
Chapter 4

Strong Convergence Theorems for a Common

Fixed Point of Nonexpansive Mappings,

Nonspreading Mappings and Mixed

Equilibrium Problems

4.1 Strong Convergence Theorem for Countable Fam-

ily of Nonexpansive Mappings

Theorem 4.1.1. Let C be a nonempty closed convex subset of a Hilbert space H

and F , G bifunctions from C × C to R which satisfies (F1)-(F4, (G1)-(G3) and

(H) . Let Aj be a δj-inverse-strongly monotone mapping of C into H for each

j = 1, 2, 3.Let{Ti : C → C} be a family of infinitely nonexpansive mappings.

Satisfy AKTT condition. Assume that Ω := FP ∩Γ∩V I where
⋂∞

i=1 F (Ti) = FP

and V I := V I(C, A1) ∩ V I(C, A2). Let u ∈ C, x1 ∈ C and {xn} be a sequence

generated in

F (un, y) + G(un, y) + 〈A3xn, y − un〉+ 1
rn
〈y − un,un − xn〉 > 0, ∀y ∈ C,

zn = PC(un − λnA2un),

yn = PC(zn − ηnA1zn),

xn+1 = βnxn + (1− βn)Tn[αnu + (1− αn)yn],∀n > 1,

(4.1.1)
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where {αn} and {βn} are sequences in [0,1] and {rn},{λn} and {ηn} are positive

number sequences. Assume that the above control sequences satisfy the following

restrictions

(C1) 0 < c ≤ {βn} ≤ d < 1, 0 < a ≤ {rn} ≤ b < 2δ3, 0 < a′ ≤ λn ≤ b′ < 2δ2,

0 < a′′ ≤ ηn ≤ b′′ < 2δ1, for all n ≥ 1.

(C2) limn→∞ αn = 0 and Σ∞n=1αn = ∞,

(C3) limn→∞(rn − rn+1) = limn→∞(λn − λn+1) = limn→∞(ηn − ηn+1) = 0

Then {un} and {xn} converge strongly to z = PΩu.

Proof. we have x∗ = Trn(x∗ − rnA3x
∗). Since A3 are δ3 − inverse − strongly

monotone, condition (C1) and nonexpansive, we have, for any n ≥ 1,

‖un − x∗‖2 = ‖Trn(xn − rnA3xn)− Trn(x∗ − rnA3x
∗)‖2

≤ ‖(xn − rnAxn)− (x∗ − rnA3x
∗)‖2

≤ ‖(xn − x∗)− rn(A3xn − A3x
∗)‖2

= ‖xn − x∗‖2 − 2rn〈xn − x∗, A3xn − A3x
∗〉+ ‖A3xn − A3x

∗‖2

≤ ‖xn − x∗‖2 − 2rnδ3‖A3xn − A3x
∗‖2 + r2

n‖A3xn − A3x
∗‖2

= ‖xn − x∗‖2 + rn(rn − 2δ3)‖A3xn − A3x
∗‖2

≤ ‖xn − x∗‖2. (4.1.2)

Note that the mappings I − ηnA1, I − λnA2, I − rnA3 are nonexpansive. to see

this, for ∀x, y ∈ C, we have from the condition (C1) that

‖(I − ηnA1)x− (I − ηnA1)y‖2 = ‖(x− y)− ηn(A1x− A1y)‖2

= ‖x− y‖2 − 2ηn〈x− y, A1x− A1y〉

+η2
n‖A1x− A1y‖2

≤ ‖x− y‖2 − 2ηnδ1‖A1x− A1y‖2 + η2
n‖A1x− A1y‖2

= ‖x− y‖2 + ηn(ηn − 2δ1)‖A1x− A1y‖2

≤ ‖x− y‖2, (4.1.3)
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which implies the mapping I−ηnA1 is nonexpansive. By using the same argument

as aboue, we can show that I − λnA2 and I − rnA3 are nonexpansiveness of PC

and I − λnA2, we have

‖zn − x∗‖ = ‖PC(un − λnA2un)− PC(x∗ − λnA2x
∗)‖

≤ ‖(un − λnA2un)− (x∗ − λnA2x
∗)‖

= ‖(I − λnA2)un − (I − λnA2)x
∗‖

≤ ‖un − x∗‖ (4.1.4)

It follows from (4.1.2) that

‖zn − x∗‖ ≤ ‖xn − x∗‖

Since x∗ = PC(I − ηnA1)x
∗, by nonexpansiveness of PC and I − ηnA1, we have

‖yn − x∗‖ = ‖PC(zn − ηnA1zn)− PC(x∗ − ηnA1x
∗)‖

≤ ‖(zn − ηnA1zn)− (x∗ − ηnA1x
∗)‖

= ‖(I − ηnA1)zn − (I − ηnA1)x
∗‖

≤ ‖zn − x∗‖

≤ ‖xn − x∗‖ (4.1.5)

From (4.1.1) and (4.1.5) , we arrive at

‖xn+1 − x∗‖ = ‖βnxn + (1− βn)Tn[αnu + (1− αn)yn]− x∗‖

= βn‖xn − x∗‖+ (1− βn)‖Tn[αnu + (1− αn)yn]− Tnx
∗‖

≤ βn‖xn − x∗‖+ (1− βn)[αn‖u− x∗‖+ (1− αn)‖yn − x∗‖

≤ βn‖xn − x∗‖+ (1− βn)[αn‖u− x∗‖+ (1− αn)‖xn − x∗‖

= βn‖xn − x∗‖+ (1− βn)αn‖u− x∗‖+ (1− βn)(1− αn)‖xn − x∗‖

= [1− αn(1− βn)]‖xn − x∗‖+ αn(1− βn)‖u− x∗‖.

By induction, we obtain that

‖xn − x∗‖ ≤ max{‖x1 − x∗‖, ‖u− x∗‖},
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this implies {xn} bounded. It follows that {yn}, {zn} and {un} are also

bounded. Without loss of generality, we can assume that there exists a bounded

set B ⊆ C such that

un, xn, yn, zn ∈ B, ∀n ≥ 1. (4.1.6)

In view of nonexpansivity of I − λnA2 and I − rnA3, we see from (4.1.1) that

‖zn+1 − zn‖ = ‖PC(un+1 − λn+1A2un+1)− PC(un − λnA2un)‖

≤ ‖un+1 − λn+1A2un+1 − (un − λnA2un)‖

= ‖(I − λn+1A2)un+1 − (I − λnA2)un‖+ |λn − λn+1|‖A2un‖

≤ ‖un+1 − un‖+ |λn − λn+1|‖A2un‖

= ‖Trn+1(xn+1 − rn+1A3xn+1)− Trn(xn − rnA3xn)‖

+|λn − λn+1|‖A2un‖

= ‖Trn+1(xn+1 − rn+1A3xn+1)− Trn(xn − rnA3xn)

+Trn+1(xn − rnA3xn)− Trn+1(xn − rnA3xn)‖+ |λn − λn+1|‖A2un‖

= ‖Trn+1(xn+1 − rn+1A3xn+1)− Trn+1(xn − rnA3xn)‖

+‖Trn+1(xn − rnA3xn)− Trn(xn − rnA3xn)‖+ |λn − λn+1|‖A2un‖

≤ ‖(xn+1 − rn+1A3xn+1)− (xn − rnA3xn)‖+ ‖Trn+1(xn − rnA3xn)

−Trn(xn − rnA3xn)‖+ |λn − λn+1|‖A2un‖

= ‖(xn+1 − rn+1A3xn+1)− (xn − rn+1A3xn) + (xn − rn+1A3xn)

