Chapter 5
Conclusion

In this chapter, we conclude all main results obtained in this thesis. The
results in Chapters 3 and 4 are shown in Sections 5.1 and 5.2, respectively.

5.1 Common Fixed Points of Asymptotically Quasi-
nonexpansive Mappings

5.1.1 Strong Convergence Theorems for a Finite Family of Asymp-
totically Quasi-nonexpansive Mappings in Banach Spaces

(1) Let C be a nonempty closed convex subset of a real Banach space X, and
{T; : i =1,2,...,k} be a family of asymtotically quasi-nonexpansive self-
mappings of C, ie., [Tz — pi|| < (1 4 )|z — pi]|, for all z € C and
pi € F(T;),i = 1,2,...,k. Suppose that F' = ﬂleF(ﬂ) #0, z;1 € C and
the iterative sequence {x,} is defined by

Tper = (1= arn)Y—1)n + UL Yk—1)n,
Y-t = (1= ap—nn)¥o—2pn + -1 T 1Yh-2)n,
: (5.1.1)
Yo = (1 — aon)Vin + 02,15 Y1n,
Yin = (1 —a1n)z, + a1 17" Yon,

where z; € C and yo, = x, for all n. Assume that > - r, < oo, where
rn = Maxj<;<g{Tin}. Then {z,} converges strongly to a common fixed point
of the family of mappings if and only if liminf, . d(x,, F) = 0, where
d(z, F) = inf,ep ||z — pl|.

5.1.2 Weak and Strong Convergence Theorems for a Finite Fam-
ily of Asymptotically Quasi-nonexpansive Mappings in Uni-
formly Convex Banach Spaces

(1) Let C' be a nonempty closed convex subset of an uniformly convex real
Banach space X. Let {T; :i=1,2,...,k} be a family of uniformly (L —~;)-
Lipschitzian and asymptotically quasi-nonexpansive selfmappings of C| i.e.,
ITro—Try| < Lilz — gl and [Tz —pi]| < (1-+7s)|o—pil, for all 2,y € C
and p; € F(T;),i = 1,2,..., k. Suppose that {T; : i = 1,2,...,k} satisfies
condition (A”) and F = ﬂleF(TZ) # (. Let x; € C and the iterative
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sequence {z,} be defined by (5.1.1). Assume that Y~ r, < oo, where
Tn = Maxj<;<g{Tin}. Then {z,} converges strongly to a common fixed point
of the family of mappings.

(2) Let C' be a nonempty closed convex subset of an uniformly convex real Ba-
nach space X, and {7; : i = 1,2,...,k} be a family of (L — ;) uniform
Lipschitz and asymtotically quasi-nonexpansive selfmappings of C| i.e.,
[T z=Try| < Lilo — ylI™ and [Tz —pil| < (1+7rim)||lz—pi||, forall 2,y € C
and p; € F(T;),i = 1,2,...,k. Suppose that F' = ﬂle F(T;) #0, 2z, € C
and the iterative sequence {z,} is defined by (5.1.1) with «ay;, € [6,1 — J]
for some § € (0, %) Assume that > 7 r, < oo, where r, = maxj<;<;{7n},
and T7" is semi-compact for some positive integers m and 1 < j < k. Then
{z,} converges strongly to a common fixed point of the family {7; : i =
1,2,..., k.

(3) Let C' be a nonempty closed convex subset of an uniformly convex real
Banach space X satisfying the Opial property, and {T; : i = 1,2,...,k} be
a family of (L — ;) uniform Lipschitz and asymtotically quasi-nonexpansive
selfmappings of O, ie., |1z — Ty|| < L||x — y||” and | Tz — pi|] < (1 +
rin)||x—pi||, forallz,y € C and p; € F(T;),i = 1,2,..., k. Suppose that F' =
N, F(T;) # 0, 21 € C and the iterative sequence {,} is defined by (5.1.1)
with o, € [0,1—9]. Assume that >~ r, < oo, where r, = max;<;<x{7n}.
If71—T,,i=1,2,--- k, is demiclosed at 0, then {x,} converges weakly to
a common fixed point of the family of mappings.

5.2 Equilibrium Problems and Fixed Point Problems
of Quasi-nonexpansive Mappings

5.2.1 A Strong Convergence Theorem of Hybrid Methods for
Generalized Mixed Equilibrium Problems and Fixed Point
Problems of an Infinite Family of Lipschitzian Quasi-nonex-
pansive Mappings in Hilbert Spaces

(1) Let C be a closed convex subset of a real Hilbert space H, f : C x C' — R be
a bifunction satisfying (A1)-(A4) and ¢ : C — RU {400} be a proper lower
semicontinuous and convex function. Let A be an a-inverse-strongly mono-
tone mapping of C into H and B be a -inverse-strongly monotone mapping
of C into H, respectively. Let {S,} and S be families of Lipschitzian quasi-
nonexpansive mappings of C' into itself such that lim, . ||Shz — Syy|| <
L,z —yl| for all z,y € C, sup, L, = L, (), F(S,) = F(S) and F =
F(S)NVIC,ByNGMEP(f,p,A) # 0. Suppose that {S,} satisfies the
NST-condition with S. Assume that either (B1) or (B2) holds. Let {x,} be
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a sequence generated by the algorithm:

(

T € C,
Cl - C,
Fun,y) + @(y) + (Azn, y — wn) + 1Y = i, tn — 0) > o(un),
Yy € C,
2 ’ Po(ty — Ay Buy), (5.2.1)
Yn = Qndyp + (1 — O‘n)*gnznu
Crnpa = {w € Cr: [lyn — | < [[zn — wl]},
( Tn+1 = PCn+1fE1; vn Z ]-7

where {a,,} C [0,1),{\,} C (0,28), {rn} C (0,20a),
0<a,<a<l, 0<b< AN <c<28, and 0<d<r,<e<2a,

for some a, b, c,d,e € R. Then the sequence {x,} defined by the algorithm
(5.2.1) converges strongly to a point T = Ppx;, where Pg is the metric
projection of H onto F'.

