Chapter 4
Strong Convergence Theorems for a Common
Fixed Point of Nonexpansive Mappings,
Nonspreading Mappings and Mixed

Equilibrium Problems

4.1 Strong Convergence Theorem for Countable Fam-
ily of Nonexpansive Mappings

Theorem 4.1.1. Let C' be a nonempty closed convex subset of a Hilbert space H
and F, G bifunctions from C x C' to R which satisfies (F1)-(F4, (G1)-(G3) and
(H) . Let A; be a §;-inverse-strongly monotone mapping of C' into H for each
Jj = 1,2,3.Let{T; : C — C} be a family of infinitely nonexrpansive mappings.
Satisfy AKTT condition. Assume that Q := FPNT NV I where (\;, F(T;) = FP
and VI :=VI(C,A) NVI(C,Ag). Let u € C, x; € C and {x,} be a sequence
generated in

F(tn,y) + G, y) + (A3Z0n, y — up) + = {y — Up Uy — ) =0, Yy € C,

Tn

Zn = PC(un - )\nA2un)7

Yn = PC(Zn - nnAlzn)a

Tnt+1 = Bnn + (1 I ﬁn)Tn[anu + (1 - an)@/n]avn =1,

\

(4.1.1)
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where {a,} and {B,} are sequences in [0,1] and {r,} { .} and {n,} are positive
number sequences. Assume that the above control sequences satisfy the following

restrictions

(C1) 0 <c<{B,} <d<1,0<a<{r,} <b<2, 0<d <A\ <V <20,

0<d" <n, <" <26, foralln>1.
(C2) lim,, o a,, = 0 and X2, = 00,
(C3) limy, oo (1n — Tny1) = limy oo (A — Apr1) = limy oo (9 — My1) =0
Then {u,} and {x,} converge strongly to z = Pou.

Proof. we have x* = T, (z* — r,Asz*). Since Az are 03 — inverse — strongly

monotone, condition (C1) and nonexpansive, we have, for any n > 1,

|, — 2> = ||T0, (2, — rpAszy,) — 1), (2* — 1, A32%)|)?
< zn — roAwy,) — (2 — rpAsz™)|)?
< l(@n — &%) = ra(Asw, — Asa”)|?
= |lzn — 2*)? — 2rn{z, — 2, A3z, — A32*) + || A3z, — Asz*|?
< lap — a¥||? — 2rp0s|| Aszn — Asz*||? + r2||Asz, — Asz*||?
<, Hxn—a:*||2+rn(rn—253)|]A3xn —Agfl?*”z
<l — 2|, (4.1.2)

Note that the mappings I — n, Ay, I — \,As, [ — r, A3 are nonexpansive. to see
this, for Va,y € C, we have from the condition (C1) that

(I = mAr)z — (I — . A)yll? = (@ —y) — mu(Arz — Ary)|)?
= |z —y|* —2n,(z —y, Az — Ary)

+na | Arz — Ary|)?

<z —yl? = 2mu601 || Arz — Avy|)® + n2]| A — Avyl
= |z = ylI* + mu(nn — 261) | A1z — Ayyl]?
<z —yl?, (4.1.3)
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which implies the mapping I —n,, A; is nonexpansive. By using the same argument

as aboue, we can show that I — \,As and I — r, A3 are nonexpansiveness of Py

and I — \,As, we have

”Zn—x*H

= || Po(un — AAsuy) — Po(z* — A\ Ayz?) |
< [(un = AnAouy) — (27 = Ay Agz™) ||
= ||(I = AAo)u, — (I — Ay Ao)z™||

< lup — 27 (4.1.4)

It follows from (4.1.2) that

[

|

Since x* = Po(I — n, A1)x*, by nonexpansiveness of Po and I — 1, Ay, we have

Hyn _x*H

= ||Po(zn — npAi2,) — Po(z® — npAvz”) ||
< (zn = mdiz) — (@ — npdra”) ||

= (I =mA)zn — (I = nuAy)a”|

< lzn — 27|

< lan — 2] (4.1.5)

From (4.1.1) and (4.1.5) , we arrive at

201 — 7]