−(xn − rnA3xn)‖+ ‖Trn+1(xn − rnA3xn)− Trn(xn − rnA3xn)‖

+|λn − λn+1|‖A2un‖

≤ ‖(I − rn+1A3)xn+1 − (I − rn+1A3)xn‖+ |rn − rn+1|‖A3xn‖

+‖Trn+1(xn − rnA3xn)− Trn(xn − rnA3xn)‖+ |λn − λn+1|‖A2un‖

≤ ‖xn+1 − xn‖+ |rn − rn+1|‖A3xn‖+ ‖Trn+1(xn − rnA3xn)

−Trn(xn − rnA3xn)‖+ |λn − λn+1|‖A2un‖ (4.1.7)
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On the other hand, we have

‖yn+1 − yn‖ = ‖PC(zn+1 − ηn+1A1zn+1)− PC(zn − ηnA1zn)‖

≤ ‖zn+1 − ηn+1A1zn+1 − (zn − ηnA1zn)‖

= ‖zn+1 − ηn+1A1zn+1 − (zn − ηn+1A1zn) + (zn − ηn+1A1zn)

−(zn − ηnA1zn)‖

= ‖(I − ηn+1A1)zn+1 − (I − ηnA1)zn + (ηn − ηn+1)A1zn‖

= ‖zn+1 − zn‖+ |ηn − ηn+1|‖A1zn‖. (4.1.8)

Substituting (4.1.7) into (4.1.8) we obtain that

‖yn+1 − yn‖ = ‖zn+1 − zn‖+ |ηn − ηn+1)|‖A1zn‖

≤ ‖xn+1 − xn‖+ |rn − rn+1|‖A3xn‖+ ‖Trn+1(xn − rnA3xn)

−Trn(xn − rnA3xn)‖+ |λn − λn + 1|‖A2un‖+ |ηn − ηn+1|‖A1zn‖

≤ ‖xn+1 − xn‖+ M(|rn − rn+1 + |λn − λn + 1|+ |ηn − ηn+1|)

+‖Trn+1(xn − rnA3xn)− Trn(xn − rnA3xn)‖, (4.1.9)

where M is an appropriate constant such that

M = max{supn≥1{‖A1zn‖}, supn≥1{‖A2un‖}, supn≥1{‖A3xn‖}}.

Putting fn = αnu + (1− αn)yn, which implies that

‖fn+1 − fn‖ = ‖αn+1 − (1− αn+1)yn+1 − (αn − (1− αn)yn)‖

≤ |αn+1 − αn|‖u‖+ |1− αn|‖γn+1 − γn‖

+|αn − αn+1|‖yn+1‖. (4.1.10)

Substituting (4.1.9) into (4.1.10), we arrive at

‖fn+1 − fn‖ ≤ |αn+1 − αn|‖u‖+ ‖xn+1 − xn‖+ Q(|rn − rn+1|

+|λn − λn+1|+ |ηn − ηn+1|+ |αn − αn+1|)

+‖Trn+1(xn − rnA3xn)− Trn(xn − rnA3xn)‖, (4.1.11)

where Q is an appropriate constant such that

Q = max{M, supn≥1{‖yn‖}}
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Let T be defined by Tx = limn→∞ Tnx. Notice that

‖Tn+1fn+1 − Tnfn‖ = ‖Tn+1fn+1 − Tfn+1 + Tfn+1 − Tfn + Tfn − Tnfn‖

≤ ‖Tn+1fn+1 − Tfn+1‖+ ‖Tfn+1 − Tfn‖+ ‖Tfn − Tnfn‖

≤ sup
x∈B

{‖Tn+1x− Tx‖}+ sup
x∈B

{‖Tx− Tnx‖}

+‖fn+1 − fn‖. (4.1.12)

Let B be a bounded subset of C containing {fn : n ∈ N} defined in (4.1.6).

Combining (4.1.11) with (4.1.12), we arrive at

‖Tn+1fn+1 − Tnfn‖ ≤ sup
x∈B

{‖Tn+1x− Tx‖}+ sup
x∈B

{‖Tx− Tnx‖}+ ‖fn+1 − fn‖

≤ sup
x∈B

{‖Tn+1x− Tx‖}+ sup
x∈B

{‖Tx− Tnx‖}+ αn+1 − αn|‖u‖

+‖xn+1 − xn‖+ Q(|rn − rn+1 + |λn − λn+1|

+|ηn − ηn+1|+ |αn − αn+1|)

+‖Trn+1(xn − rnA3xn)− Trn(xn − rnA3xn)‖

Notice that

‖Tn+1fn+1 − Tnfn‖ − ‖xn+1 − xn‖ ≤ sup
x∈B

{‖Tn+1x− Tx‖}+ sup
x∈B

{‖Tx− Tnx‖}

+|αn+1 − αn|‖u‖+ Q(|rn − rn+1 + |λn − λn+1|

+|ηn − ηn+1|+ |αn − αn+1|) + ‖Trn+1vn − Trnvn‖,

where vn = xn − rnA3xn. It follows from Lemma 2.5.1, Lemma 2.5.3 and the

conditions (C1)− (C3) that

lim sup
n→∞

{‖Tn+1fn+1 − Tnfn‖ − ‖xn+1 − xn‖} ≤ 0.

In view of lemma 2.5.2, we obtain that

lim
n→∞

‖Tnfn − xn‖ = 0. (4.1.13)

Note that

lim
n→∞

‖xn+1 − xn‖ = lim
n→∞

‖βnxn + (1− βn)Tnfn − xn‖

= lim
n→∞

(1− βn)‖Tnfn − xn‖

= 0. (4.1.14)
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For any x∗ ∈ Ω. we see from (4.1.1) that

‖xn+1 − x∗‖2 = ‖βnxn + (1− βn)Tnfn − x∗‖2

≤ βn‖xn − x∗‖2 + (1− βn)‖fn − x∗‖2

= βn‖xn − x∗‖2 + (1− βn)‖(αnu + (1− αn)yn)− x∗‖2

= βn‖xn − x∗‖2 + (1− βn)‖(αnu + (1− αn)yn)− x∗ + αnx
∗ − αnx

∗‖2

≤ βn‖xn − x∗‖2 + (1− βn)(αn‖u− x∗‖2

+(1− αn)‖yn − x∗‖2) (4.1.15)

Notice that

‖yn − x∗‖2 = ‖PC(zn − ηnA1zn)− PC(x∗ − ηnA1x
∗)‖2

≤ ‖(zn − ηnA1zn)− (x∗ − ηnA1x
∗)‖2

= ‖(zn − x∗)− ηn(A1zn − A1x
∗)‖2

= ‖zn − x∗‖2 − 2ηn〈zn − x∗, A1zn − A1x
∗〉+ η2

n‖A1zn − A1x
∗‖2

≤ ‖zn − x∗‖2 − 2ηnδ1‖A1zn − A1x
∗‖2 + η2

n‖A1zn − A1x
∗‖2

= ‖zn − x∗‖2 + ηn(ηn − 2δ1)‖A1zn − A1x
∗‖2 (4.1.16)

Substituting (4.1.16) into (4.1.15),we arrive at

‖xn+1 − x∗‖2 ≤ βn‖xn − x∗‖2 + (1− βn)(αn‖u− x∗‖2 + (1− αn)‖yn − x∗‖2)

≤ βn‖xn − x∗‖2 + (1− βn)(αn‖u− x∗‖2 + (1− αn)(‖zn − x∗‖2

+ηn(ηn − 2δ1)‖A1zn − A1x
∗‖2)

