Chapter 3
Existence of Some Generalized Mixed

Equilibrium Problems in Hilbert Spaces

3.1 Existence of Some Generalized Mixed Equilibrium
Problems in Hilbert Spaces

We first prove the existence of (3.1.2). To do this, the following condition is also

assumed:

(H') For fixed r > 0 and = € C there exists a bounded set K C C' and a € K
such that for all z € C/K,

—F(a,z)+ G(z,a) + %(a —z,z—x)+p(y) <plx) forallyeC. (3.1.1)

Theorem 3.1.1. Let C' be a nonempty closed convex subset of a real Hilbert space
H.Let ¢ : C" — R be convex and lower semicontinuous. Let F,G : C' x C' - R
be two bifunctions which satisfy conditions (F1)-(F4), (G1)-(G3) and (H'). Let
r >0 and x € C. Then, there exists z € C such that

F(z,y) +G(z,y) + %(y —z,z—x)+py) <px) foralyeC. (3.1.2)

Further, if

Tp(x) ={2 € C: F(z,y) +G(2,y) +{y— 2,2 =) +p(y) < p(x) for all y € C},
then the follow hold:

(i) T is single-valued and T¢ is firmly nonexpansive,

(ii) T is closed and convexr and T" = Fix(T?).
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Proof. Let G' = G(x,y)+¢(y)—p(z) for all y € C, We show that G’ : CxC — R
is bifuntion which satisfies conditions (G'1)-(G'3). It easy to show that G’ satisfies
(G'1). For each y € C,we shall show that G'(-,y) is weakly upper semicontinuous.

To do this, suppose x,, — z. By (G2) and lower semicontinuity of ¢ we have, for

any n > 1,
limsupn—ooG' (Tn,y) = limsup,—.oo|G(Tn,y) + () — o(2,)]
< limsupn—.ooG(Tn, y) + limsupn—o[p(y) — o(zn)]
< Gz, y) + o(y) + limsupy—.co[—p(@y)]
= G(z,y) + oy) — limin focop(x,)],
< Glz,y) +oy) — o)

= G'(z,y). (3.1.3)

This implies that G’ is weakly upper semicontinuous in the first variable. More-

over, we have that

G'(x,y) +G'(y,2) = Gx,y)+ey) — @) + Gy, ) + o(x) — o(y)
= G(z,y) + Gy, z)
0. (3.1.4)

IN

Hence G’ satisfies (G'2). For each x € C,G'(x,-) is convex. Let y1,y2 € C and

A € [0,1]. By (G'3) and convexity of ¢, we have

AG (1) + (L= NG (z,52) = AG(z,y1) + (1 = N)G(z, y2) + Ap(y1)

+(1 = MNely2) — ¢(z)

Gz, Ay + (1 = Ny2) + (Ayr + (1 = Nya) — o(2)
= G'(z,\y1 + (1 = Nya). (3.1.5)

v

Therefore G’ satisfies (G'3). By Lemma 2.4.7 there exists z € C' such that

F(z,y)+G(z,y) + %(y —z,z—x)+p(y) <e(x) foralyeC. (3.1.6)
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Further, if

Ty(w) ={z € C: F(z,y) + G(2,y) +;{y—2.2—2) +p(y) < p(x) for all y € C},
then the follow hold:

(i) T¥ is single-valued and T)? is firmly nonexpansive,

(ii) I" is closed and convex and IV = Fiz(T?). O

Theorem 3.1.2. Let C' be a nonempty closed convex subset of a real Hilbert space
H.Let F,G : CxC — R be two bifunctions which satisfy conditions (F2),(G2)and
¢ :C — RU{+o00}. Let A a-inverse-strongly monotone mapping of C into H.
Then Au = Av for all u,v € T".

Proof. Let u,v € I".We then get

F(u,y) + G(u,y) + (Au,y —u) + ¢(y) > o(u) for all y € C. (3.1.7)
and
F(v,y) + Gv,y) + (Av,y —v) + p(y) > o(v) for all y € C. (3.1.8)

By letting y=v in (3.1.7) and y=u in (3.1.8) we get

F(u,v) + G(u,v) + (Au,v —u) + ¢(v) > ¢(z) forally e C. (3.1.9)
and

F(v,u) + G(v,u) + (Av,u —v) + ¢o(u) > ¢(v) forall y € C. (3.1.10)
By (3.1.9), (3.1.10) and the conditions (F2) and (G2), we have
(Av — Au,u —v) > F(u,v)+ F(v,u) + G(u,v) + G(v,u) + (Au,v — u) + (Av,u — v)

> 0.
From A is a-inverse-strongly monotone mapping,
0 < al|Au — Av||* < (Au — Av,u —v) <O0.

That is Au = Aw. ]
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Remark 3.1.3. if o = 0 in Theorem 3.1.2 ; we obtain that Au = Av for all u,v €
I

Theorem 3.1.4. Let C' be a nonempty closed convex subset of a real Hilbert space
H. Let ¢ : C — H be an a—inverse strongly monotone mapping and A : C — R
be conver and lower semicontinous. Let F,G : C' x C' — R be two bifunctions
which satisfy conditions (F1)-(F4),(G1)-(G3) and (H'). Let f: C — H be a p—
contraction and r > 0 be a constant with r < 26. Suppose I'' # 0 For given x¢ € C

and u € C arbitrarily, let the sequence {x,} be generated iteratively by
Tpt1 = Bpxn + (1 = By) Polanu + (1 — a,) T (2, — rAzx,)], (3.1.8)

for allm > 0, where {a,} and {B,} are sequences in [0,1] satisfying the following
conditions:

(1) lim,, oo ay = 0 and X9° v, = 00,

(i) 0 < liminf,, . 5, < limsup,_ . Bn < 1.

Then the sequence {x,} converges strongly to x* € I which is the unique solution

of the following variational inequality: (I — f)a*,x —2*) >0, x € T".

Proof. By Theorem 3.1.1, we have then I'" = Fliz(T?) and Theorem 2.5.6 assumes
that the sequence generated by 3.1.8 converges strongly to z* € I which is the
unique solution of the following variational inequality:((I — f)z*, z —2*) > 0, z €

I [l

Theorem 3.1.5. Let C' be a nonempty closed convex subset of a real Hilbert space
H. Suppose I" # 0. For given u,xy € C, let the sequence {x,} be generated
iteratively by

Tpr1 = aqu+ (1 —a,)Tfx,, n>0, (3.1.9)

where {ay,} is sequences in [0,1] satisfying the following conditions:
(i) lim,, o o, =0,

(i) 352, 0m = 400,

(171) X2 | Qg1 — ap | < H00.

Then the sequence {x,} converges strongly to z* € I'".
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Proof. By Theorem 3.1.1, we have then I'' = Fiz(T?) Since T is a nonexpansive,

we have by Theorem 2.5.7 that z, — z* € I". m