IA

IN

1B + (1 = Bn) Tnfomu + (1 — am)yn] — 27|

Bullan — 27| 4+ (1 = Bo)[[Talamu + (1 — an)ya] — Toz”|
Bullan — ™[ + (1 = Bu)lom|[u = 2] + (1 = an)llyn — =7

Bullen — 27| + (1 = Bu)law|fu = 2| + (1 = )|z — 27|

Ballen — 2" + (1 = Bu)anllu — %[ + (1 = Ba) (1 — an) |2 — 27|

(1= an(l = B)lllzn = 27| 4+ an(l = Bo)llu — 27|,

By induction, we obtain that

[en — ™| < maz{|zy — 2", llu — 2"},
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this implies {z,} bounded. It follows that {y,}, {z,} and {u,} are also

bounded. Without loss of generality, we can assume that there exists a bounded

set B C C such that

Uny Ty Yns 2n € B, VY0 > 1. (4.1.6)

In view of nonexpansivity of I — A\, Ay and I — r, A3, we see from (4.1.1) that

[zn+1 = 2nll

IA

IN

IN

[P (tnt1 = Ans1Aotingr) — Polun — AnAzuy)|

[wnt1 — Ang1Aotngr — (un — AnAzu,)||

I = AnrA2)tniy — (I = ApAg)un| 4 [An — A || Azt |

[ttnr1 — unl + [An = Anga [[| Agua |

NT7rn1 (X1 — M1 Asxngr) — Trp(x, — rnAsxy,)||

FAn = Ansa [ Az |

Trms1 (a1 — rrs1Asxnir) — Trp(a, — raAsx,)

+T 711 (zn — 1 Asx,) — Trp (T, — rodsxy) || + [N — Mg ||| Aows|
[Trns1 (@1 = Tra1AsTngr) = Trnga (@0 — rpAszn) ||

H|Trp1 (2 — rpAszy) — Trop(x, — rpAszy) || + 1A — Aaa1||| Aot ||
(ns1 — rs1Asxni) — (X — rAszy) || + (| Trns (2, — T Asxy,)
—Tro(zn — rnAstn) || 4 [An = Apsa|[| Agtn |

|(Zpi1 — Tna1Astny1) — (T — To1Asxy) + (T — o1 Asxy)

—(y — rAszy) || + | T (2, — TpAsxy,) — Try(z, — rpAsx,)||
+HAn = A || Az2u |

I = Tns143)Tns1 — (I = a1 As)@n|| + |1 — T ||| Azl
H|Trp1(xn — rpAszy) — Tro(x, — raAszy) || + 1A — Anat||| Aoty ||
@01 = all + 170 = Poga || Aszn|| + |1 Trasa (@0 — T Aszn)

—Trp(xy — raAszzy)|| + A — Mgl || Aotn || (4.1.7)
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On the other hand, we have

”yn+1 * yn” = HPC(ZnJrl - 77n+1Alzn+1) - PC’(Zn > nnAlZn)H

IN

”Zn-l—l - 77n-|-1AlZn—|—1 - (Zn ~ nnAlzn)H

- Hzn—l—l - nn—i—lAlzn—f—l - (zn - T]n-l—lAlZn) + (Zn - 77n+1A1Zn)

_(Zn - nnAlzn) H

— H(I " 77n+1A1)2n+1 - (I [ UnAl)Zn + (N — 77n+1)A1ZnH

= |lzns1 — znll + 70 — Mgl Arznll-

Substituting (4.1.7) into (4.1.8) we obtain that

g1 =yl = l2ne1 = zall + |00 = Mg || Ar 20|

IN

(4.1.8)

Hxn—i-l - :BnH + |Tn - 7“n-&-l|||A3:17n” + HTrn—i—l(xn - TnA3$n)