≤ βn‖xn − x∗‖2 + (1− βn)(αn‖u− x∗‖2 + (1− αn)(‖xn − x∗‖2

+ηn(ηn − 2δ1)‖A1zn − A1x
∗‖2)

≤ βn‖xn − x∗‖2 + (1− βn)(αn‖u− x∗‖2 + ‖xn − x∗‖2

+(1− αn)ηn(ηn − 2δ1)‖A1zn − A1x
∗‖2)

= βn‖xn − x∗‖2 + (1− βn)αn‖u− x∗‖2 + (1− βn)‖xn − x∗‖2

+(1− βn)(1− αn)ηn(ηn − 2δ1)‖A1zn − A1x
∗‖2

≤ ‖xn − x∗‖2 + αn‖u− x∗‖2 + (1− βn)(1− αn)ηn(ηn − 2δ1)

‖A1zn − A1x
∗‖2. (4.1.17)
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It follows from the condition (C1) that

(1− αn)(1− d)a′′(2δ1 − b′′)‖A1zn − A1x
∗‖2 ≤ ‖xn − x∗‖2 − ‖xn+1 − x∗‖2

+αn‖u− x∗‖2

≤ (‖xn − x∗‖+ ‖xn+1 − x∗‖)‖xn − xn+1‖

+αn‖u− x∗‖.

It follows from (4.1.14) and the condition (C2) that

lim
n→∞

‖A1zn − A1x
∗‖ = 0 (4.1.18)

Next, we show that

lim
n→∞

‖A2un − A2x
∗‖ = 0 (4.1.19)

In view of (4.1.15) , we arrive at

‖xn+1 − x∗‖2 ≤ βn‖xn − x∗‖2 + (1− βn)(αn‖u− x∗‖2 + (1− αn)‖yn − x∗‖2)

≤ βn‖xn − x∗‖2 + (1− βn)(αn‖u− x∗‖2

+(1− αn)‖zn − x∗‖2) (4.1.20)

Notice that

‖zn − x∗‖2 = ‖PC(un − λnA2un)− PC(x∗ − λnA2x
∗)‖2

≤ ‖(un − λnA2un)− (x∗ − λnA2x
∗)‖2

= ‖un − x∗‖2 − 2λn〈un − x∗, A2un − A2x
∗〉+ λ2

n‖A2un − A2x
∗‖2

≤ ‖un − x∗‖2 + λn(λn − 2δ2)‖A2un − A2x
∗‖2 (4.1.21)
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Substituting (4.1.21) into (4.1.20), we arrive at

‖xn+1 − x∗‖2 ≤ βn‖xn − x∗‖2 + (1− βn)(αn‖u− x∗‖2 + (1− αn)‖zn − x∗‖2)

≤ βn‖xn − x∗‖2 + (1− βn)(αn‖u− x∗‖2 + (1− αn)‖un − x∗‖2

+λn(1− αn)(λn − 2δ2)‖A2un − A2x
∗‖2)

≤ βn‖xn − x∗‖2 + (1− βn)(αn‖u− x∗‖2 + (1− αn)‖xn − x∗‖2

+λn(1− αn)(λn − 2δ2)‖A2un − A2x
∗‖2)

≤ βn‖xn − x∗‖2 + (1− βn)αn‖u− x∗‖2 + (1− βn)‖xn − x∗‖2

+λn(1− αn)(1− βn)(λn − 2δ2)‖A2un − A2x
∗‖2)

≤ ‖xn − x∗‖2 + αn‖u− x∗‖2 + (1− αn)(1− βn)λn(λn − 2δ2)

‖A2un − A2x
∗‖2

It follows from the condition (C1) that

(1− αn)(1− d)a′(2δ2 − b′)‖A2un − A2x
∗‖2 ≤ ‖xn − x∗‖2 − ‖xn+1 − x∗‖2

+αn‖u− x∗‖2

≤ (‖xn − x∗‖+ ‖xn+1 − x∗‖)‖xn − xn+1‖

+αn‖u− x∗‖2

From(4.1.14) and the condition (C2), we obtain that (4.1.19) holds. it that

lim
n→∞

‖A2un − A2x
∗‖ = 0

In a similar way, we can prove that

lim
n→∞

‖A3xn − A3x
∗‖ = 0 (4.1.22)
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On the other hand, we see from Lemma 2.4.7 that

‖un − x∗‖2 = ‖Trn(xn − rnA3xn)− Trn(x∗ − rnA3x
∗)‖2

= ‖Trn(I − rnA3)xn − Trn(I − rnA3x)x∗‖2

≤ 〈Trn(I − rnA3)xn − Trn(I − rnA3x)x∗, (I − rnA3)xn − (I − rnA3x)x∗〉

= 〈Trn((I − rnA3)xn − (I − rnA3x)x∗, un − x∗〉

=
1

2
(‖(I − rnA3)xn − (I − rnA3x)x∗‖2 + ‖un − x∗‖2 − ‖(I − rnA3)xn

−(I − rnA3x)x∗ − (un − x∗)‖2)

≤ 1

2
(‖xn − x∗‖2 + ‖un − x∗‖2 − ‖xn − rnA3xn − x∗ + rnA3x

∗ − un − x∗‖2)

=
1

2
(‖xn − x∗‖2 + ‖un − x∗‖2 − ‖(xn − un)− rn(A3xn − A3x

∗)‖2)

=
1

2
(‖xn − x∗‖2 + ‖un − x∗‖2 − (‖xn − un‖2 + r2

n‖A3xn − A3x
∗‖2

−2rn〈xn − un, A3xn − A3x
∗〉))

=
1

2
(‖xn − x∗‖2 + ‖un − x∗‖2 − ‖xn − un‖2 + 2rn〈xn − un, A3xn − A3x

∗〉

−rn‖A3xn − A3x
∗‖2)

and hence

‖un − x∗‖2 ≤ ‖xn − x∗‖2 − ‖xn − un‖2 + 2rn〈xn − un, A3xn − A3x
∗〉

−rn‖A3xn − A3x
∗‖2

≤ ‖xn − x∗‖2 − ‖xn − un‖2

+2rn‖xn − un‖‖A3xn − A3x
∗‖ (4.1.23)

From (4.1.20) , we have

‖xn+1 − x∗‖2 ≤ βn‖xn − x∗‖2 + (1− βn)(αn‖u− x∗‖2

+(1− αn)‖un − x∗‖2) (4.1.24)
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Substituting (4.1.23) into (4.1.24), we arrive at

‖xn+1 − x∗‖2 ≤ βn‖xn − x∗‖2 + (1− βn)(αn‖u− x∗‖2 + (1− αn)(‖xn − x∗‖2

−‖xn − un‖2 + 2rn‖xn − un‖‖A3xn − A3x
∗‖))

≤ βn‖xn − x∗‖2 + (1− βn)αn‖u− x∗‖2 + (1− βn)(1− αn)‖xn − x∗‖2

−(1− βn)(1− αn)‖xn − un‖2 + (1− βn)(1− αn)2rn‖xn − un‖

‖A3xn − A3x
∗‖

≤ βn‖xn − x∗‖2 + αn‖u− x∗‖2 − (1− βn)(1− αn)‖xn − un‖2

+(1− βn)(1− αn)2rn‖xn − un‖‖A3xn − A3x
∗‖

and Hence

(1− βn)(1− αn)‖xn − un‖2 ≤ ‖xn − x∗‖2 − ‖xn+1 − x∗‖2 + alphan‖u− x∗‖2

+(1− βn)(1− αn)2rn‖xn − un‖‖A3xn − A3x
∗‖

≤ (‖xn − x∗‖ − ‖xn+1 − x∗‖)(‖xn − x∗‖+ ‖xn+1 − x∗‖)

