + (W (€) +HFE> (2(k)) +< 1(6)
+ HiFiEy)g(z(k — 7(k)))] + N prz” (k)x(k)

+ XN oozt (k — 7(k))z(k — 7(k)) — 2
+ 72" (R)Q(§)z(k) — o' (k — 7(k)Q(§)z(k — T(’f))}- (3.34)
By conditions (3.28)-(3.29), we have

(fi(z;(k)) — Ui (k) (fi(x; (k) — [ wi(k)) <0, j=1,2,....m, (3.35)
and
(9j(z(k — 7(k))) — via;(k — 7(k)))(g;(z;(k — 7(k))) — v;2;(k — 7(k))) <0,
i=1,2,....n,

(3.36)
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which are equivalent to

{fx(k;)))r[ dgdl djdg’] [fx(kk);

]go, k=1,2,....n,

o)) |-haa (k)
(3.37)
oot 1 [l g [ =
|:g($(k7—7'(k}))):| [_U}F;vj_djd;r djd? ] {g(lf(k?—T(k)))} <0, (3.38)

k=1,2...,n,

where dj denotes the unit column vector having “ 1 ”element on its kth row and
zeros elsewhere.

By (3.35), (3.36), and the S-procedure, E{AV(x(k),f) < O} if the following
inequality (3.39) holds:

E{AV(SL’(k)a &) = 2) Y &ityilfi(wi (k) — L (k) (£ (w (k) — 1 (k)

i=1 j=1

=23 > Gsiilgs(a(k —7(k) — v a;(k — 7(k))) (g (2;(k — 7(k)))

—v; (k- T(k:)))} (3.39)

We will noe show that, under assumptions of the theorem, (3.39) holds. From
(3.37) and (3.38), we have

E{AV(I(kJ), &) =2 > &t fila;(k)) — Ly (k) (5 (k) — L (k)

i=1 j=1

=2 > Gsjilgs(a(k = 7(k) — v w;(k — 7(k)) (g (2;(k — 7(k)))

s <k— )]

n D

_ ey oSN, [ 1T rdd —SRddr] [ k)
_E{AV( (R =22 )t {f(w(k»] [’”l' “ﬂx(k))

—t5ddj djd;

i=1 j=1

vitor

|

Covose, [ ate=T) 1T oferdidl =S5l [k = 7())
QZZ& Ji {g(m(/{:—T(k‘))J [ vl to; ]{g(x(k‘—T(k)))]}

— = dydy d;d;

i=1 j=1

= {AV(w(k),é)—2Z:Zfitﬂ Lfﬁ»rﬁl ﬂ {féc(k;))}

R 3 X im0 A i S
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. _ _ _ i +l 15+l +-
where L, = diag(I{17, 1515, ..., LH), Ly = diag(— 151, — 252, ..., — bt
oy + -
— +o0= o= + ”"‘”U Vg FV Vn +n
Vi = diag(vy vy ,v5 g, ..., 0 n)andVQ diag(——5—=, =252, ..., ==,

From (3.25), for ey > 0, e > 0, e; > 0, we have

eo[FoEox (k)T [FoEox (k)] < eox™ (k) EY Egx(k),
e[FEf(x(k)]"[FEf(x(k))] < ef(x(k))ETEf(x(k)), (3.41)

er[FP1Eg(x(k — 7(k))]" [FiEg(x(k — 7(k)))] '

< erg (x(k — 7(k))) EY Erg(a(k — 7(k))).

By adding and subtracting the terms on the left handside of (3.41) into (3.40)
and then using (3.34), we obtain

ofaviewn 23 e [ 4 | [l 5] [0

) ZZ& Tl 7l Lt }

co{ S e el (nan o -t
+Za;@2&: B(-
+§@jzlfj2&: B( -
+§§z;§j§_:&: ) (AT P Ho ) (FoEo ()]
0(-
0( -

ATPW, — 21T, f(e())|
ATPW) g(ak - (k)]
+Z&Z@Zf{ ATP;H ) (FEf(x(k))]
+Z§ng Zfz:

+ Z 3 Z ¢ Z & (k= 7(09) (@ — 2VS: + N paT )l = 7(1))|

ATPH ) (FyBrg(a(h = (k)]

. Z_: ‘ Z ‘ Z 6o (alk — 7(k)) (2V55 ) el — (1))

n Z 6 Z 3 Z &7 (k) (= WP A — 21T ()|




+Z£Z@Z@:

i=1 =1 I=1

+Z§Z@Z@:

=1 jl =1

*‘2{35 }E:f;}{:fz:

i=1 =1 I=1

+Z£Z@Z@:

=1 Jj=1 =1

*‘j{jé&j{jﬁjzzzﬁz:

i=1 jl =1

+Z£Z@Z@:

i=1 =1 I=1

—'zijfézzjfjjijfz:

i=1 Jj=1 =1

*‘5535 2534512::&:

i=1 jl =1

4‘253522{3552{251:

i=1 =1 I=1

+Z§Z@Z@:

i=1 jl =1

*‘2{35 }E:ﬁ;}{:éz:

=1 jl =1

+Z§Z@Z@:

i=1 =1 I=1

+Z§Z@Z@:

=1 jl =1

4‘§£:f¢§£:fj§£:§z:

=1 jl =1

+Z£Z@Z@:

=1 Jj=1 =1

4‘2{35&2{3§j§£:§z:

i=1  j=1 I=1




+ZfZ@Z@:
+Z§Z@Z§{

i=1 _71 =1

+Zf Zf] Z&:
+Z£Z@Z&:

=1 ]]_ =1

+Z§ 251 Zﬁz:

+Z£iZ€j Zfz:
+Z£Z@Z&:

=1 ]]_ =1

+Z§ Zé} Z&:

=1 ]1 =1

+ZfZ@Z&:
+Z§Z§,Z&:

i=1 ]1 =1

+Z§ Z§J Zﬁl:
+Z§Z@Z§l:
+Z§ Z@Z&:

i=1 _71 =1

+Zf ij Z&:

< E{fo’yT( (M

=1
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(FoBoa (k) ( = HY PH ) (FEf (w(k)))]

(FoEoa(k)) ( = HY PiHy ) (FiEvg(a(k = 7(k))|
(FEf(a(k)) ( — HPA (k)|

(FES (k) (H" P ) £ (k)]

(FEf( (k) (H P ) gl = 7(k))|

(FEf(a(k))( = H" PiHo ) (FoEye (k)|

(FEf(a(k) (HTPH ) (FEf(x(K)))]

(FEf(o(k)) (H" P.H: ) (FiEag(a(k = 7(5))))]
(FiBag(a(k — () ( = HTPA) (k)]
(FBug(wlk — (k) (HT BW:) £ (e(k))]

(FiBrg(wlk — () (H P ) glak —7(k)|
(FiEag(a(k = m(k)) ( = HI Pio ) (FyBox ()|
(FiErg(a(k — m(k)))) (BT P:H ) (FES (2(k))]
(FuExg(a(k = 7(k)))) (BT Py ) (F Bl (b T<k>>>>}}
AN S e M AV P

=1 j#i; g=1

+Z§ Z & Z Gy LMZ J+MZJ LN, 1N, +2NJ y(k)}’

j=i+l  l=j+1
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where

y(k) = [z" (k) a (k=7(k) ["(x(k)) g" (x(k—7(k))) (FoEox(k))" (FEf(x(k)"
(FiE1g(x(k — 7(k))))T]". By conditions (3.30)-(3.32), we have

E{M / 2225 . [f .522 } [i Lf} {fxsc(éfk)))}

- 222&5“ [ (e (k —Tr(fk);»] [K Vz} [g<(<kk_—(<kk)>)>>1 }
IE{ — 7 (k) [ng[ — <N+1)2 i | i &¢1

i=1 j#i; j=1

)

1

N—
WoIE > Z &&6l

=1 j=i+1l=75+1

I—I

Now let © and A be defined as

Then, we obtain

N-2 N-1
(N-1e+A=(N-1) 2531 Z Z E61-6) ngwo
i=1 j#i; j=1 i1=1 j=i+1l=j+1

Thus, we have E{AV (z(k), &)} < 0. By Definition 2.4.13, the system (3.22) is
robustly stable in the mean square. The proof is complete. 0
Case 1. In this case, we consider (3.22) without polytopic type uncertainties, our
system is in the following form

x(k+1)=—[A+ AA(k)]x(k) + [W + AW (k)] f(z(k)) + [W1
+ AW (K)]g(x(k — 7(k))) + o(z(k), z(k — 7(k)), k)w(k). (3.42)

In this case, we can obtain the following corollary based on Theorem 3.2.1

Corollary 3.2.2 The DSNNs (3.22) is robustly exponentially stable if there exist
P=P">0, Q=Q" >0, T =diag{ti,ta,...,t,} >0, S = diag{sy, s2,...,8,} >
0 and scalars eg > 0, e > 0, e; > 0 and \* > 0 such that the following two
LMIs hold:
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T, 0 Il -ATPW, ATPH, —ATPH —A"PH,]
 l, 0  —2WaS 0 0 0
s % [l WTPW, -WTPH, WTPH WTPH,
My = | % * * L. ~-wlPH, WIPH W{PH, | <0
* * * * JJES —HIYPH -HPH,
* * * * * I L6 H"PH,
| x * * * * * Il |
(3.43)
P < \I (3.44)
where

Hll = ATPA — P+ 7A'Q + GOE(’{EO — 2L1T + /\*p1]7 H13 = —ATPW - 2L2T,
[Ty = —Q = 2ViS + Aupol  [lys = WPPW — 2T + ¢E"E,
H44:WFPW1—25+61EfE1, H55:H5PHO—€OI,

[l = H'PH —el,  [l., = H'PH, — ey,

7 & To — T1 + 1.