—Trp(z, — rnA?@'n)H + |)‘n — A+ 1|||A2un” + 1 — nn+1|||Alzn||

IN

+|Trps1(zn — rpAsxyn) — Tro(z, — rpAse,)||,

where M is an appropriate constant such that

M = maz{supp>1{||A1zn |}, supn>1{||Aoun| }, supp>1{||Asznl }}-

Putting f, = a,u + (1 — ,)yn, which implies that
||fn+1 - an = ||an+1 - (1 — Qni1)Ynt1 — (O‘n —(1— an)%t)”
< emgr — aal|lull + 1 = anlllymtr — all
_Han - anJrl‘HynJrlH'
Substituting (4.1.9) into (4.1.10), we arrive at
[forr = full < Jant — anlllull + (|21 — zal| + Q(Irn — rasal
_H)‘n A \ )\n+1| + |77n B 77n+1’ + ’an q 04n+1’)
H|Trps1(xn — rnAszy) — Trp(x, — rpAsx,) ||,

where () is an appropriate constant such that

Q = max{M, supp>1{||yn|l}}

Hxn—l-l - an + M(’Tn = Tpt1 + p‘n — An + 1| + \nn j— 77n+1|)

(4.1.9)

(4.1.10)

(4.1.11)
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Let T be defined by T, = lim,,_,, T,,z. Notice that

HTn+1fn+1 - Tfn+1 + Tfn+1 - Tfn + Tfn N Tnan

| Tog1frer = Thogill + 1T frr = Tfull + | T fr = T fn|
sup{||Ts12z — Tx||} + sup{||Tx — T.x||}

T€EB reB

Let B be a bounded subset of C' containing {f, : n € N} defined in (4.1.6).

HTnJrlfn+1 g Tnfn”

IN

IN

Combining (4.1.11) with (4.1.12), we arrive at
1 Ts1forr — Tafall < Sug{HTnHiU — Tz} + Sug{HTﬂc — Loz} + (| fasr = full
S re
< sup{[|Thiw — Tz} + sup{||Tz — T2} + angr — aul|ul|
z€EB reB
+H‘rn+1 >, ZEnH + Q(lrn — Tn4+1 + ‘)‘n - )\n+1|
—Hnn - 7]n+1’ + |an - anJrlD
+‘|Trn+1 (xn y TnAan) ~ Trn(xn - TnA?)xn) “
Notice that
[ Tos1 forr = Tafall = znser —@nl < sup{|Torz — Txf|} + sup{||Tz — Tz}
z€EB z€EB
"HO‘nJrl = Oan’UH + Q(’rn — Tp41 + |)‘n - )‘n+1‘
1 = Mng1| + o — anga]) + [ Trns 100 — Trpva|],
where v, = x, — r,Asx,. It follows from Lemma 2.5.1, Lemma 2.5.3 and the

conditions (C'1) — (C3) that

timsup{ [ Tor1 ot — Tufoll = lewss —2all} < 0.

n—oo

In view of lemma 2.5.2, we obtain that

lim |1, f, — .|| = 0. (4.1.13)
Note that
nlLHOlo |Tni1 — 2al| = nh_{lolo |Bnn + (1 = Bn)Tnfn — @all

— Jl_{goﬂ_ﬁn)HTnfn_an
= 0. (4.1.14)
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For any z* € Q. we see from (4.1.1) that

s — 2"* =

<
<
Notice that
[y — 2|2

Bullen — 2" * + (1 -
Bullzn — 2*[1* + (1 = Bu)ll (o + (1 = an)yn) — 2"|*
Bullen — 2" + (1 -

+ A"

Brlln _37*”2

1= Bu)llfo — 27|
1

)

)
Bl 4 (1 — an)yn) — 2 + apa™ — ||

1— ()

Ba)(@nllu — 2*||*

(1 = an)llyn — 2*[|) (4.1.15)

|1Pe(2n — MnAr2n) — Po(a® — nuArz®)||?

(20 = MAr20) = (2" = n Ara™)||?

[(zn — ) = 1 (Arz — Araz™)|”

20 — 2*||* = 200 (20 — 2%, Az — Ayz*) + 0] Ar 2y — Ara™|)?
20 — 2|1 = 20001 || Av 20 — Ar™[|* + 15| Av 2, — Ara®||?

|z — :B*||2 + N (n — 201)|| A1z, — Al:zc*||2 (4.1.16)

Substituting (4.1.16) into (4.1.15),we arrive at

|1 — 27|

IN

IA

IN

IN

VAN

Ballzn — 2™ [1* + (1 = Ba)(anllu — 2*[* + (1 = an) lyn — 2*[|*)
Ballzn — 2|12 + (1 = Ba)(anllu — 2|1 + (1 — an) (|| 20 — 27|
11 (1 — 200)[| A1z — Ar*||?)