+αn‖u− x∗‖2 + (1− βn)(1− αn)2rn‖xn − un‖

‖A3xn − A3x
∗‖

≤ (‖xn − x∗‖+ ‖xn+1 − x∗‖)‖xn − xn+1‖+ αn‖u− x∗‖2

+(1− βn)(1− αn)2rn‖xn − un‖‖A3xn − A3x
∗‖

In view of the conditions (C1) and (C2), we obtain from (4.1.14) and (4.1.22) that

lim
n→∞

‖xn − un‖ = 0 (4.1.25)
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On the other hand, we see from (4.1.1) that

‖zn − x∗‖2 = ‖PC(I − λnA2)un − PC(I − λnA2)x
∗‖2

≤ 〈(I − λnA2)un − (I − λnA2)x
∗, zn − x∗〉

=
1

2
(‖(I − λnA2)un − (I − λnA2)x

∗‖2 + ‖zn − x∗‖2 − ‖(I − λnA2)un

−(I − λnA2)x
∗‖2 − ‖zn − x∗‖2)

≤ 1

2
(‖un − x∗‖2 + ‖zn − x∗‖2 − ‖(un − zn)− λn(A2un − A2x

∗)‖2)

≤ 1

2
(‖un − x∗‖2 + ‖zn − x∗‖2 − ‖un − zn‖2 + 2λn〈un − zn, A2un − A2x

∗〉

−λ2
n‖A2un − A2x

∗‖2)

which implies that

‖zn − x∗‖2 ≤ ‖un − x∗‖2 − ‖un − zn‖+ 2λn〈un − zn, A2un − A2x
∗〉

≤ ‖un − x∗‖2 − ‖un − zn‖+ 2λn‖un − zn‖‖A2un − A2x
∗‖

≤ ‖xn − x∗‖2 − ‖un − zn‖

+2λn‖un − zn‖‖A2un − A2x
∗‖ (4.1.26)

Substituting (4.1.26) into (4.1.20), we arrive at

‖xn+1 − x∗‖2 ≤ βn‖xn − x∗‖2 + (1− βn)(αn‖u− x∗‖2 + (1− αn)‖zn − x∗‖2)

≤ βn‖xn − x∗‖2 + (1− βn)(αn‖u− x∗‖2 + (1− αn)(‖xn − x∗‖2

−‖un − zn‖+ 2λn‖un − zn‖‖A2un − A2x
∗‖)

= βn‖xn − x∗‖2 + (1− βn)αn‖u− x∗‖2 + (1− βn)(1− αn)‖xn − x∗‖2

−(1− βn)(1− αn)‖un − zn‖+ (1− βn)(1− αn)2λn‖un − zn‖

‖A2un − A2x
∗‖)

≤ ‖xn − x∗‖2 + αn‖u− x∗‖2 − (1− αn)(1− βn)‖un − zn‖2

+2λn‖un − zn‖‖A2un − A2x
∗‖
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from which it follows that

(1− αn)(1− βn)‖un − zn‖2 ≤ ‖xn − x∗‖2 − ‖xn+1 − x∗‖2 + αn‖u− x∗‖2

+2λn‖un − zn‖‖A2un − A2x
∗‖

≤ (‖xn − x∗‖+ ‖xn+1 − x∗‖)‖xn − xn+1‖+ αn‖u− x∗‖2

+2λn‖un − zn‖‖A2un − A2x
∗‖

In view of the conditions (C1) and (C2), we obtain from (4.1.14) and (4.1.19) that

lim
n→∞

‖un − zn‖ = 0. (4.1.27)

In a similar way, we can show that

lim
n→∞

‖yn − zn‖ = 0. (4.1.28)

In view of fn = αnu + (1− αn)yn. We get from the condition (C2) that

lim
n→∞

‖fn − yn‖ = 0. (4.1.29)

Notice that

‖xn+1 − xn‖ = (1− βn)‖Tnfn − xn‖.

Which combines with (4.1.14) gives that

lim
n→∞

‖Tnfn − xn‖ = 0. (4.1.30)

On the other hand, we have

‖Tnfn − fn‖ = ‖fn − Tnfn‖

= ‖fn − yn + yn − zn + zn − un + un − xn + xn − Tnfn‖

≤ ‖fn − yn‖+ ‖yn − zn‖+ ‖zn − un‖+ ‖un − xn‖+ ‖xn − Tnfn‖.

From (4.1.25), (4.1.27), (4.1.28), (4.1.29) and (4.1.30) , we obtain that

lim
n→∞

‖Tnfn − fn‖ = 0. (4.1.31)

Next, we prove that

lim sup
n→∞

〈u− z, fn − z〉 ≤ 0,
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where z = PΩu. To see this, we choose a subsequence {fni
} of {fn} such that

lim sup
n→∞

〈u− z, fn − z〉 = lim
i→∞

〈u− z, fni
− z〉. (4.1.32)

Since {fni
} is bounded, there exists a subsequence {fnij

} of {fni
} which converges

weakly to f. Without loss of generality, we may assume that fni
⇀ f . From

(4.1.30), we also have yni
⇀ f . First, we prove f ∈ V I(C, A1). For the purpose,

let T be the maximal monotone mapping defined by lemma 2.4.6

Tv =

 Bv + NCv, v ∈ C,

∅, v 6∈ C.

For any given (x, y) ∈ G(T ), hence y−A1x ∈ NCx. Since yn ∈ C, we see from

the definition of NC that

〈x− yn, y − A1x〉 ≥ 0. (4.1.33)

On the other hand, we have from yn = PC(I − ηnA1)zn that

〈x− yn, yn − (I − ηnA1)zn〉 ≥ 0

and hence

〈x− yn,
yn − zn

ηn

+ A1zn〉 ≥ 0.

From (4.1.33) and the δ1-inverse monotonicity of A1, we see that

〈x− yni
, y〉 ≥ 〈x− yni

, A1x〉

≥ 〈x− yni
, A1x〉 − 〈x− yni

, A1zni
〉 − 〈x− yni

,
yni

− zni

ηni

+ A1zni
〉

= 〈x− yni
, A1x− A1yni

〉+ 〈x− yni
, A1yni

− A1zni
〉 − 〈x− yni

,
yni

− zni

ηni

〉

≥ 〈x− yni
, A1yni

− A1ni〉 − 〈x− yni
,
yni

− zni

ηni

〉.

Since yni
⇀ f and A1 is Lipschitz continuous, we obtain that 〈x−f, y〉 ≥ 0. Notice

that T is maximal monotone, hence 0 ∈ Tf . This shows that f ∈ V I(C, A1). On

the other hand, we have

‖zn − fn‖ ≤ ‖zn − yn‖+ ‖yn − fn‖.



42

It follows from (4.1.29) and (4.1.29) that

lim
n→∞

‖zn − fn‖ = 0.

Therefore, we also have zni
⇀ f . Similarly, we can prove f ∈ V I(C, A2). That

is f ∈ V I. Next, we show that f ∈ FP . Suppose the contrary, f 6∈ FP ,Tf 6= f .

Notice that

‖fn − Tfn‖ ≤ ‖Tfn − Tnfn‖+ ‖Tnfn − fn‖

≤ sup
x∈B

{‖Tx− Tnx‖}+ ‖Tnfn − fn‖.

In view of Lemma 2.4.7, we obtain from (4.1.31) that limn→∞ ‖fn − Tfn‖ = 0.

