
Chapter 6

Conclusion

In this thesis, we study the stability analysis problem for discrete-time neural

networks with time-varying delays. The system under study involve stochastic

disturbance, linear parameter dependent, norm bounded uncertainties. We used

the Lyapunov stability theory, a discrete type inequality and S-procedure as our

main tools. First, we obtain sufficient condition of LPD and LPD stochastic

neural networks in term of LMIs which are solvable by several available algo-

rithms. Next, we consider global stability problem of nonlinear difference with

time-varying delays by using some discrete types inequalities. Finally, we study

the problem of H∞ filter for discrete-time neural networks with time-varying de-

lays. The result have been derived in term of LMIs which are easily checked using

the LMI toolbox in MATLAB. Numerical examples are also given to show the

effectiveness of our theoretical results.

The results of this thesis are summarized as follows.

6.1 Robust Stability Criteria of LPD Neural Networks

with time-varying delay

1. The origin of system (3.7) with polytopic type uncertainties (3.2) is robustly

stable if there exist Pi = P T
i > 0, Qi = QT

i > 0, Ti = diag{t1i, t2i, . . . , tni} ≥
0, Si = diag{s1i, s2i, . . . , sni} ≥ 0 and scalars e0i > 0 , ei > 0 and e1i > 0, i =

1, 2, . . . , N satisfying the following conditions
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

(i) Mi,i,i +Ni < −I, i = 1, 2, . . . , N ;

(ii) Mi,i,j +Mj,i,i +Mi,j,i + 2Ni +Nj <
1

(N − 1)2
I,

i = 1, 2, . . . , N, i ̸= j, j = 1, 2, . . . , N ;

(iii) Mi,j,l +Mi,l,j +Mj,i,l +Mj,l,i +Ml,i,j +Ml,j,i

+2Ni + 2Nj + 2Nl <
6

(N − 1)2
I,

i = 1, 2, . . . , N − 2, j = i+ 1, 2, . . . , N − 1, l = 1, 2, . . . , N,

where

Mi,j,l =



φ11 0 φ13 φ14 φ15 φ16 φ17

∗ 0 0 0 0 0 0

∗ ∗ ∗ φ34 φ35 φ36 φ37

∗ ∗ ∗ ∗ φ45 φ46 φ47

∗ ∗ ∗ ∗ ∗ φ56 φ57

∗ ∗ ∗ ∗ ∗ φ66 φ67

∗ ∗ ∗ ∗ ∗ ∗ φ77


,

Ni =



∏
11(i) 0 −2L2Ti 0 0 0 0

0 −Qi − 2V1Si 0 −2V2Si 0 0 0

−2L2Ti 0
∏

33(i) 0 0 0 0

0 −2V2Si 0
∏

44(i) 0 0 0

0 0 0 0
∏

55(i) 0 0

0 0 0 0 0
∏

66(i) 0

0 0 0 0 0 0
∏

77(i)


,

and φ11 = AT
i PjAl, φ13 = −AT

i PjWl, φ14 = −AT
i PjW1l, φ15 = AT

i PjH0,

φ16 = −AT
i PjH,φ17 = −AT

i PjH1, φ34 = iTPjW1l, φ35 = −W T
i PjH0,

φ36 = W T
i PjH. φ37 = W T

i PjH1, φ45 = −W T
1iPjH0, φ46 = W T

1iPjH,

φ47 = W T
1iPjH1, φ56 = −HT

0 PiH, φ57 = −HT
0 PiH1, φ66 = HTPiH,

φ67 = HTPiH1, φ77 = HT
1 PiH1,

τ̂ = τ2− τ1+1,
∏

11(i) = e0iE
T
0 E0−Pi+ τ̂Qi− 2L1Ti,

∏
33(i) = −2Ti+ eiE

TE,∏
44(i) = −2Si + e1iE

T
1 E1,

∏
55(i) = −e0iI,

∏
66(i) = −eiI,

∏
77(i) = −e1iI,

L1 = diag(l+1 l
−
1 , l

+
2 l

−
2 , . . . , l

+
n l

−
n ), L2 = diag(− l+1 +l−1

2
,− l+2 +l−2

2
, . . . ,− l+n+l−n

2
),

V1 = diag(v+1 v
−
1 , v

+
2 v

−
2 , . . . , v

+
n v

−
n ) and V2 = diag(−v+1 +v−1

2
,−v+2 +v−2

2
, . . . ,−v+n +v−n

2
).
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6.2 Robust stability of stochastic LPD neural net-

