APPENDIX

Proof of Propositions

This section contains the technical details of the proofs. Herein we use a
generic constant ¢ which exemplifies any finite positive constant value and may
be implicitly changed in various places. Nevertheless, the constant c is always
independent of [;.

Proof of Proposition 3.1: First,
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Using (2.6) with the fact that my < 1 and m% > 1,
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This, together with (3.1), gives

1

s
ax mo (
‘( 32 )Il < cflmlf 4 &)™
X
-

S c [L’;Q |pm2+|€1|m1+7
< ¢ Hgl’ + ’fé”pm? + |&1|™FT
1] L o e o S

< c(lal™ + el ). (6.4)

Clearly, Proposition 3.1 follows from (6.1) and (6.4) with Lemma 2.4.

Proof of Proposition 3.2: We have, with ¢ = m; — 7 —my
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(mq,mz). From the definition of the homogeneous norm and Lemma 2.3, we have
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Using (3.16), we have
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Finally, we estimate the last term on the right hand size of (6.5). By Lemma 2.5,

rewrite 2o into es,
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Applying (6.7)-(6.9) into (6.5) yields
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for a constant ¢4, > 0. The last relation is obtained by applying Lemma 2.4 to each

term in the last inequality above.
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Proof of Proposition 3.3: We let w(-) = v(- )T+m2 By (2.6), we have
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Now, because w is at least C. Let xo = 20 — Aeg™t . We expand this function as
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dw(X)
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By homogeneity of w(-) whose degree is my, is homogeneous of degree
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From (A.11)-(A.13), we have
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for a constant c; > 0.
Proof of Proposition 3.4: First, we will show that the vector field Z = F(Z) in
(3.28) is homogenous of degree 7. Consider a vector field with dilation weight is
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From, the definition of weighted homogeneity for a vector field in section 2. We

can conclude that (3.28) is homogeneous of degree 7. Next, we want to show that
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the Lyapunov function of (3.15)-(3.18) is homogenous function of degree 2m; — 7.

Consider,
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Define the change of the variable, © = o= - We have,
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Since (6.16) and (6.17) are homogenous of degree 2m; — 7,
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Clearly, the Lyapunov function 7' = V5 + Uy of (3.15)-(3.18) is a homogenous
function of degree 2m; — 7. By Lemma 2.2, we have the vector field g—g is also
homogeneous of degree 2m; — 7. Lastly, we use Lemma 2.1 with (6.14) and the
previous result. It’s obvious that 7 = 9ZF(Z) is homogeneous of degree 2m;.

This proof is complete.
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