Since fni
⇀ f and by the Opial condition, we see that

lim inf
n→∞

‖fni
− f‖ < lim inf

n→∞
‖fni

− Tf‖

≤ lim inf
n→∞

{‖fni
− Tfni

‖+ ‖Tfni
− Tf‖}

≤ lim inf
n→∞

{‖fni
− Tfni

‖+ ‖Tfni
− f‖}

≤ lim inf
n→∞

‖fni
− f‖,

which derives a contradiction. Thus, we have f ∈ FP . Finally, we show that

f ∈ Γ. Notice that

‖fn − un‖ ≤ ‖fn − yn‖+ ‖yn − zn‖+ ‖zn − un‖.

From (4.1.27),(4.1.28),(4.1.29), we have

lim
n→∞

‖fn − un‖ = 0. (4.1.34)

It follows that un ⇀ f . Since un = Trn(xn − rnA3xn), for any y ∈ C,we have

F (un, y) + G(un, y) + 〈A3xn, y − un〉+
1

rn

〈y − un, un − xn〉 ≥ 0

From the monotonicity of F , we have

G(un, y) + 〈A3xn, y − un〉+
1

rn

〈y − un, un − xn〉 ≥ F (y, un), ∀y ∈ C.

Hence,

G(uni
, y) + 〈A3xni

, y − uni
〉+ 〈y − uni

,
uni

− xni

rni

〉 ≥ F (y, un), (4.1.35)
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where y ∈ C. Put ρt = ty + (1 − t)f for allt ∈ (0, 1], and y ∈ C. Then, we have

ρt ∈ C. So, from (4.1.35) we have

〈ρt − uni
, A3ρt〉 ≥ 〈ρt − uni

, A3ρt〉 − 〈A3xni
, ρt − uni

〉+ F (ρt, uni
)−G(uni

, ρt)

−〈ρt − uni
,
uni

− xni

rni

〉

= 〈ρt − uni
, A3ρt − A3uni

〉+ 〈ρt − uni
, A3uni

− A3xni
〉+ F (ρt, uni

)

−G(uni
, ρt)− 〈ρt − uni

,
uni

− xni

rni

〉 (4.1.36)

From (4.1.25), we have ‖A3uni
− A3xni

‖ → 0 as i → ∞. On the other hand, we

get from the monotonicity of A3 that

〈ρt − uni
, A3ρt − A3uni

〉 ≥ 0

It follows from (4.1.36) that

〈ρt − uni
, A3ρt〉 ≥ F (ρt, uni

)−G(uni
, ρt), as i →∞ (4.1.37)

From (F1), (F3), (G1), (G3) and (4.1.37), we also have

0 = F (ρt, ρt) + G(ρt, ρt)

≤ tF (ρt, y) + (1− t)F (ρt, f) + tG(ρt, y) + (1− t)G(ρt, f)

≤ tF (ρt, y) + tG(ρt, y) + (1− t)[F (ρt, f)−G(f, ρt)]

≤ tF (ρt, y) + tG(ρt, y) + (1− t)〈ρt − f, A3ρt〉

≤ t[F (ρt, y) + G(ρt, y) + (1− t)〈y − f, A3ρt〉]

and hence

0 ≤ F (ρt, y) + G(ρt, y) + (1− t)〈A3ρt, y − f〉 (4.1.38)

Letting t → 0 in (4.1.38) , we have, for each y ∈ C,

0 ≤ F (f, y) + G(f, y) + 〈y − f, A3f〉

This implies that f ∈ Γ.Next we prove

lim sup
n→∞

〈u− z, fn − z〉 ≤ 0.

where z = PΩu. It follows from fn → f and (1.1.2) that

lim sup
n→∞

〈u− z, fn − z〉 = 〈u− z, f − z〉 ≤ 0.
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Finally, we show that xn → z, as n →∞. Note that

‖xn+1 − z‖2 = ‖βnxn + (1− βn)Tnfn − z‖2

≤ βn‖xn − z‖2 + (1− βn)‖fn − z‖2

= βn‖xn − z‖2 + (1− βn)‖αnu + (1− αn)yn − z‖2

= βn‖xn − z‖2 + (1− βn)‖αnu− αnz + (1− αn)yn

−(1− αn)z‖2

= βn‖xn − z‖2 + (1− βn)‖αn(u− z) + (1− αn)(yn − z)‖2

≤ βn‖xn − z‖2 + (1− βn)[(1− αn)2‖yn − z)‖2

+2〈αn(u− z), αn(u− z) + (1− αn)(yn − z)〉]

= βn‖xn − z‖2 + (1− βn)[(1− αn)2‖yn − z)‖2

+2αn〈u− z, fn − z〉]

≤ βn‖xn − z‖2 + (1− βn)[(1− αn)‖xn − z)‖2

+2αn〈u− z, fn − z〉]

= βn‖xn − z‖2 + (1− βn)(1− αn)‖xn − z)‖2

+(1− βn)2αn〈u− z, fn − z〉

= [1− (1− βn)αn]‖xn − z‖2 + 2αn(1− βn)

〈u− z, fn − z〉. (4.1.39)

since
∑∞

n=1(1−βn)αn = ∞ and limsupn→∞2〈u−z, fn−z〉 ≤ 0,we see from Lemma

2.3.13 that limn→∞ ‖xn − z‖ = 0.



45

4.2 Strong Convergence Theorems for Nonspreading

Mappings

Theorem 4.2.1. Let C be a nonempty closed convex subset of of a real Hilbert

space. Let F and G be a bifunction from C × C to R satisfying (F1)-(F2),(G1)-

(G3) and (H).Let A, B be a δj-inverse-strongly monotone mapping of C into H

for each j = 1, 2,. let T : C → C be a k-strictly pseudononspreading mapping with

a nonempty fixed point set and Ω := F (T )∩ Γ∩ V I(C, B) 6= ∅. Let β ∈ [k, 1) and

let Tβ := βI + (1 − β)T . Let u ∈ C and {xn}∞n=1, {un}∞n=1, {zn}∞n=1, {yn}∞n=1 be

sequence in C generated from an arbitrary x1 ∈ C by

F (un, y) + G(un, y) + 〈Axn, y − un〉+ 1
rn
〈y − un,un − xn〉 > 0, ∀y ∈ C,

yn = PC(un − λnBun),

zn = 1
n

∑n−1
m=0 Tm

β yn, n ≥ 1.

xn+1 = αnu + (1− αn)zn, n ≥ 1,

(4.2.1)

where {αn}∞n=1 ⊂ [0, 1) and {rn}∞n=1, {λn}∞n=1 are positive number sequences. As-

sume that the above control sequences satisfy the following restrictions

(C1) 0 < a ≤ {rn} ≤ b < 2δ1, 0 < a′ ≤ λn ≤ b′ < 2δ2 for all n ≥ 1.

(C2) limn→∞ αn = 0 and Σ∞n=1αn = ∞,

(C3) limn→∞(rn − rn+1) = limn→∞(λn − λn+1) = 0

Then {xn}∞n=1, {un}∞n=1, {yn}∞n=1 and {zn}∞n=1 converge strongly to PΩu, where

PΩ : H → Ω is the metric projection of H onto Ω.