5.2.2 Deduced Strong Convergence Theorems and Applications
of Hybrid Methods in Hilbert Spaces

(1) Let C be a closed convex subset of a real Hilbert space H, f: C' x C' — R
be a bifunction satisfying (A1)-(A4) and ¢ : C' — R U {+o0} be a proper
lower semicontinuous and convex function. Let A be an a-inverse-strongly
monotone mapping of C' into H and B be a (-inverse-strongly monotone
mapping of C' into H, respectively. Let S : C'— C be a L-Lipschitzian quasi-
nonexpansive mapping such that F' = F(S)NVI(C,B)NGMEP(f,p, A) #
(). Assume that either (B1) or (B2) holds. Let {z,} be a sequence generated
by the following algorithm:

(

T € C,
C,=0C,
f(umy) + cp(y) ¥ | <Axm Yy — UN> 7" %(y — Up, Up — xn) Z @(un)a
Yy € C,
7 :?J Pe(u, — N\, Buy,), (52.2)
Yn = np + (1 — ) Sz,
Crp1 ={w € Oyt [lyn — wl| < lzn —w|},
{ Tnt1 = Po, 21, Vn>1,

where {a,,} € [0,1),{\,} C (0,20), {r.} C (0,2a),
0<a,<a<l, 0<b< AN <c<28, and 0<d<r,<e<2a,

for some a, b, c,d,e € R. Then the sequence {z,} defined by the algorithm
(5.2.2) converges strongly to a point T = Ppx;, where Pp is the metric
projection of H onto F'.



(2)

52

Let C' be a closed convex subset of a real Hilbert space H, f : C' x C —
R be a bifunction satisfying (A1)-(A4) and ¢ : C — R U {+o0} be a
proper lower semicontinuous and convex function. Let A be an a-inverse-
strongly monotone mapping of C' into H and B be a f-inverse-strongly
monotone mapping of C' into H, respectively. Let {S,,} and S be families of
nonexpansive mappings of C' into itself such that ()~ , F/(S,) = F(S) and
F=F(S)NVI(C,B)INGMEP(f,p,A) # 0. Suppose that {5, } satisfies the
NST-condition with §. Assume that either (B1) or (B2) holds. Let {z,} be
a sequence generated by the algorithm (5.2.1), where {a,,} C [0,1),{\,} C
(0,28), {rn} < (0,2a),
0<a,<a<l 0<b< ) <c<28, and 0<d<r,<e<2aq,

for some a, b, c,d,e € R. Then the sequence {x,} defined by the algorithm
(5.2.1) converges strongly to a point T = Ppx;, where Pp is the metric
projection of H onto F.

Let C' be a closed convex subset of a real Hilbert space H, f: C' x C — R
be a bifunction satisfying (A1)-(A4) and ¢ : C' — R U {+0o0} be a proper
lower semicontinuous and convex function. Let A be an a-inverse-strongly
monotone mapping of C' into H and B be a (-inverse-strongly monotone
mapping of C' into H, respectively. Let {R,,} and R be families of k—strict
pseudo-contraction mappings of C' into itself such that (), F(R,) = F(R)
and F = F(R)NVI(C,B)NGMEP(f,p,A) # 0. Define a mapping S, :
C — Cby S,z = kx+ (1 —k)R,x for all x € C. Suppose that {R,}
satisfies the NST-condition with R. Assume that either (B1) or (B2) holds.
Let {z,} be a sequence generated by the algorithm (5.2.1), where {a,} C

[0,1), {An} C (0,28), {ra} C (0,2a),
0<a,<a<l 0<b< )N <c<28, and 0<d<r,<e<2aq,

for some a, b, c,d,e € R. Then the sequence {z,} defined by the algorithm
(5.2.1) converges strongly to a point T = Ppx;, where Pp is the metric
projection of H onto F'.

Let C' be a closed convex subset of a real Hilbert space H, f: C' x C — R
be a bifunction satisfying (A1)-(A4) and ¢ : C' — R U {+0oc} be a proper
lower semicontinuous and convex function. Let A be an a-inverse-strongly
monotone mapping of C' into H and B be a (-inverse-strongly monotone
mapping of C' into H, respectively. Let R : C' — be a k—strict pseudo-
contraction such that F = F(R)NVI(C,B)NGMEP(f, ¢, A) # 0. Define
a mapping S : C' — C by Sz = kx + (1 — k)Rx for all z € C. Assume that
either (B1) or (B2) holds. Let {z,} be a sequence generated by the following
algorithm (5.2.2), where {a,,} C [0,1), {\,} C (0,28), {r.} C (0,2a),

0<a,<a<l, 0<b< N, <c<28, and 0<d<r,<e<2aq,

for some a, b, c,d,e € R. Then the sequence {x,} defined by the algorithm
(5.2.2) converges strongly to a point T = Ppx;, where Pr is the metric
projection of H onto F'.