Ballzn = (12 + (1 = Ba)(anllu — 2*|* + (1 — o) ([|2n — 27|17
00 (1 = 201)[| A1z, — Ar™||?)

Ballzn — 21 + (1 = Ba)(anllu — 2*||* + ||z, — 2*||?

(1 = )1 (1 — 261) | Ar 2 — Arz”|?)

Ballzn — ™2 + (1 = Ba)amllu — ™[ + (1 — Bp) |2 — 2*||?
+(1 = Ba) (1 = )i (nn — 200) | Arz — Ay|)?

20 — )1 + amlu — 2*)|* + (1 = 8,) (1 = ) (nn — 201)

| A1z, — Aya*|?. (4.1.17)
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It follows from the condition (C1) that
(1= ) (1 = d)a" (201 = V") [ A1z — A™|* <l — 2|7 = |20 — 27|

Ha ||u — z¥||?

IN

lzn = 2 + llznts — 2720 = 24l
o |Ju — ||
It follows from (4.1.14) and the condition (C2) that
JLHQOHAM" —Aiz"| = 0 (4.1.18)
Next, we show that
JLIEOHAQU" —Az*| = 0 (4.1.19)
In view of (4.1.15) , we arrive at
[z =2 * < Ballzn — 2|7 + (1 = Ba)(anllu — 2* [ + (1 = au) [y — 27|17)
< Ballwn — 2| + (1= Ba)(onflu — 27|
+(1 = )|z — 27?) (4.1.20)
Notice that
l2n = 2"|F = [Po(un = AnAsun) — Po(a® — AnAga”)||*
< (g — AnAouy) — (2% — Ay Agz™) |2
= Jup — 2| = 220 (U, — 7%, Aguy, — Asx™) + N2 || Agu, — Agz™||?

< lup — 22+ AN — 202)|| Aty — Agz*||? (4.1.21)
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Substituting (4.1.21) into (4.1.20), we arrive at

[znss — 2|7 < Ballzn — 271 + (1= Bu)(amllu — 27| + (1 — ) || 20 — 27|

< Ballzn — 2(1” + (1= Ba)(amllu — 2*[* + (1 — ) fJun — 27|
FAn (1 — an) (A — 205) || Aguy, — Asz™||?)

< Ballzn — 2"|1* + (1= Ba)(amllu — 2"[I* + (1 — )l zn — 27|
(1 = ) (A — 28) || Aguy, — Asz™||?)

< Ballzn =21 + (1 = B)awllu — 2"[* + (1 = Ba) ||z — 27|
(1 = o) (1 = Ba) (A — 202) || Aoy, — Asz”™|?)

< lon =27+ allu — 277 + (1= ) (1= Ba) Aa(An — 202)

| Asty, — Apz™||?

It follows from the condition (C1) that

(1 — o)1 —d)a' (202 — V') || Agun, — Aoa™||* <l — 2*|)* = ||z — 2|
+a |lu — z*]|?
< (e = 2| + |2n — 2*Dl[2n — Tpga ||

o flu — 2")*
From(4.1.14) and the condition (C2), we obtain that (4.1.19) holds. it that
nlLIEOHAQUH —Axx*|| = 0
In a similar way, we can prove that

lim ||Asx, — Asz™|| = 0 (4.1.22)
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On the other hand, we see from Lemma 2.4.7 that

lun — 2*||* =
<
<
and hence
[t — |2

HTrn (zn - rnA?)xn) - TT (l’* - 7ﬂTLZZlSZ’*)HQ

n

T, (I —rnAs)z, — T, (I — 1, Asz)x*||?

n

(T, (I —rpA3)x, — T, (I —rpAsx)x”, (I —r,As)x, — (I — r,Asx)z")

<TTn(([ - 7ﬂn143)xn N (I = TnA3$>$*7 Uy, — :E*)
1

SUT = Ag)an — (I = rnAsz)2”||* + [lun — 2"|° = [|(1 = As)a

—(I = rpAzz)z* — (u, — 2%)|%)

§(||xn — 22+ |lun — 2| — |70 — TnAsx, — 2F + 1 Azt — u, — 2F])?)
1
2
1
5(”1771 — 2|+ [Juy = 2|1 = (20 — unl® + 73] Asz,, — Agz™|?

