Chapter 3
Approximation Methods for Common Fixed
Points of Strict Pseudocontractions in
Banach Spaces

In this chapter, we study Mann-type and Halpern-type iterations for a countable
family of strict pseudocontractions in the framework of Banach spaces. We prove that
the sequences generated by the proposed algorithms converge weakly and strongly to
common fixed points of mappings.

3.1 Weak Convergence Theorems for a Countable Family
of Strict Pseudocontractions in Banach Spaces

Let X be a Banach space and let C' be a nonempty, closed and convex subset of
X. Let {T,,}5°, : C' — C be a countable family of mappings. We consider the following
Mann-type iteration: z; € C' and

Tpr1 = (1—an)zy+a,Thr,, n>1, (3.1.1)

where {a,} is a real sequence in (0, 1).

Further, we also consider the following Halpern-type iteration: z; € C and

{ Yo = (1 — 00n)n + 0 T, (3.1.2)

Tnt1 = Onth + VT + OnYn, 121,
where {a,}, {6}, {7} and {6, } are real sequences in (0, 1).

Proposition 3.1.1. Let X be a Banach space and let C' be a nonempty, closed and
conver subset of X. Let {T,}52, : C — C be a family of A-strict pseudocontractions
for some 0 < A <1 such that F :=(\,—_, F(T,) # (0. Assume that the control sequence
{an} C (0,1) satisfies the following conditions:

(2) 22021 an = F00;

(b) > a2 < +oc.

Let {z,,} be generated by (3.1.1). If {T,,} satisfies the AKTT-condition, then
(1) limy,— oo ||z — pl| ezists for all p € F;
(2) liminf, . ||z, — Tha,|| = 0.

AT
Proof. Let p € F and put L = 2=. First, we observe that

[Zn1 = pll < (L= an)llen = pll + an|[Tozn = pll < (1 + L)z — pll
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and
|01 = @nl| = anl| Tty — 2nl| < an(l+ L)[lz, — p|.

Since T, is a A-strict pseudocontraction, there exists j(x,41 — p) € J(2p41 — p) such
that

(I =To)tns1 — (I = T0)p, j(@nsr — p)) 2 M (I = T)xnga — (I = To)pll?,
which implies
<$n+1 N Tnfb’ml,j(%ﬂ — p)> > )‘”xnﬂ - Tn:anHQ.

From Lemma 2.3.1 (2), it follows that
lzner =pI* = (@0 = p) + an(Tozn — )|
Hxn " 4 pH2 + 204n<Tnxn - xnaj<xn+1 - p)>
||ZL‘n - p“2 + 2an<Tnxn —y Tnxn-i-laj(mn-i-l - p)>

+ 2an<Tnxn+1 — Tn+1, j(xn+1 - p)> + 2an<xn+1 - xmj('rnJrl — p))

IA

< lzn = p||2 + 20, L|zn — Znga ||| 2041 — pl]
- 2an)‘||Tnxn+1 \~ xn+1||2 + 2an||xn - ~rn+1||”xn+1 - p||
<l —pl* + 205 L(1 + L)* [l — pl®

— 20, M| Tngr — Tga]|? + 202 (1 + L)?|| 2 — pl|? (3.1.3)
= |lzn — plI> + 202 (1 + L)*||@n, — plI* — 200\ | Ta@ns1 — T |-

This implies that
21 = plI* < (142051 + L)) lzn — pl*.

Hence, by condition (b), we have from Lemma 2.4.9 that lim,,_. ||z, — p|| exists; con-
sequently, {z,} is bounded. Moreover, by (3.1.3), we also have

> andliTuznii=zni P < 3 (Ilea=plP=lann —pl?) +20+L)*ME Y a2 < +oo,
n=1 n=1 n=1

where M; = sup,,5,{[|z, —p||}. It follows, by condition (a), that liminf, .. ||7;2ns1 —
Zp41]| = 0. Further, since {z,} is bounded,

|Tne1 = Tn1Zngrl] < | @ngr — Tt || + [[TnZngr — D1 Tnga ||

< H517n+1 n Tn$n+1|| + sup ||Tnz - Tn+lz”-
ZE{Tn

Since {T,,} satisfies the AKTT-condition, it follows that liminf, . ||z, — T,z,| = 0.
This completes the proof of (1) and (2). O