Proof. From Theorem 3.2.1, with N=1, the LMI (3.30) and (3.33) becomes (3.43)
and (3.44). The following Lypunov function candidate

V(x(k)) = Vi(x(k)) + Va(z(k)) + Va(2(k))

k—1

where Vi (z(k)) = 27 (k) Px(k), Va(z(k)) = Z 2" ()Qx(1),

I=k—7(k)

we can show that the Lypyanov difference along trajectory of solution of (3.42)
satisfies

E{AV (2(k)} 2 —Auax(M)E{ |2 (k). (3.45)

From (3.45), we get that the DSNNs (3.42) is robustly stable in the mean square,
by Lyapunov stability theory. Moreover, we can prove that the system (3.42),
with the same as the proof of Theorem 1. of [22], while we may prove that if the
LMIs (3.43) and (3.44) hold, then (3.42) is robustly exponentially stable. The
proof is complete. O
Case 2. In this case, we consider (3.22) there are no stochastic disturbance, our
system is in the following form

2(k +1) = —[A(E) + AAR)]z(k) + [W(E) + AW (K)]f (x(F))
+ [Wi(€) + AWy (k)] g(z(k — (k). (3.46)
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We can obtain the corollary which is so that the main result (Theorem 3.1)
obtained in [32]

Corollary 3.2.3 The origin of system (3.46) with polytopic type uncertainties
(3.23) is robustly stable if there erist P, = PT > 0, Q; = QF > 0, T; =
diag{ti;, toi, ... tni} > 0, S; = diag{sii, $2i,---,Sni} > 0 and scalars ey; >
0,e>0andey; >0,1=1,2,..., N satisfying the following conditions

(Z) M1,271+NZ< —I, 221,2,,N,

™. 1
(ZZ) Mi,i,j =+ Mj,i,i =+ M’i,j,i + 2Nz + N] < ml,
i=1,2,...,N,i#j, j=1,2,...,N;
6
ON; + 2N; + 2N, < ——1
2N+ 2N+ 2N < T
i=1,2,...,N—2, j=i+1,2,....N—1,1=1,2,...,N,

where
_4,011 0 13 Y Y15 Pi6 9017_
* 0 0 0 0 0 0
* * * P34 P35 P36 P37
M= | * * ¥ * P45 Pa6 Par|
* * & 7 ¥ P56 P57
* * % * * P66 P61
| * * * * * ©77]
1,09 0 —2L,T; 0 0 0 0 ]
0 —Q; — 2V1S; 0 =2, 5; 0 0 0
—2L5T; 0 [155(2) 0 0 0 0
N, = 0 —2V5S; 0 IO 0 0 0 ’
0 0 0 0 H55(i) 0 0
0 0 0 0 0 H66(i) 0
0 0 0 0 0 0 H77(z')

and @11 = AZ-TPjAl, Y13 = _AiTPjVVla P14 = —AiTPij P15 = AZTPme
o16 = —ATPH, 17 = —AT'P;Hy, 34 = " P;Wy, 35 = —W; P;H,,
Y36 = I/ViTPjH- Y37 = WiTPth PYa5 = —Wﬂf’jﬂoa P46 = WE;PJ‘H;

Pa7 = Wf;Pij P56 = —HoTPiH, P57 = —HOTBH1, P66 = HTPiH,
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WYer = HTBHla Yrr = H1TPiH17
T = Ty —T1 + ]., Hll(l) = eoiEgEo —PZ—|—7A‘62Z — 2L1ﬂ, H33(Z) == —27—‘7, +€¢ETE,

[La(0) = =28 + e BT Ev, T155(0) = —eoil, lge(i) = —eil, 1) = —ewl,

. - - . . H+y 345 Ry
Ly = diag(l{ 17,1305 ,...,UT1), Ly = dlag(—ﬁTl, Z%, : -i,il”;rl” ), L
Vi = diag(vf vy, v3 05, .., vty and Vo = diag(— gt — 2002 L ety
Proof. Similar to theorem 3.1 and will be see also [32]. O

Remark 3.2.4 We now compare our obtained results with those obtained in [22].
When the DSNNs without polytopic type uncertainties, the system (3.22) reduces
to

o(k+1) = — [A+ AAK) (k) + [W + AW (k)] f (2 (k))
+ Wi+ AWL(R)]g(z(k —7(k))) + o (z(k), z(k — 7(k)), k)w (k).