Proof. Let x∗ ∈ Ω. Put un = Trn(xn − rnAxn) and x∗ = Trn(x∗ − rnAx∗). for

all n ≥ 0. Since A are δ1 − inverse − strongly monotone, condition (C1) and
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nonexpansive, we have, for any n ≥ 1,

‖un − x∗‖2 = ‖Trn(xn − rnAxn)− Trn(x∗ − rnAx∗)‖2

≤ ‖(xn − rnAxn)− (x∗ − rnAx∗)‖2

≤ ‖(xn − x∗)− rn(Axn − Ax∗)‖2

= ‖xn − x∗‖2 − 2rn〈xn − x∗, Axn − Ax∗〉+ ‖Axn − Ax∗‖2

≤ ‖xn − x∗‖2 − 2rnδ2‖Axn − Ax∗‖2 + r2
n‖Axn − Ax∗‖2

= ‖xn − x∗‖2 + rn(rn − 2δ2)‖Axn − Ax∗‖2

≤ ‖xn − x∗‖2. (4.2.2)

We show the mapping I − λnB is nonexpansive. Indeed, since B is a δ2-strongly

monotone mapping, we have that for all x, y ∈ C,

‖(I − λnB)x− (I − λnB)y‖2 = ‖(x− y)− λn(Bx−By)‖2

= ‖x− y‖2 − 2λn〈x− y, Bx−By〉+ λ2
n‖Bx−By‖2

≤ ‖x− y‖2 + λn(λn − 2δ2)‖Bx−By‖2

≤ ‖x− y‖2, (4.2.3)

which implies that the mapping I − λnB is nonexpansive. By using the sane

argument as aboue, we can show that I − λnA are nonexpansiveness.It follows

that

‖yn − x∗‖ = ‖PC(un − λnBun)− PC(x∗ − λnBx∗)‖

≤ ‖(un − λnB)un − (I − λnB)x∗‖

≤ ‖(I − λnB)un − (I − λnB)x∗‖

≤ ‖un − x∗‖.

≤ ‖xn − x∗‖. (4.2.4)

Let Tβx := βx+(1−β)Tx. It is clear that F (Tβ) = F (T ) and for all x, y ∈ C,



47

we have

‖Tβx− Tβy‖2 = ‖β(x− y) + (1− β)(Tx− Ty)‖2

= β‖x− y‖2 + (1− β)‖Tx− Ty‖2 − β(1− β)‖x− Tx− (y − Ty)‖2

≤ β‖x− y‖2 − β(1− β)‖x− Tx− (y − Ty)‖2

+(1− β)
[
‖x− y‖2 + k‖x− Tx− (y − Ty)‖2 + 2〈x− Tx, y − Ty〉

]
= ‖x− y‖2 − β(1− β)‖x− Tx− (y − Ty)‖2

+k(1− β)‖x− Tx− (y − Ty)‖2 + 2(1− β)〈x− Tx, y − Ty〉

= ‖x− y‖2 − (1− β)(β − k)‖x− Tx− (y − Ty)‖2

+2(1− β)〈x− Tx, y − Ty〉

≤ ‖x− y‖2 + 2(1− β)〈x− Tx, y − Ty〉

= ‖x− y‖2 +
2

(1− β)
〈x− Tβx, y − Tβy〉. (4.2.5)

Using (4.2.1)and (4.2.4) we obtain

‖zn − x∗‖ = ‖ 1

n

n−1∑
m=0

Tm
β yn − x∗‖

≤ 1

n

n−1∑
m=0

‖Tm
β yn − x∗‖

≤ 1

n

n−1∑
m=0

‖yn − x∗‖|

= ‖yn − x∗‖ ≤ ‖xn − x∗‖. (4.2.6)

Thus

‖xn+1 − x∗‖ = ‖αnu + (1− αn)zn − x∗‖

≤ αn‖u− x∗‖+ (1− αn)‖zn − x∗‖

≤ αn‖u− x∗‖+ (1− αn)‖xn − x∗‖. (4.2.7)

By (4.2.7) and induction, we can conclude that for all n ∈ N

‖xn − x∗‖ ≤ max{‖u− x∗‖, ‖x1 − x∗‖}.
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This implies that {xn}, {yn}, {un}and {zn} are bounded.

Observe that since {zn} is bounded and limn→∞ αn = 0, we obtain

‖xn+1 − zn‖ = ‖αnu + (1− αn)zn − zn‖

= αn‖u− zn‖ → 0 as n →∞. (4.2.8)

Using (4.2.5) we obtain for all m = 0, 1, 2, ..., n− 1 and for arbitrary y ∈ C

‖Tm+1
β yn − Tβy‖2 = ‖Tβ(Tm

β yn)− Tβy‖2

≤ ‖Tm
β yn − y‖2 +

2

1− β
〈Tm

β yn − Tm+1
β yn, y − Tβy〉

= ‖Tm
β yn − Tβy + Tβy − y‖2 +

2

1− β
〈Tm

β yn − Tm+1
β yn, y − Tβy〉

= ‖Tm
β yn − Tβy‖2 + ‖Tβy − y‖2 + 2〈Tm

β yn − Tβy, Tβy − y〉

+
2

1− β
〈Tm

β yn − Tm+1
β yn, y − Tβy〉. (4.2.9)

Summing (4.2.9) from m = 0 to n− 1 and dividing by n we obtain.

1

n
‖T n

β yn − Tβy‖2 ≤ 1

n
‖yn − Tβy‖2 + ‖Tβy − y‖2 + 2〈zn − Tβy, Tβy − y〉

+
2

n(1− β)
〈yn − T n

β yn, y − Tβy〉. (4.2.10)

Since zn is bounded, there is a subsequence znj
of zn and w ∈ C such that zn → w.

Replacing n by nj in (4.2.10), we obtain

1

nj

‖T nj

β ynj
− Tβy‖2 ≤ 1

nj

‖ynj
− Tβy‖2 + ‖Tβy − y‖2 + 2〈znj

− Tβy, Tβy − y〉

2

nj(1− β)
〈ynj

− T
nj

β ynj
, y − Tβy〉. (4.2.11)

Since {yn} and {T n
β yn} are bounded, letting j →∞ in (4.2.11) yields

0 ≤ ‖Tβy − y‖2 + 2〈w − Tβy, Tβy − y〉. (4.2.12)

Since y ∈ C was arbitrary, if we set y = w in (4.2.12) we obtain

0 ≤ ‖Tβw − w‖2 − 2‖Tβw − w‖2 = −‖Tβw − w‖2,

from which it follows that w ∈ F (Tβ) = F (T ). We may assume without loss of

generality that there exists a subsequence {xmj+1} of {xm+1} such that
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lim sup
m→∞

〈u− PF (T )u, xm+1 − PF (T )u〉 = lim
j→∞

〈u− PF (T )u, xmj+1 − PF (T )u〉,

and xmj+1 ⇀ v. From (4.2.8) , we have zj ⇀ v. From the above argument, we

have v ∈ F (T ). SincePF (T ) : H → F (T ) is the metric projection, we have

lim
j→∞

〈u− PF (T )u, xmj+1 − PF (T )u〉 = 〈u− PF (T )u, v − PF (T )u〉 ≤ 0.

This implies

lim sup
j→∞

〈u− PF (T )u, xn+1 − PF (T )u〉 ≤ 0. (4.2.13)

Using Lemma 2.3.14 and (4.2.6) we have

‖xn+1 − PF (T )u‖2 = ‖αnu + (1− αn)zn − PF (T )u‖2

= ‖αnu− αnPF (T )u + (1− αn)zn − (1− αn)PF (T )u‖2

= ‖αn(u− PF (T )u) + (1− αn)(zn − PF (T )u)‖2

≤ (1− αn)2‖zn − PF (T )u‖2 + 2αn〈u− PF (T )u, xn+1 − PF (T )u〉

≤ (1− αn)2‖xn − PF (T )u‖2 + 2αn〈u− PF (T )u, xn+1 − PF (T )u〉

(4.2.14)

Since αn → 0,
∑∞

n=1 αn = ∞ and (4.2.13), it follows from Lemma 2.3.14 that

lim
n→∞

‖xn − PF (T )u‖ = 0. (4.2.15)

From (4.2.15),that

‖xn+1 − xn‖ → 0. (4.2.16)

Since (4.2.15), we have

0 ≤ ‖zn − PF (T )u‖ ≤ ‖zn − xn+1‖+ ‖xn+1 − PF (T )u‖ → 0 as n →∞.