In our more general setting, in this section we will assume that:
B*(t) < 2t, (3.1.4)

where (* is a function appearing in Lemma 2.4.14.
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Proposition 3.1.2. Let X be a Banach space with the Fréchet differentiable norm and
let C' be a nonempty, closed and convex subset of X. Let {T,,}>°,: C — C be a family
of A-strict pseudocontractions for some 0 < X\ < 1 such that F := (., F(T,,) # 0.
Assume that the control sequence {a,} C (0,1) satisfies the following conditions:

(2) 22521 an = +00;
(b) > a2 < +oc.
Let {x,} be generated by (3.1.1). If ({T,},T) satisfies the AKTT-condition, then

lim ||z, — Thx,| = lim ||z, — Tz,|| = 0.
n—oo n—oo

Proof. Let p € F and put M, = sup,,~ {|lz, — Tz,||} > 0. Then by (2.4.3) and (3.1.4)
we have
I

[(zn — p) + an(Tnzn — zn)
| _pH2 + 20, (T 0 — Ty (20 — P))

+ an || Thwn — 20| B (| Tnn, — @al|)

|20 — sz — 20\ ||z, — Tnanz + 2a721||$n - ann”2
—plI? = 20, \|| 7y — T,||? + 202 M3,

||93n+1 _pH2

IN

IAIA
El
3

It follows that

o0
Zaonn — Than|]* < +o0.

n=1

Observe that

| (xn — Thzn) + (1o, — TnJrlanrl)H2

|z — Tnmnl|2 + 2(Txn — Tnta1Tns1, (T — Tnp1Tny1))
lzn — Ttnll® + 2(T0n — TpnTpit, j(@n — Tho1Zns))
+ 2T xni1 — T T, 5 (T — Thi1Tns1))

[ Tnxn”2 + 2L[|zy = g llllvn — Tor1Zna |

+ QHTnanrl - Tn+1$n+1” Hxn - Tn+1xn+1H

|7 — TnmnHQ + 2L[|zn — Zp1 ||| 20 — Ton

+ 2L||zn, — Tns1 ||| Tnzn — Tnnta ||

+ 2L”xn - xn+1H HTnxn+1 - Tn+1xn+1H

+ 2”Tnxn+1 71 Tn-‘rlxn—&-l” ngn T $n+1||

+ 2||Tnxn+1 - Tn+1xn+1”‘|xn+l - Tn+1xn+1||

lzn — Thwnll® + (2L, + 2L%02)||2n — T ||?

+ (2LMya, 4+ 2Msa, + 2Mo) | Thxnsr — Tho1Tna ||
|20 — Toan || + 2L(1 + L) || 20 — T ||?

+ 2Ms(L + 2)||Thxni1 — Tns1Tnsa |- (3.1.5)

Hmn N Tn+1xn+1 H2

IA

IN

IA

IN

IA
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From (3.1.5) we have

HajnJrl - Tn+1xn+1”2 < (1 - O‘H)H% - Tn+1xn+1H2 + O‘nHTnxn - Tn+1xn+1H2
< &, — T;L—&-ll‘n—i—l||2
+ O‘n(HTnxn — Tl + | Tangr — Tn+lxn+1H)2
= |lan - Tn+137n+1H2 + an || Ton — Tn$n+1H2
+ 20| Tzn — TnZna1 || TnZnsa — o1 Znga ||
+ || Tnn1 — Tns1@ps1|]?
< Nl = Toir@n | + ap L2 |z, — Ton||?
+ ZQELLHxn — Thwn ||| Tnzni1 — T Tna |
+ || Tnns1 — Tns1Zps1 |
< Nl = Toprna|® + o2 L2 M3
+ 2LM, || Tozngs — TopaZpsa | + | Tozngs — Tngan ||
< |lwn — Thznl|? + 2L(1 + L) ||zn — Tz, |
+ 2My(L + 2) | Tawns1 — Tns1@nga || + o L M3
+ 2LM || Ton1 — Tonp1Tnga | + | TnTngn — Tn+1xn-|—1||2
< Nlap — Tnan||* + 201 + L)y, ||z, — T,
+ Q2 L2MZ 4 2My (2L + 2) | Tnwpni1 — Tpy1Tni |
+ 1T xns1 — Tos1@nia)?
< |lwn = Thnl|? + 2L(1 + L) ||z — Thza|?