—2r,(xy — Uy, Agz, — A3z™)))

(llzn — w*HQ + [|un — x*HQ = [(zn — un) — rn(Azzn — A3x*>”2)

5 Ulln = 2Nl = 2 = |20 — un]|* + 27 (w0 = wn, Agzy — Azz™)
_rnHAan - A3$*||2)

< llan — 27 = llon = wnll® + 2ran{an — un, Asz, — Asz")

—rp||Asz, — Agx*HQ

AN

= 2% = ll2n — unl®

+2ry |20 — ||| Aszn — As2”| (4.1.23)

From (4.1.20) , we have

nes = 2" < Bullwn — 271 + (1 = Bo)(enlu — 27|

+(1 = an)lJup — 2*|?) (4.1.24)
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Substituting (4.1.23) into (4.1.24), we arrive at

lzner = 2"I° < Ballzn — 271 + (1 = Ba) (e — 27| + (1 = ) (|am — 27|

—||zn — un”2 + 21y ||y — up ||| Aszn — Asz™]]))

< Ballen — "7+ (1= B)anllu — 2|7 + (1 = Ba) (1 — an) |z — 2"
—(1 = Ba) (1 = aw)llzn — unll® + (1 = Ba) (1 — )27l 20 — ua
|Asz,, — Asz™||

< Ballen — 2|7 + anllu — 2" = (1 = Ba) (1 = ) [2n — wall?

+(1 = Bo)(1 — )2y || n — wnl|||Asz, — Asz™||
and Hence
(1= 601 — an)llzn —unl® < g — 2% = llznsr — 2*|* + alphay, lu — *||?

+(1 = Bo) (1 — an)2r || s — unl|||Aszn — Asz™||

< (lzn =27 = llzny = 2Dz — 2" + llzne — 27
Homllu — 2" + (1 = Ba)(1 = an)2rn |2 —
|Asz, — Asz™||

< (lzn = 2"+ lzni = 2" Dllzn = 2agall + onllu — 2"

+(1 = 5,)(1 — ) 2rp||xn — upl||| Asx, — Asz™||
In view of the conditions (C1) and (C2), we obtain from (4.1.14) and (4.1.22) that

lim ||z, —u,|| = 0 (4.1.25)
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On the other hand, we see from (4.1.1) that

Jon =P = IPo(I = AAa)un = Pell = ApAz)e|?
< {(I = A\A)u, — (I — N Ag)x™ 2, — x™)
= U = Mot — (1 = A [P + 2w = "I = | (T = A Aoy
(1= XA}~z — 2
< 5l = 2w = 2 = = 20) = (g — A)P)
< gl =27 4z = 27 i = 20l + 2ot — 20, Agity — Aye?)

2
— N2 || Agu, — Asz*|?)

which implies that

l|2n — I*HQ < Jlun — :13*||2 — [Jun = 2ull + 220 (Un — 20, Agup — Agz™)

IN

[, = 2" [1* = [ltn — 2]l + 22 l|tn — 20[[| A2wn, — Aoz”|
< lan = 2")17 = Jlun — 2l
+2Anllun — zn || A2up — Aga”| (4.1.26)

Substituting (4.1.26) into (4.1.20), we arrive at

[Znir = 2*? < Ballzn — 212+ (1 = Bu)(amllu — 2| + (1 — a) |20 — 2*[|)
< Ballon = 2"* + (1= Ba)(anllu — 2" + (1 = ap) (J|lon — 272
—lun = zall + 2An[|un — 20 || A2un — Asz™|))
= Ballzn — 2P + (1 = Bo)anllu — 2| + (1 = 8,) (1 — a) |2, — 2"
—(1=B0) (1 = an)|lun — 2ol + (1 = Ba) (1 — )220 || un — 24|
[ Asun, — Asz”])
< e =2+ anllu = 212 = (1 = an)(1 = Ba) lun — 20|

+2M\, ||wn — 2z ||| Ay, — Agx™||
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from which it follows that
(1= an)(1 = Bo)llun — zall” < g — 21 = [|2n1 — 27| + allu — 2|

