Chapter 6
Conclusion

In this chapter, we conclude all main results obtained in the thesis. It is orga-

nized by dividing into 3 sections.

6.1

(1)

Approximation Methods for Common Fixed Points of
Strict Pseudocontractions in Banach Spaces

Let X be a uniformly convex Banach space with the Fréchet differentiable norm
and let C' be a nonempty, closed and convex subset of X. Let {T,,}2°, : C — C
be a family of A-strict pseudocontractions for some 0 < A < 1 such that F' :=
N~ F(T,) # 0. Assume that §*(t) < 2t, t € [0,00) where £* is a function
appearing in Lemma 2.4.14. Define the sequence {x,} by xz; € C,

Tpy1 = (1 a a/n):[;n + anTnIna n =1,

where {a,,} C (0, )] satisfying > o7, a,, = +o00 and > 7 a2 < +oo. If ({7,,},7)
satisfies the AKTT-condition, then {z,} converges weakly to a common fixed
point of {T},}2 ;.

Let C' be a nonempty, closed and convex subset of a uniformly smooth Ba-
nach space X that either is uniformly convex or satisfies Opial’s condition. Let
{T,.,}52, : C — C be a family of A-strict pseudo-contractions for some 0 < A < 1
such that F := (), F(T,,) # 0. Assume that ®(t) < 2¢, ¢ € [0, 00) where ® is a
function appearing in (2.3.1). Let {a,} be a real sequence in (0, A\] which satisfies
the conditions (i) Y 0°  a,, = co and (ii) Y~ a2 < co. Let {x,} be the sequence
generated by z; € C,

Tpr1 = (1—ap)z, +a,Thx,, n> 1

If ({T,,},T) satisfies the AKTT-condition, then {z,} converges weakly to a com-
mon fixed point of {7,}2 ;.

Let C' be a nonempty, bounded, closed and convex subset of a uniformly smooth
Banach space X that either is uniformly convex or satisfies Opial’s condition. Let
{T,,}52, : C'— C be a family of A-strict pseudocontractions for some 0 < A < 1
such that F := ()", F(T,,) # 0. Assume that ®(t) < 2¢, ¢ € [0, 00) where ® is a
function appearing in (2.3.1). Let {a,} be a real sequence in (0, A] which satisfies
> an(A—ay) = o0o. Let {x,} be the sequence generated by x; € C,

Tpr1 = (1—an)zn+a,The,, n>1

If ({Tn}, T) satisfies the AKTT-condition, then {z,} converges weakly to a com-
mon fixed point of {T,,}5°,.
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(4) Let C be a nonempty, bounded, closed and convex subset of a real uniformly
smooth Banach space X. Let {T,,}22, : C' — C be a family of \-strict pseudo-
contractions for some 0 < A < 1 such that F := (", F(T,) # 0. Assume that
(t) < 2t%, t € [0,00) where P is a function appearing in (2.3.1). Given u,z; € C
and sequences {a, }, {6}, {7} and {9, } in (0, 1), the following control conditions

are satisfied:
(Cl) a < a,, < A for some a > 0 and for all n > 1;
C2) Bp+ v+ 0, =1foralln > 1;
C3) B, = 0asn— o0, > o, [y = +00;
C4) D07 |amr — an| < +o0;
C5) 0 < liminf,, o v, < limsup,,_ . 7. < 1.

(
(
(
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Suppose that ({T,},T') satisfies the AKTT-condition. Define the sequence {x,}
by xr1 € O,

Yn = (1 - an)xn + anTnIna
Tp1 = Bnu + VnZn + 5nyna n>1,

Then {z,} converges strongly to a common fixed point z of {7,,}°°,, where z =

Qru and Qp : C — F is the unique sunny nonexpansive retraction from C' onto
F.

6.2 Equilibrium Problems and Fixed Points of Some Gen-
eralized Nonexpansive Mappings

6.2.1 Equilibrium Problems, Variational Inclusions and Fixed Points
of Quasi-nonexpansive Mappings

(1) Let C' be a nonempty, closed and convex subset of a Hilbert space H, f : C xC —
R a bifunction satisfying (A1) — (A5), ¢ : C'— R U {400} a proper, lower semi-
continuous and convex function, A : H — H an a-inverse strongly monotone
mapping, M : H — 2/ a maximal monotone mapping and {T;}¥, a finite family
of quasi-nonexpansive and L;-Lipschitz mappings of C' into itself. Assume that
Q =N, F(T;)) " MEP(f, ) N I(A, M) # 0 and either (B1) or (B2) holds. Let
W, be the W-mapping generated by 11,75, -+ ,Tn and By 1, Bn2, ", Bun. For
xo € H with Cy = C and z1 = P, w0, let {z,}, {yn},{2n} and {u,} be defined by

fun,y) + 9(y) = p(un) + 2y = tn, up — 20) >0, Yy €C,
Yn = Qndy + (1 - an)Wnuna

Zn = JM,/\n (yn - AnAyn)u

Cni1 = {Z €Cn: lzn— 2 <y — 2|l < lwn — ZH}:

Tnt1 = Lo, 110, Vn € N,

where {a,,} C [0,a] for some a € [0,1), {r,} C [b,o0) for some b € (0,00) and
{\.} C [e,d] for some ¢,d € (0,2a).