+ Q2 LM + 2My(2L +2) sup |[Thz — T 2|

ZE{In}

+ sup ||Tnz_Tn+1ZH2'

Ze{xn}

Since Y 07 aplle, — Than|* < o0, Yoo a2 < +oo and Y oo sup{|| T2 — Thz|
z € {z,}} < 400, it follows that lim,, .. ||z, — Th2,|| exists. From Proposition 3.1.1
(2), we can conclude that lim,, . ||z, — T,.@y|] = 0. Since

|20 = Tl < |lzn — Tozall + [ Thwn — T2y ||
< lwn = Thxp|| + sup [Tz =Tz,

ZETn

it follows from Lemma 2.4.15 that lim,, .« ||z, — T'z,|| = 0. This completes the proof.
O

Theorem 3.1.3. Let X be a uniformly convex Banach space with the Fréchet differen-
tiable norm and let C' be a nonempty, closed and convex subset of X. Let {T,}52, :
C — C be a family of A-strict pseudocontractions for some 0 < A < 1 such that
F = _,F(T,) # 0. Assume that the control sequence {a,} C (0,\] satisfies the
following conditions:

(a) Doty an = +00;
(b) >, a2 < +oc.

If ({T},T) satisfies the AKTT-condition, then {x,} generated by (3.1.1) converges
weakly to a common fixed point of {T,}52,.
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Proof. Let p € F and define S,, : C'— C by
Spr = (1—ay)z+a,Thx, xeC.

Then ()2, F(S,) = F = F(T). From (2.4.3), we have for bounded z,y € C' that

1Sz = Spyll®> = [lz —y — anz —y — (Tz — Toy)]|I?
< lz = yl? = 20,1 = T)z — (I = Ty, j(x — y))
+05on - Y- (Tnx - Tny)”ﬁ* (O‘on - Y- (Tnm - Tny)H)
< o=yl =200z —y = (Toz — Tuy) |

+ 20 lo —y — (Tox — Toy)|*

lz = ylI* = 200 (A — aw) Iz =y — (Thw — Toy)|I”

lz — yl*.

This implies that S, is nonexpansive. From Proposition 3.1.1 (1), {z,} is bounded.

From Proposition 3.1.2, we know that lim,, . ||z, — Tz, || = 0. Applying Lemma 2.4.4,
we also have w,(z,) C F(T).

IN

Finally, we will show that w,(z,) is a singleton. Suppose that z*, y* € w,(z,) C
F(T). Hence z*,y* € (\,—, F(S,). By Lemma 2.4.13, lim,, oo (z,, j(2* — y*)) exists.
Suppose that {z,, } and {z,, } are subsequences of {z,} such that z, — z* and
T, — y*. Then

o~y = {a* —y", 52" ) = Jim (2, — T 52" — 7)) = .
Hence z* = y*; consequently, =, — z* € (2, F(S,) = F. This completes the proof.
[

Using Lemma 2.4.19 we obtain the following result:

Corollary 3.1.4. Let X be a uniformly conver Banach space with the Fréchet differen-
tiable norm and let C' be a nonempty, closed and convex subset of X. Let {Sk}2, be a
sequence of \g-strict pseudocontractions of C' into itself such that (o, F(Sk) # 0 and
inf{\, : k € N} = X\ > 0. Define the sequence {x,} by x1 € C,

Tnpr = (1= on)Tn+an Y i Skan, n>1,
k=1

where {a,} C (0, A] satisfying > oo | an = +00 and Y oo a2 < +oo, and {uk} satisfies
conditions (1)-(3) of Lemma 2.4.19. Then {x,} converges weakly to a common fixed
point of {SK}..

Remark 3.1.5. Theorem 3.1.3 and Corollary 3.1.4 extend and improve Theorem 3.3 and
Theorem 3.4 of Chidume-Shahzad [34] in the following senses:

(1) from real uniformly smooth and uniformly convex Banach spaces to real uniformly
convex Banach spaces with Fréchet differentiable norms;

(2) from finite strict pseudocontractions to infinite strict pseudocontractions.

Using Opial’s condition, we also obtain the results in a reflexive Banach space.
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Theorem 3.1.6. Let X be a Fréchet smooth and reflexive Banach space which satis-
fies Opial’s condition and let C' be a nonempty, closed and convexr subset of X. Let
{T,.}52, be a family of \-strict pseudocontractions for some 0 < X\ < 1 such that
F =", F(T,) # 0. Assume that the control sequence {a,} C (0, satisfies the
following conditions:

(a) Do) o = +00;
(b) > a2 < +oo.