works with time-varying delay

1. The DSNNs (3.22) with polytopic type uncertainties (3.23) is robustly sta-

ble in the mean square if there exist Pi = P T
i > 0, Qi = QT

i > 0, Ti =

diag{t1i, t2i, . . . , tni} ≥ 0, Si = diag{s1i, s2i, . . . , sni} ≥ 0 and scalars e0i > 0 , ei >

0 , e1i > 0 and λ∗
i > 0, i = 1, 2, . . . , N satisfying the following conditions

(i) Mi,i,i +Ni < −I, i = 1, 2, . . . , N ;

(ii) Mi,i,j +Mj,i,i +Mi,j,i + 2Ni +Nj <
1

(N − 1)2
I,

i = 1, 2, . . . , N, i ̸= j, j = 1, 2, . . . , N ;

(iii) Mi,j,l +Mi,l,j +Mj,i,l +Mj,l,i +Ml,i,j +Ml,j,i

+ 2Ni + 2Nj + 2Nl <
6

(N − 1)2
I,

i = 1, 2, . . . , N − 2, j = i+ 1, 2, . . . , N − 1, l = 1, 2, . . . , N ;

(iv) Pi < λ∗
i I,

where

Mi,j,l =



φ11 0 φ13 φ14 φ15 φ16 φ17

∗ 0 0 0 0 0 0

∗ ∗ ∗ φ34 φ35 φ36 φ37

∗ ∗ ∗ ∗ φ45 φ46 φ47

∗ ∗ ∗ ∗ ∗ φ56 φ57

∗ ∗ ∗ ∗ ∗ φ66 φ67

∗ ∗ ∗ ∗ ∗ ∗ φ77


,

Ni =



∏
11(i) 0 −2L2Ti 0 0 0 0

0
∏

22(i) 0 −2V2Si 0 0 0

−2L2Ti 0
∏

33(i) 0 0 0 0

0 −2V2Si 0
∏

44(i) 0 0 0

0 0 0 0
∏

55(i) 0 0

0 0 0 0 0
∏

66(i) 0

0 0 0 0 0 0
∏

77(i)


,

∏
11(i) = e0iE

T
0 E0 − Pi + τ̂Qi − 2L1Ti + λ∗

i ρ1I,
∏

22(i) = −Qi − 2V1Si + λ∗
i ρ2I,∏

33(i) = −2Ti + eiE
TE,

∏
44(i) = −2Si + e1iE

T
1 E1,

∏
55(i) = −e0iI,∏

66(i) = −eiI,
∏

77(i) = −e1iI, τ̂ = τ2 − τ1 + 1,

L1 = diag(l+1 l
−
1 , l

+
2 l

−
2 , . . . , l

+
n l

−
n ), L2 = diag(− l+1 +l−1

2
,− l+2 +l−2

2
, . . . ,− l+n+l−n

2
),

V1 = diag(v+1 v
−
1 , v

+
2 v

−
2 , . . . , v

+
n v

−
n ), and V2 = diag(−v+1 +v−1

2
,−v+2 +v−2

2
, . . . ,−v+n +v−n

2
).
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6.3 New discrete type inequalities and global

stability of nonlinear difference equations

1. Let qi ∈ R+
0 , hi ∈ Z+, i = 1, . . . r; p, qr ∈ R+, where 0 = h0 < h1 < . . . < hr

and
r∑

i=0

qi < p ≤ 1, and let {xj}j∈Z−hr be a sequence of real numbers satisfying

the inequality

△xn ≤ −pxn +
r∑

i=0

qixn−hi
, n ∈ Z0. (6.1)

Then there exists λ0 ∈ (0, 1) such that

xn ≤ max{0, x0, x−1, . . . , x−hr}λn
0 , n ∈ Z0.