Then {z,},{yn}, {zn} and {u,} converge strongly to zp = Poxy.
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6.2.2 Generalized Equilibrium Problems and Fixed Points of Strict
Pseudocontractions

(1) Let C' be a nonempty, closed and convex subset of a Hilbert space H. Let
{fi}i, . C x C — R be a family of bifunctions, let {4;}M, : C — H be a
family of aj-inverse-strongly monotone mappings and let {7,,}>°, : C — C be
a countable family of k-strict pseudocontractions for some 0 < x < 1 such that
F = (ﬂkle GEP(fis, Av)) N (N, F(T3,)) # 0. Assume that {a,}32, C (0,1),
{6.}22, € (0,1), v € (k,1) and 7 € (0,2cy) for each k € {1,2,--- , M} satisfy
the following conditions:

(C1) lim,, oo 0y, = 0 and )7, v, = +00;
(C2) 0 < liminf, . 5, < limsup,,_,. B, < 1.

Suppose that ({T,,},T) satisfies the AKTT-condition. Define the sequence {z,}
by xz; € C' and

Yn = Pe [(1 - an)xn}v
U, = Tf]\LAAITf]wfl:AIVI—l \. _TTJ;2,A2T7f117A1yn

™™ TM—1
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Then {z,} converges strongly to an element in F'.

6.2.3 Mixed Equilibrium Problems and Fixed Points of Nonexpansive
Mappings

(1) Let X be a uniformly convex and smooth Banach space and let C' be a nonempty,

bounded, closed and convex subset of X. Let f be a bifunction from C' x C' to R

satisfying (A1)-(A4), let ¢ be a lower semi-continuous and convex function from

C to R and let {7,,}2°, be a sequence of nonexpansive mappings of C' into itself

such that F':= ('_, F(T,,) " MEP(f,¢) # 0 and suppose that {T,,}5° satisfy
the NST-condition. Let {z,} be the sequence in C' generated by

To € C, D() = C,

Cn=c0{z € C: ||z — Tnz| < tollzn — Tnznl|}, n>0,

D, = {z €D,_: <Srn:cn —z,J(x, — Srna:n)> > O}, n>1,
Tny1 = Pe,np, o, n 2> 0,

where {t,} and {r,} are sequences which satisfy the conditions:

(C1) {t,} € (0,1) and lim,, . t, = 0;
(C2) {rn} C (0,00) and liminf,_ .., r, > 0.

Then {x,} converges strongly to Przg, where Pp is the metric projection from C
onto F'.



6.3

(1)

90

Hybrid Methods for Relatively Quasi-nonexpansive
Mappings and Equilibrium Problems

Let X be a uniformly convex and uniformly smooth Banach space and let C' be
a nonempty, closed and convex subset of X. Let { fj}jj‘il be bifunctions from
C x C to R which satisfies conditions (A1)-(A4) and let {7;}:°, be an infinitely
countable family of closed and relatively quasi-nonexpansive mappings from C'
into itself. Assume that F' := (ﬂfil F(TZ)> N (ﬂ;\il EP(fj)> # 0. For xg € X

with 21 = Ilg, 29 and Cy = C, define the sequence {z,} by

Yni=J (anJ:cn (1—an)JT<:cn),
Un,; = TfM TTJ;];I lln . Tfl yn i)

TL+1 {Z € C SupzZl ¢(Z un,i) S ¢(2, aT”)}’
l’n+1 HCn+1 0, n Z 1

Assume that {o,} and {r;,} for j =1,2,.-- M are sequences which satisfy the
following conditions:

(C1) limsup,,_,., an < 1;
(C2) liminf, o 7;, > 0.

Then the sequence {z,} converges strongly to IIpx.

Let X be a uniformly convex and uniformly smooth Banach space and let C' be
a nonempty, closed and convex subset of X. Let f: C' x C' — R be a bifunction
which satisfies conditions (A1)-(A4). Let {7,,}22, be a family of relatively quasi-
nonexpansive mappings of C' into itself which satisfies the (x)-condition such that
F:=_,F(T,) N EP(f) # 0. For any € X, define the sequence {z,} by
1 €C, Cp =C and

Yo = J o Jzn + (1 — o) I Tyy),
up, € C such that f(u,,y)+ %( — Up, Ju, — Jy,) >0, Vy € C,
Cp1 = {Z € Oy d(z,un) < B(z, )}

Tpp1 = lc,, v, n2>1,

where {a,} C [0,1] satisfying limsup,,_,. @, < 1 and {r,} C (0,00) satisfying
liminf, . r, > 0. Then the sequence {x,} converges strongly to ITpx.