Hence limn→∞ ‖zn − PF (T )u‖ = 0. Science (4.2.15) that

‖zn − xn‖ → 0. (4.2.17)
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Since znj
→ w, We obtain w = PF (T )u. For any x∗ ∈ Ω. we see from (4.2.1) that

‖xn+1 − x∗‖2 = ‖αnun + (1− αn)zn − x∗‖2

≤ αn‖u− x∗‖2 + (1− αn)‖zn − x∗‖2 (4.2.18)

From (4.2.4) and (4.2.6),we arrive at

‖xn+1 − x∗‖2 ≤ αn‖u− x∗‖2 + (1− αn)‖un − x∗‖2 (4.2.19)

Notice that

‖un − x∗‖2 = ‖Trn(xn − rnAzn)− Trn(x∗ − rnAx∗)‖2

≤ ‖(xn − rnAzn)− (x∗ − rnAx∗)‖2

= ‖xn − x∗‖2 − 2rn〈xn − x∗, Axn − Ax∗〉+ r2
n‖Axn − Ax∗‖2

≤ ‖xn − x∗‖2 − 2rnδ1‖Axn − Ax∗‖2 + r2
n‖Axn − Ax∗‖2

= ‖xn − x∗‖2 + rn(rn − 2δ1)‖Axn − Ax∗‖2 (4.2.20)

Substituting (4.2.20) into (4.2.19),we arrive at

‖xn+1 − x∗‖2 ≤ αn‖u− x∗‖2 + (1− αn)(‖xn − x∗‖2 + rn(rn − 2δ1)‖Axn − Ax∗‖2)

≤ αn‖u− x∗‖2 + (1− αn)‖xn − x∗‖2 + (1− αn)rn(rn − 2δ1)

×‖Axn − Ax∗‖2

It follows from the condition (C1) that

(1− αn)a(2δ1 − b)‖Axn − Ax∗‖2 ≤ αn‖u− x∗‖2 − αn‖xn − x∗‖2 + ‖xn − x∗‖2

+‖xn+1 − x∗‖2

= αn‖u− x∗‖2 − αn‖xn − x∗‖2

+(‖xn − x∗‖+ ‖xn+1 − x∗‖)‖xn − xn+1‖

It follows from (4.2.16) and the condition (C2) that

lim
n→∞

‖Axn − Ax∗‖2 = 0. (4.2.21)
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Next, we show that

lim
n→∞

‖Bun −Bx∗‖ = 0 (4.2.22)

In view of (4.2.6) and (4.2.18) , we arrive at

‖xn+1 − x∗‖2 ≤ αn‖u− x∗‖2 + (1− αn)‖yn − x∗‖2 (4.2.23)

Notice that

‖yn − x∗‖2 = ‖PC(un − λnBun)− PC(x∗ − λnBx∗)‖2

≤ ‖(un − λnBun)− (x∗ − λnBx∗)‖2

= ‖un − x∗‖2 − 2λn〈un − x∗, Bun −Bx∗〉+ λ2
n‖Bun −Bx∗‖2

≤ ‖un − x∗‖2 + λn(λn − 2δ2)‖Bun −Bx∗‖2

≤ ‖xn − x∗‖2 + λn(λn − 2δ2)‖Bun −Bx∗‖2 (4.2.24)

Substituting (4.2.24) into (4.2.23), we arrive at

‖xn+1 − x∗‖2 ≤ αn‖u− x∗‖2 + (1− αn)(‖xn − x∗‖2 + λn(λn − 2δ2)‖Bun −Bx∗‖2)

= αn‖u− x∗‖2 + (1− αn)‖xn − x∗‖2 + (1− αn)λn(λn − 2δ2)

×‖Bun −Bx∗‖2

It follows from the condition (C1) that

(1− αn)a′(2δ1 − b′)‖Bun −Bx∗‖2 ≤ αn‖u− x∗‖2 − αn‖xn − x∗‖2 + ‖xn − x∗‖2

+‖xn+1 − x∗‖2

= αn‖u− x∗‖2 − αn‖xn − x∗‖2

+(‖xn − x∗‖+ ‖xn+1 − x∗‖)‖xn − xn+1‖

It follows from (4.2.18) and the condition (C2), we obtain that (4.2.21) holds.
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We show that ‖xn − un‖ → 0, as n → ∞. For x∗ ∈ Ω, we have from Lemma

2.4.7 that

‖un − x∗‖2 = ‖Trn(xn − rnAxn)− Trn(x∗ − rnAx∗)‖2

= ‖Trn(I − rnA)xn − Trn(I − rnAx)x∗‖2

≤ 〈Trn(I − rnA)xn − Trn(I − rnAx)x∗, (I − rnA)xn − (I − rnAx)x∗〉

= 〈(I − rnA)xn − (I − rnAx)x∗, un − x∗〉

=
1

2
(‖(I − rnA)xn − (I − rnAx)x∗‖2 + ‖un − x∗‖2 − ‖(I − rnA)xn

−(I − rnAx)x∗ − (un − x∗)‖2)

=
1

2
(‖xn − x∗‖2 + ‖un − x∗‖2 − ‖xn − rnAxn − x∗ + rnAx∗ − un − x∗‖2)

=
1

2
(‖xn − x∗‖2 + ‖un − x∗‖2 − ‖(xn − un)− rn(Axn − Ax∗)‖2)

=
1

2
(‖xn − x∗‖2 + ‖un − x∗‖2 − (‖xn − un‖2 + r2

n‖Axn − Ax∗‖2

−2rn〈xn − un, Axn − Ax∗〉))

=
1

2
(‖xn − x∗‖2 + ‖un − x∗‖2 − ‖xn − un‖2 + 2rn〈xn − un, Axn − Ax∗〉

−rn‖Axn − Ax∗‖2)

and hence

‖un − x∗‖2 ≤ ‖xn − x∗‖2 − ‖xn − un‖2 + 2rn〈xn − un, Axn − Ax∗〉

−rn‖Axn − Ax∗‖2

≤ ‖xn − x∗‖2 − ‖xn − un‖2 + 2rn‖xn − un‖

×|Axn − Ax∗‖. (4.2.25)

Substituting (4.2.25) into (4.2.19), we arrive at

‖xn+1 − x∗‖2 ≤ αn‖u− x∗‖2 + (1− αn)(‖xn − x∗‖2 − ‖xn − un‖2

+2rn‖xn − un‖‖Axn − Ax∗‖)

= αn‖u− x∗‖2 + (1− αn)‖xn − x∗‖2 − (1− αn)‖xn − un‖2

+2rn(1− αn)‖xn − un‖‖Axn − Ax∗‖.
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It follow that

(1− αn)‖xn − un‖2 ≤ αn‖u− x∗‖2 + (1− αn)‖xn − x∗‖2 + 2rn(1− αn)

×‖xn − un‖‖Axn − Ax∗‖ − ‖xn+1 − x∗‖2

= αn(‖u− x∗‖2 − ‖xn − x∗‖2) + (‖xn − x∗‖+ ‖xn+1 − x∗‖)

×‖xn − xn+1‖+ 2rn(1− αn)‖xn − un‖‖Axn − Ax∗‖.