If ({T.,},T) satisfies the AKTT-condition, then {x,} generated by (3.1.1) converges
weakly to a common fized point of {T,}52,.

Proof. Let p € F. From Proposition 3.1.1 (1), we know that lim, . ||z, — p| ex-
ists. Since X has the Fréchet differentiable norm, by Proposition 3.1.2, we know that
lim, oo ||2n — Txy,|| = 0. It follows from Proposition 2.4.5 that w,(z,) C F(T) = F.
Finally, we show that w,(x,) is a singleton. Let z*,y* € w,(x,) and {z,, } and {z,,, }
be subsequences of {z,} chosen such that z,, — z* and z,,, — y*. If 2* # y*, then
Opial’s condition of X implies that

lim ||z, —2*|| = lm |z, —2"|| < lim ||z, —y*|| = lim ||z, — "
—00 k—o0 k—oo k—o0
< lim ||z, —2*|| = lim ||z, — 2"
k—o0 n—o0
This is a contradiction and thus the proof is complete. O]

Corollary 3.1.7. Let X be a Fréchet smooth and reflexive Banach space which satisfies
Opial’s condition and let C' be a nonempty, closed and convex subset of X. Let {Sk}2,
be a sequence of \-strict pseudocontractions of C' into itself such that (-, F(Sy) # 0
and inf{\; : k € N} = X > 0. Define the sequence {x,} by x; € C,

Topr = (1= an)tn+an Y phSpa,, n>1,
k=1

o0

where {ay,} C [0, \] satisfying > oo, a, = 400 and Y o2 a2 < 400, and {uk} satisfies
conditions (1)-(3) of Lemma 2.4.19. Then {x,} converges weakly to a common fized
point: of {5},

3.2 Weak and Strong Convergence Theorems for a Count-
able Family of Strict Pseudocontractions in Banach
Spaces

In this section, we study weak and strong convergence of Mann-type and
Halpern-type iterations for a countable family of strict pseudocontractions in uniformly
smooth Banach spaces. We give an affirmative answer raised by Zhou [122] in 2010.

Proposition 3.2.1. Let X be a uniformly smooth Banach space and C' a nonempty, closed
and convez subset of X. Let {T,,}>°, : C'— C be a family of A-strict pseudocontractions
for some 0 < X\ < 1 such that F := (\\__, F(T,,) # 0. Assume that ®(t) < 2t*, t € [0, 00)
where ® is a function appearing in (2.3.1). Let {ay,} be a real sequence in (0, ] which
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satisfies the conditions (1) > 07, an, = 400 and (i) Y00 a2 < +oo. Let {x,} be
generated by (3.1.1). If ({T,},T) satisfies the AKTT-condition, then
lim ||z, — Thx,| = lim ||z, — Tx,| = 0.
Proof. Since, by Proposition 3.1.1 (1), {x,} is bounded, there exists > 0 such that
{z,} € G := B,(0)NC. For given {a,} C (0, )], we define
A—

b= 20,

then 3, € [0,1) foralln > 1, a, = A(1 — 3,) and 1 — a,, = 1 — A(1 — 3,). Hence,

Tpyr = (1—an)z, + anThx,
= [1=X1—-06n)]en+ A1 — 5,)Thz,
= Loz + (1= 06)[(1 = Nz, + AT,
= BnTn + (1 - ﬂn)cnxm
where C,, = (1-\)I+AT,, : G — C. By Lemma 2.4.20, we know that C,, is nonexpansive
for all n > 1. Moreover, we see that {C,,} satisfies the AKTT-condition. Indeed,

sup [|Cry12 — Cpzl| = A sup||Th1z — Tzl
z€EB

z€EB

which implies > 7 sup,cp [|Crs12 — Crz|| < +00. On the other hand, we see that

Hanrl - Cn+1xn+1H < ﬁn”xn N Cn+1$n+1H + (1 - ﬁn)”cnxn - CnJrlanrl”
< Bullzn — Crzn|l + BullCrzn — Cryarza|
+ ﬁnHCn—&-lxn 7 Cn—i-lxn—&-lH + (1 - ﬁn)HCnxn 7 Cn-&-lan
+ (1 T ﬂn>HCn+lxn — n+1$n+1H
< Ballzn = Coznll + |Crn — Crpazall + | Tnta — 2|
< |lzew — Cozp|| + sup ||Crz — Cryaz]].