In this corollary 3.1, we can show that, if the conditions (3.43) and (3.44) hold,
the system is robustly exponentially stable same as the main result (Theorem 1)
of [22].

Remark 3.2.5 We now compare our obtained results with those obtained in [32].
In our main results, we derived robust stability conditions for general discrete-
time LPD neural networks with stochastic disturbance. When the system without
stochastic disturbance are considered, our system is in the following form

v(k+1) = = [A() + AA(K)]z(k) + [W(E) + AW (k) f (x(k))
+ () + AW (R)]g(z(k — 7(k)))

As discussed previously, Theorem 3.1 is the same as the main result (Theorem
3.1) of [32].
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Example 3.2.6 Consider the NNs (3.22) with polytopic type uncertainties with

N = 2 where
04 O 0 04 0 0 03 —-01 0.2
Ay=10 05 0],A=]|0 03 0|, W= 0 -0.3 02 |,
0 0 04 0 0 0.3 -0.1 -0.1 -0.2
0.2 =02 0.1 0.2 0.1 0.1
Wo=1 0 —03 02|, Wu=1]-02 03 01|,
-02 -0.1 -02 0.1 -0.2 0.3
-0.2 0.1 0 0.005 —0.011  0.002
Wi =|-02 03 01|, Hy= [0.004 0.006 —0.006],
0.1 —-02 0.3 0 0.009 0.012
—0.005 —0.003 0.012 0.022  —0. 016 0.007
H = | 0.008 0 —0.014| , Hy = |—0.006 0.037
0.001 0.008  —0.007 0.008 0. 005 —0.004
—-0.16 0 O -03 0 0 —-0.12 0 O
Ly = 0 0 0], Ly = 0 02 0|, V= 0 0 0},
0 0 O 0 0 0.1 0 0 O
[0.2 0 0 09 0 0 0.8 0 0
Vo=10 —0.1 0O (,fFo={(0 08 0|, F={[0 07 0],
1 0 0 —-0.2 0 0 -1 0 0 09
-1 0 0
F=10 09 0|,p1=p =002 E,=H, E=H, E, = H,,
0 0 1
- A .
T(k) =4+ Sm(;), 71 =3, 72 =5, fi(s) = tanh(0.6s) — 0.2sin s,
fa(s) = tanh(—0.4s), fs(s) = tanh(—0.2s), §i(s) = tanh(—0.4s) + 0.2sin s,
Go(s) = anh(O 2s), g3(s) = tanh(0.4s).

By using the Matlab LMI toolbox, we can solve for P, ,Q;, S; and T;, ¢ =

1,2

which satisfy the conditions (3.30)-(3.33) in Theorem 3.2.1. Thus, the system
(3.22) is robustly stable. A set of solutions of (3.22) are given below

[366.5842  —33.1641  6.8742

P = |—-33.1641 256.2808  36.3198
| 6.8742 36.3198  309.9334
[75.4071 0 0

S = 0 75.4071 0 , T =
| 0 0 75.4071

7Q1:

75.9702
—6.2950
—0.8498

81.4174
0
0

0
81.4174
0

eor = 113.2095, e; = 113.2460, e;; = 113.5785, A\] = 518.8508

—6.2950
33.3042
7.4723

—0.8498
7.4723
52.1408

0
U E
81.4174

9
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[423.5919 —80.2348  37.0438 89.2738  —20.6012  7.3610
P, = | —80.2348 314.8939 459693 | , Q2 = [—20.6012  62.3412  10.9227
| 7.0438 45.9693  343.3546 7.3610 10.9227  66.9368
[76.3904 0 0 81.7596 0 0
Sy = 0 76.3904 0 , Ty = 0 81.7596 0 ,
| 0 0 76.3904 0 0 81.7596

epo = 113.2271, ey = 113.2577, e15 = 113.6523, A5 = 592.9554.

The trajectories of solutions of system (3.22) of example are illustrated in Fig.3.2,
where A(f) = %Al‘i_%AQ’ W(f) = %W]_‘i_%WQ, Wl(g) = %W]_]_‘i_gW]_Q, with l’l(k) =

0, xo(k) = 0and z3(k) =0, k = —4,-3,—-2,—1,0, and 1(0) = 0.8, z2(0) = 0.4,

—>— X1
0.8% —*—x2
—+—x3

0.6

0.4

0.2

-0.27

-0.4

-0.6

-0.81

Figure 3.2: The trajectory of solutions of system (3.22) in Example 3.2.6.
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