In view of the conditions (C1) and (C2), we obtain from (4.2.18) and(4.2.20) That

lim
n→∞

‖xn − un‖ = 0. (4.2.26)

So, we have ‖xn − un‖ → 0, and ‖un −PF (T )u‖ ≤ ‖un − xn‖+ ‖xn −PF (T )u‖ → 0

as n →∞. Next, we show that

lim
n→∞

‖yn − un‖ = 0. (4.2.27)

We have

‖yn − x∗‖2 = ‖PC(I − λnB)un − PC(I − λnAB)x∗‖2

≤ 〈(I − λnB)un − (I − λnB)x∗, yn − x∗〉

=
1

2
(‖(I − λnB)un − (I − λnB)x∗‖2 + ‖yn − x∗‖2 − ‖(I − λnB)un

−(I − λnB)x∗‖2 − ‖yn − x∗‖2)

≤ 1

2
(‖un − x∗‖2 + ‖yn − x∗‖2 − ‖(un − yn)− λn(Bun −Bx∗)‖2)

≤ 1

2
(‖un − x∗‖2 + ‖yn − x∗‖2 − ‖un − yn‖2 + 2λn〈un − yn, Bun −Bx∗〉

−λ2
n‖Bun −Bx∗‖2)

which implies that

‖yn − x∗‖2 ≤ ‖un − x∗‖2 − ‖un − yn‖+ 2λn〈un − yn, Bun −Bx∗〉

≤ ‖un − x∗‖2 − ‖un − yn‖+ 2λn‖un − yn‖‖Bun −Bx∗‖

≤ ‖xn − x∗‖2 − ‖un − yn‖+ 2λn‖un − yn‖

×‖Bun −Bx∗‖ (4.2.28)
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Substituting (4.2.28) into (4.2.23), we arrive at

‖xn+1 − x∗‖2 ≤ αn‖u− x∗‖2 + (1− αn)‖yn − x∗‖2

≤ αn‖u− x∗‖2 + (1− αn)(‖xn − x∗‖2 − ‖un − yn‖

+2λn‖un − yn‖‖Bun −Bx∗‖)

≤ αn‖u− x∗‖2 + (1− αn)‖xn − x∗‖2 − (1− αn)‖un − yn‖

+2λn(1− αn)‖un − yn‖‖Bun −Bx∗‖

from which it follows that

(1− αn)‖un − yn‖ ≤ αn‖u− x∗‖2 + (1− αn)‖xn − x∗‖2 − ‖xn+1 − x∗‖2

+2λn(1− αn)‖un − yn‖‖Bun −Bx∗‖

≤ αn‖u− x∗‖2 + αn‖xn − x∗‖2 + (‖xn − x∗‖+ ‖xn+1 − x∗‖)

×‖xn − xn+1‖+ 2λn(1− αn)‖un − yn‖‖Bun −Bx∗‖

In view of the conditions (C1) and (C2), we obtain from (4.2.18) and (4.2.22)

that

lim
n→∞

‖yn − un‖ = 0.

From (4.2.26) ,we obtain that

lim
n→∞

‖xn − yn‖ = 0. (4.2.29)

This implies yn → w as n →∞.

We prove w ∈ V I(C, B) . For the purpose, let T be the maximal monotone

mapping defined by Lemma 2.4.6

Tv =

 Bx + NCx, x ∈ C,

∅, x 6∈ C.

For any given (x, y) ∈ G(T ), hence y −Bx ∈ NCx. Since yn ∈ C, we see from

the definition of NC that

〈x− yn, y −Bx〉 ≥ 0. (4.2.30)
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On the other hand, we have from yn = PC(I − λnB)un that

〈x− yn, yn − (I − λnB)un〉 ≥ 0

and hence

〈x− yn,
yn − un

λn

+ Bun〉 ≥ 0.

From (4.2.30) and the δ2-inverse monotonicity of B, we see that

〈x− yn, y〉 ≥ 〈x− yn, Bx〉

≥ 〈x− yn, Bx〉 − 〈x− yn, Bun〉 − 〈x− yn,
yn − un

λn

+ Bun〉

= 〈x− yn, Bx−Byn〉+ 〈x− yn, Byn −Bun〉 − 〈x− yn,
yn − un

λn

〉

≥ 〈x− yn, Byn −Bun〉 − 〈x− yn,
yn − un

λn

〉.

Since yn → w and B is Lipschitz continuous, we obtain that 〈x−w, y〉 ≥ 0. Notice

that T is maximal monotone, hence 0 ∈ Tw. This shows that w ∈ V I(C, B).

Finally, we show that w ∈ Γ. Since un = Trn(xn − rnAxn), for any y ∈ C,we

have

F (un, y) + G(un, y) + 〈Axn, y − un〉+
1

rn

〈y − un, un − xn〉 ≥ 0

From the monotonicity of F , we have

G(un, y) + 〈Axn, y − un〉+
1

rn

〈y − un, un − xn〉 ≥ F (y, un), ∀y ∈ C.

Hence,

G(un, y) + 〈Axn, y − un〉+ 〈y − un,
un − xni

rn

〉 ≥ F (y, un), ∀y ∈ C. (4.2.31)

Put ρt = ty + (1 − t)w for all t ∈ (0, 1], and y ∈ C. Then, we have ρt ∈ C. So,

from (4.2.31) we have

〈ρt − un, Aρt〉 ≥ 〈ρt − un, Aρt〉 − 〈Axn, ρt − un〉+ F (ρt, un)−G(un, ρt)

−〈ρt − un,
un − xn

rn

〉

= 〈ρt − un, Aρt − Aun〉+ 〈ρt − un, Aun − Axn〉+ F (ρt, un)

−G(un, ρt)− 〈ρt − un,
un − xn

rn

〉 (4.2.32)
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From (4.2.26), we have ‖Aun − Axn‖ → 0 as n →∞. On the other hand, we get

from the monotonicity of A that

〈ρt − un, Aρt − Aun〉 ≥ 0

It follows from (4.2.32) that

〈ρt − uni
, Aρt〉 ≥ F (ρt, uni

)−G(uni
, ρt), as i →∞ (4.2.33)

From (F1), (F3), (G1), (G3) and (4.2.33), we also have

0 = F (ρt, ρt) + G(ρt, ρt)

≤ tF (ρt, y) + (1− t)F (ρt, w) + tG(ρt, y) + (1− t)G(ρt, w)

≤ tF (ρt, y) + tG(ρt, y) + (1− t)[F (ρt, w)−G(w, ρt)]

≤ tF (ρt, y) + tG(ρt, y) + (1− t)〈ρt − w,Aρt〉

≤ t[F (ρt, y) + G(ρt, y) + (1− t)〈y − w, Aρt〉]

and hence

0 ≤ F (ρt, y) + G(ρt, y) + (1− t)〈Aρt, y − w〉 (4.2.34)

Letting t → 0 in (4.2.34), we have, for each y ∈ C,

0 ≤ F (w, y) + G(w, y) + 〈y − w, Aw〉

This implies that w ∈ Γ. Hence we have w ∈ Ω

Since w = PF (T )u, we have

‖w − u‖ = inf
y∈F (T )

‖u− y‖ ≤ inf
z∈Ω

‖u− z‖ ≤ ‖u− w‖ (4.2.35)

Hence ‖w − u‖ = infz∈Ω ‖u− z‖, that is w = PΩu. This implies xn → PΩu