ZE{$TL}

This implies that lim, . ||z, — Cpx,|| exists. Hence lim, . ||z, — T2, || also exists.
From Proposition 3.1.1, we conclude that

lim ||z, — Thx,| = 0.
Since
[#n = Tzall < |low — Toznll + | Thzn — Tyl
< Nan — Thxy|| + sup [Tz — Tz,

ZG{IEn}

it follows from Lemma 2.4.15 that lim, . ||z, — Tx,|| = 0. This completes the proof.
0

Theorem 3.2.2. Let C' be a nonempty, closed and convex subset of a uniformly smooth
Banach space X that either is uniformly convexr or satisfies Opial’s condition. Let
{T,.}52, : C — C be a family of A-strict pseudocontractions for some 0 < X\ < 1 such
that F:= (o, F(T,)) # 0. Assume that ®(t) < 2t*, t € [0,00) where ® is a function
appearing in (2.3.1). Let {a,} be a real sequence in (0, \] which satisfies the conditions
1) Y07 an = 400 and (i) > 07 a2 < 4oo. Let {x,} be generated by (3.1.1). If
({Tn}, T) satisfies the AKTT-condition, then {x,} converges weakly to a common fized
point of {T,}° ;.
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Proof. First, we assume that X is uniformly convex. Since X is uniformly smooth, X
has a Fréchet differentiable norm. Define the mapping S,, : C' — C' by

Spr=(1—ay)z+a,Thx, xe€C.

Then (., F'(S,) = F = F(T) and S, is nonexpansive on G for all n > 1. From
Proposition 3.1.1 (1), we know that {z,} is bounded. From Proposition 3.2.1, we also

know that lim,, . ||z, —Tx,|| = 0. The uniform convexity and the Opial’s condition of
E ensure that the sequence {z, } weakly converges to a common fixed point of {7},}>° ;.
This completes the proof. n

As a direct consequence of Theorem 3.2.2, Lemma 2.4.18 and Lemma 2.4.19 we
also obtain the following result.

Corollary 3.2.3. Let C' be a nonempty, closed and convex subset of a uniformly smooth
Banach space X that either is uniformly conver or satisfies Opial’s condition. Let

{ Sk}, be a sequence of \g-strict pseudocontractions of C into itself such that (o, F(Sk) #
0 and inf{\, : k € N} = X\ > 0. Assume that ®(t) < 2t*, t € [0,00) where ® is a func-
tion appearing in (2.3.1). Define the sequence {x,} by x, € C,

Tnar = (L= o)ty +an Y phSizn, n>1,
k=1
where {a,} C (0, ] satisfying > oo an = +00 and Y oo a2 < +o0, and {uk} satisfies
conditions (1)-(3) in Lemma 2.4.19. Then {x,} converges weakly to a common fized
point. of (S}

Theorem 3.2.4. Let C' be a nonempty, bounded, closed and convex subset of a uniformly
smooth Banach space X that either is uniformly convex or satisfies Opial’s condition.
Let {T,,}°, : C — C be a family of \-strict pseudocontractions for some 0 < X\ < 1 such
that F = (2, F(T,) # 0. Assume that ®(t) < 2t*, t € [0,00) where ® is a function
appearing in (2.3.1). Let {ca,} be a real sequence in (0, ] which satisfies Y- | (A —
a,) = 4oo. If ({T.},T) satisfies the AKTT-condition, then {x,} generated by (3.1.1)
converges weakly to a common fized point of {T,}°2 ;.