Moreover, λ0might be chosen as the smallest root of the polynomial

P (λ) = λhr+1 − (1− p+ q0)λ
hr − q1λ

hr−h1 · · · − qr−1λ
hr−hr−1 − qr (6.2)

which lies in the interval (0, 1).

2. Let p, αi, βi ∈ R+, hi ∈ Z+, i = 1, . . . r, where 0 = h0 < h1 < . . . < hr,
r∑

i=0

αi = 1 and
r∏

i=0

βi < p ≤ 1. Let {xn}n∈Z−hrbe a sequence of real numbers such

that xαi
n−hi

are defined for all i = 1, . . . r; n ∈ Z0 which satisfies the inequality

△xn ≤ −pxn +
r∏

i=0

βix
αi
n−hi

, n ∈ Z0.

Then there exists λ0 ∈ (0, 1) such that

xn ≤ max{0, x0, x−1, . . . , x−hr}λn
0 , n ∈ Z0.

Moreover, λ0 might be chosen as the smallest root of the function

F (λ) = λ−

(
r∏

i=0

βi

)
λ

−

r∑
i=1

hiαi

+ p− 1

which lies in the interval (0, 1).

3. Assume that there exist qi ∈ R+
0 , hi ∈ Z+, i = 1, . . . r; qr ∈ R+, where

r∑
i=0

qi < p ≤ 1 such that

|f(n, xn, xn−h1 , . . . , xn−hr)| ≤
r∑

i=0

qi |xn−hi
| , (6.3)
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for all (n, xn, xn−h1 , . . . , xn−hr) ∈ Z0 × Rr+1. Then, there exists λ0 ∈ (0, 1) such

that every solution {xn} of (4.5) satisfies

|xn| ≤
(

max
−hr≤i≤0

{|xi|}
)
λn
0 , n ∈ Z0,

where λ0 is chosen as in Theorem 4.1.1.

4. Assume that there exist p, αi, βi ∈ R+, hi ∈ Z+, i = 1, . . . r, where
∑r

i=0 αi = 1

and
∏r

i=0 βi < p ≤ 1 such that

|f(n, xn, xn−h1 , . . . , xn−hr)| ≤
r∏

i=0

βi |xn−hi
|αi ,

for all (n, xn, xn−h1 , . . . , xn−hr) ∈ Z0 × Rr+1. Then there exists λ0 ∈ (0, 1)such

that every solution {xn} of (4.5) satisfies

|xn| ≤
(

max
−hr≤i≤0

{|xi|}
)
λn
0 , n ∈ Z0,

where λ0 is chosen as in Theorem 4.1.2.

6.4 Global exponential stability of nonlinear discrete-

time neural networks with time-varying delays

1. Let qi ∈ R+
0 , ki ∈ Z+, i = 1, . . . r; p, qr ∈ R+, where 0 = k0 < k1 < . . . < krand

r∑
i=0

qi < p ≤ 1, and let {xj}j∈Z−kr be a sequence of real numbers satisfying the

inequality

△xn ≤ −pxn +
r∑

i=0

qi

ki∑
j=0

xn−j, n ∈ Z0.

Then there exists λ0 ∈ (0, 1) such that

xn ≤ max{0, x0, x−1, . . . , x−kr}λn
0 , n ∈ Z0.

Moreover, λ0 might be chosen as the smallest root of the polynomial

P (λ) = λn+1 − (1− p)λn − q1

k1∑
j=0

λn−j − q2

k2∑
j=0

λn−j − · · · − qM

kr∑
j=0

λn−j (6.4)

which lies in the interval (0, 1).