Proof. For each n > 1, define C,,x = (1 — X\)z + AT,,z. Since C' is bounded, it follows
from Lemma 2.4.20 that C,, is nonexpansive and F(C,) = F(T,) for all n > 1. For
given {a,} C (0, A], we define

A — oy,

A
Then (3.1.2) reduces to

ﬁn:

Tl = Buxn + (1 = 5,)Crxy, n>1. (3.2.1)

Let pe F=(\_, F(T,). Then p € ()~ Cy,. Hence

Bullzn — pll + (1 = Bu) |Cron — |

[eni —pll <
<
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which implies that lim,_. ||, — p|| exists. On the other hand, we see that

[2ni1 = pI* = (@0 —p) + an(Toa, — ) |12
< lan — pl* = 22| Thzn — 242 + 202 || Thzn — T l?

|7, _sz — 20, (A — ) [ Thw — fl;nH2a
which yields
an()\ y an)“Tnxn - xn”2 < ||$n - pH2 - Hxn+1 _pH2

Since lim,, o ||z, — p|| exists and > 7 | (A — ) = +o00, it follows that
liminf ||T,, 2, — z,|| = 0.
n—oo

By using the same argument as in the proof of Proposition 3.1.2, we obtain that
limy, oo ||Tn — x| exists and hence

lim || Tz, — x| = 0.
Since {7,,} satisfies the AKTT-condition, we can verify that
lim | Tx, — x| =0.

Applying Lemma 2.4.5 and Lemma 2.4.13, we can prove that {z,} converges weakly to
a common fixed point of {7,,}52,. O

Remark 3.2.5. We give an affirmative answer raised by Zhou [122]. In fact, Theorems
3.2.2 and 3.2.4 mainly extend Theorem 2.1 of Zhou [122] (i) from g-uniformly smooth
Banach spaces to uniformly smooth Banach spaces, and (ii) from a strict pseudocon-
traction to a countable family of strict pseudocontractions.

We next prove a strong convergence theorem of Halpern-type iteration for a
countable family of strict pseudocontractions in the framework of uniformly smooth
Banach spaces.

Theorem 3.2.6. Let C' be a nonempty, bounded, closed and conver subset of a uni-
formly smooth Banach space X. Let {T,,}5°, : C' — C be a family of \-strict pseudo-
contractions for some 0 < X\ < 1 such that F := (), F(T,) # 0. Assume that
O(t) < 2t?, t € [0,00) where ® is a function appearing in (2.3.1). Given u,z; € C
and sequences {an}, {Bn}, {1} and {6,} in (0,1), the following control conditions are
satisfied:

d) Zle |41 — | < H-00;

(

(

EC) Bp — 0 asn— o0, Y °, B, =400,
(e) 0 < liminf, .o v, < limsup, . 7 < 1.

Suppose that ({T,},T) satisfies the AKTT-condition. Then {z,} generated by
(3.1.2) converges strongly to a common fized point z of {T,,}5°,, where z = Qpu and
Qr : C — F s the unique sunny nonexpansive retraction from C onto F.
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Proof. For each n > 1, define S,z = (1 — o)z + o, Tz, © € C. From Lemma 2.4.20
and condition (a), we know that S, is nonexpansive and F(7,,) = F(S,,) for all n > 1.
Moreover, {S,} satisfies the AKTT-condition. In fact, for any bounded subset B of C,
sug |Sni1z — Snzl| = sug (1= any1)z + an1Thiz) — (1 — an)z + @, Th2)||
ze ze
< |Oén+1 - an’ sup HZH + Q41 SUP HTn+1Z - TnZH
zeB zeB

+ |1 — ap|sup || T,2||
z€B
— Jower = aal (sup 2]l + sup | Tozll) + sup | Tonz — Toe].
z€EB z€B z€B

From condition (d) and {7} satisfies the AKTT-condition, we get

[e.9]

Zsup 1Snt12 — Spz|| < +oo. (3.2.2)

n—1 z€EB

Next, we show that ||,+1 — z,|| — 0 and ||z, — T,2,|| — 0 as n — oo. First, observe
that

[Ynt1 = ynll = [[Sns1Zn41 — Spall
< ’|Sn+1xn+1 > Sn+1an + ”Sn+1mn - Snan
< NZpg1 — zal| + sup ||Sns1z — Snz||- (3.2.3)
ze{zn}
We now define w, = === From (3.1.2) we have
 |1Bariu + dnaYntr But+ 0y
|wnt1 —wnl = 1 1R
— Tn+1 —Tn
ﬁnJrl ﬁn (5n+1
= - ull +1iYnll) + 77— l¥nt+1 = Yn
Bl ) + 22 e — el
/6n+1 /671
S M‘ - + Yn — Ynll, 3.2.4
e o B LR (3:2.0)
for some M > 0. Combining (3.2.3) and (3.2.4), we obtain
BTH—I ﬁn