2. The equilibrium point of system (4.12) is globally exponentially stable if

cmax + l∥A∥+ l
M∑
j=1

(τj + 1)∥Bj∥ < 1, (6.5)

where l = maxj(Lj) and cmax = maxj(cj).
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6.5 H∞ filtering problem for nonlinear discrete-time

system with time-varying delay

1. Given the filter parameters AF , BF , CF and DF . Then, the filtering error sys-

tem (5.6) with time-varying delay τ(k) satisfying (5.2) with ω(k) = 0 is asymp-

totically stable if there exist P1 = P T
1 > 0, P2 = P T

2 > 0, Q = QT > 0,

T = diag{t1, t2, . . . , tn} ≥ 0, S = diag{s1, s2, . . . , sn} ≥ 0 satisfying the following

conditions

M =

M0 MT
1 P1 MT

2 P2

∗ −P1 0

∗ ∗ −P2

 < 0,

where

M0 =


−P2 − 2L1T + τ̂Q P2 0 −2L2T 0

∗ −P2 0 0 0

∗ ∗ −Q− 2V1S 0 −2V2S

∗ ∗ ∗ −2T 0

∗ ∗ ∗ ∗ −2S

,

M1 = [A1 0 0 A2 A3],M2 = [Ā1 −AF 0 Ā2 Ā3], Ā1 = A1−BFC1 , Ā2 = A2−BFC2,

Ā3 = A3 −BFC3, τ̂ = τ2 − τ1 + 1.

2. Given the filter parameters AF , BF , CF , DF and scalar γ > 0. Then, the fil-

tering error system (5.6) with time-varying delay τ(k) satisfying (5.2). is asymp-

totically stable if there exist P1 = P T
1 > 0, P2 = P T

2 > 0, Q = QT > 0,

T = diag{t1, t2, . . . , tn} ≥ 0, S = diag{s1, s2, . . . , sn} ≥ 0 satisfying the following

conditions :

M̄ =


M̄0 M̄1

T
P1 M̄2

T
P2 M̄3

T

∗ −P1 0 0

∗ ∗ −P2 0

∗ ∗ ∗ −I

 < 0,

where

M̄0 =



−P2 − 2L1T + τ̂Q P2 0 −2L2T 0 0

∗ −P2 0 0 0 0

∗ ∗ −Q− 2V1S 0 −2V2S 0

∗ ∗ ∗ −2T 0 0

∗ ∗ ∗ ∗ −2S 0

∗ ∗ ∗ ∗ ∗ −γ2I


,

M̄1 = [A1 0 0 A2 A3 B], M̄2 = [Ā1 − AF 0 Ā2 Ā3 B̄], M̄3 = [K̄1 − CF 0 K̄2 K̄3 Ḡ],

Ā1 = A1 −BFC1, Ā2 = A2 −BFC2, Ā3 = A3 −BFC3, B̄ = B −BFD,

K̄1 = K1 −DFC1, K̄2 = K2 −DFC2, K̄3 = K3 −DFC3, Ḡ = G−DFD,

τ̂ = τ2 − τ1 + 1.
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3. Given the scalar γ > 0. Then, the nonlinear discrete-time neural network

(5.1) an H∞ filter (5.5) can be designed such that the filtering error system (5.6)

with time-varying delay τ(k) satisfying (5.2) if there exist P1 = P T
1 > 0, P2 =

P T
2 > 0, Q = QT > 0, ĀF , B̄F , C̄F , D̄F , T = diag{t1, t2, . . . , tn} ≥ 0,

S = diag{s1, s2, . . . , sn} ≥ 0 satisfying the following conditions :

M̄ =


M̄0 M̄1

T
P1 M̄2

T
P2 M̄3

T

∗ −P1 0 0

∗ ∗ −P2 0

∗ ∗ ∗ −I

 < 0

where M̄0, M̄1, M̄2, M̄3 are defined in Theorem 5.1.2. Moreover, the filter param-

eters of the form (5.5) is designed as follows

AF = −P−1
2 ĀF , BF = −P−1

2 B̄F , CF = −C̄F , DF = D̄F .