Hwn+1 - WHH <

+ H$n+1 - -Tn“ + sup HSnJrlz - SnZH'

1_’7n+1 a 1_/7n

z€{zn
It follows from conditions (c), (e) and (3.2.2) that
lim sup ([lwns1 — wal| = |t — zal)) < 0.
From Lemma 2.4.7, we have ||w, —2,|| — 0 and hence ||z,11—2,| = (1—y)||wn—2n|| —
0 as n — oo. It follows from (3.1.2), (c¢) and (e) that ||y, — z,|| — 0. Note that
|z, — Thx,| = iHyn — x,||. So from condition (a), we have
lim ||z, — T,x,| = 0.

Since {S,,} satisfies the AKTT-condition, we can define S : C'— C by Sz = lim,,_,o, S,z
for all x € C. It is easy to see that S is nonexpansive and F(S) = F(T) = F. We
observe that
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as n — o0o. It follows that

|2 = Sznll < |2 — Spznl|l + ||Snzn — Sy ||
< |lzn — Snxall + sup |Snz — Sz|| — 0,
zeK

as n — oo. For t € (0, 1), we define a contraction as follows:
Six =tu+ (1 —t)Sz.

Then there exists a unique path z; € C such that
xp =tu+ (1 —1)Sx;.

From Lemma 2.4.11 we know that z, — z € F(S) as t — 0. Further, if we define
Qrs)u = z, then Qpy : C — F(S5) is the unique sunny nonexpansive retraction
from C onto F(S). Since F(S) = F, we obtain that Qr : C — F is the unique
sunny nonexpansive retraction from C onto F. Note that X is uniformly smooth, S is
nonexpansive and ||z, — Sxz,|| — 0 as n — oo. So, by Lemma 2.4.12, we obtain

limsup(u — Qru, J(z, — Qru)) < 0.

Finally, we show that =, — z = Qpu as n — oo. From (3.1.2) we have

[z = 2l7 = Balu— 2, (@041 = 2)) + Yltn = 2,5 (@41 — 2))
+ 0n(Yn — 2, (Tn41 — 2))
< Balu = 2,(Tn41 — 2)) + nlltn — 2ll[|2n — 2|
+ Oullyn — 2[ll|lznt1 — 2|

Brlu — 2, j(Tny1 — 2)) + (L= Bo)l|wn — 2||[|[wns1 — 2]
) 1 1
Bnlu =2, j(@nsr = 2)) + 5 (1= Bu)llen = 2I° + S llznss — 2|

IN

IN

This implies that

[ns1 = 2l < (1= Ba)llzn — 211 + 280 (u — 2, (@0t — 2)).
From Lemma 2.4.8, we conclude that x,, — 2z as n — oo. This completes the proof. [

As a direct consequence of Theorem 3.2.6, Lemma 2.4.18 and Lemma 2.4.19 we
obtain the following result.

Corollary 3.2.7. Let C' be a nonempty, bounded, closed and convex subset of a uniformly
smooth Banach space X. Let {Si}32, be a sequence of \,-strict pseudocontractions of
C into itself such that (y—y F\(Sk) # 0 and inf{\, : k € N} = X > 0. Assume that
O(t) < 2%, t € [0,00) where ® is a function appearing in (2.3.1). For a given u € C.
Define the sequence {x,} by z, € C,

Yn = (1 - O‘n)xn +ay ZZ:1 Niskxn,
Tpy1 = ﬁnu + TnTn + 5nyna n Z 17

where {a, },{Bn}, {7} and {6,} are real sequences in (0,1) which satisfy the conditions
(a)-(e) in Theorem 5.2.4 and {u*} are real sequences which satisfy the conditions (1)-(3)
in Lemma 2.4.19. Then {z,} converges strongly to a common fized point of {Sk}32,.
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Remark 3.2.8. We give an affirmative answer raised by Zhou [122]. In fact, Theorem
3.2.6 and Corollary 3.2.7 mainly extend Theorem 2.3 of Zhou [122] (i) from g-uniformly
smooth Banach spaces to uniformly smooth Banach spaces, and (ii) from a strict pseudo-
contraction to a countable family of strict pseudocontractions.

1
n+2’ 6” T on+t2

N =

Remark 3.2.9. If A = %, then for each n > 1 we can choose «,, = §,, =

and 7, = 3.