+2\ || un — znl|| Aoun — Asx™||

IN

(lzn — "Il + |Zns1 — 2" Dllzn — Tarall + anllu — 27|

+20, ||un, — 2z |||| A2y, — Asz™||

In view of the conditions (C1) and (C2), we obtain from (4.1.14) and (4.1.19) that
T}LHQOHU” -z = 0. (4.1.27)

In a similar way, we can show that

lim [y, — 2]l = 0. (4.1.28)
In view of f, = a,u+ (1 — a,)y,. We get from the condition (C2) that
ti =l = 0. (4129
Notice that
[€ns1 = 2]l = (1= Bo)[[Tnfr — 2.
Which combines with (4.1.14) gives that
Tim [T, fo = ]| = 0. (4.1.30)
On the other hand, we have
[Tofn = fall = Nfn = Tutall
= |fa = Yn+Yn— 2n + 2n — Up + Uy — Ty + Ty — Ty fu|
< o = ynll My = zall + 120 = wnll + lun = zall + 20 = Tofull-
From (4.1.25), (4.1.27), (4.1.28), (4.1.29) and (4.1.30) , we obtain that
nh—>nolo \Tnfn — full = 0. (4.1.31)

Next, we prove that

limsup(u — z, f, —2) < 0,

n—oo
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where z = Pqu. To see this, we choose a subsequence {f,,} of {f.} such that

limsup(u — z, f, —2) = lim(u—z, f,, — 2). (4.1.32)

Since { fy,} is bounded, there exists a subsequence { fn]} of { f,,,} which converges
weakly to f. Without loss of generality, we may assume that f,, — f . From
(4.1.30), we also have y,,, — f . First, we prove f € VI(C, A;). For the purpose,

let T' be the maximal monotone mapping defined by lemma 2.4.6

Bv+ Nev, wveC,
Tv =
0, vegC.
For any given (z,y) € G(T'), hence y — Ajxz € Nez. Since y,, € C, we see from
the definition of Ny that
(x — yYn,y — Ajz) > 0. (4.1.33)
On the other hand, we have from y,, = Po(I — 1, A4;)z, that

(€ = Yn,Yn — (L = A1)z,) >0

and hence

Yn — Zn

n

<SC — Yn, + Alzn> > 0.

From (4.1.33) and the d;-inverse monotonicity of A;, we see that

Y

<I = Yn;» y> <I = Yny» A1:E>
yni - Zni

ng

> <CL’ — Yny» A11‘> - <I — Yny» Alzni> - <LL’ — Yn;» + Alzni>

yni - an.
—)

<l’ = Yn;» Alx - Alym> + <$ = Yny» Alyni - Alzm> - <l’ = Yny» "

ni — Any

Since y,, — f and A; is Lipschitz continuous, we obtain that (z— f,y) > 0. Notice
that 7" is maximal monotone, hence 0 € T'f. This shows that f € VI(C, A;). On

the other hand, we have

lzn = full < llzn = nll + [lyn = fall-
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It follows from (4.1.29) and (4.1.29) that
lim ||z, — f.|| = 0.
Therefore, we also have z,, — f . Similarly, we can prove f € VI(C, Ay). That
is f € VI. Next, we show that f € FP . Suppose the contrary, f & FP, Tf # f.
Notice that
< Sug{llTl“ — Tozll} + 1 Tafn — full-
Te
In view of Lemma 2.4.7, we obtain from (4.1.31) that lim, . || f, — T'fa]| = 0.
Since f,, — f and by the Opial condition, we see that
liminf || fp, — fI| < liminf |[f,, =T
< hminf{”fni - Tfm
< lminf{||fn, — T fn,

< liminf ||f,, — ||,

+ T fn =TI}
+ 1T fo, = fII}

which derives a contradiction. Thus, we have f € FP. Finally, we show that

f € I'. Notice that
[ = unll < [Lfn =yl + lyn = 2all + 120 — ual.
From (4.1.27),(4.1.28),(4.1.29), we have
lim || f, —un|| = 0. (4.1.34)

It follows that u, — f. Since u, =T, (x, — r,Asx,), for any y € C,we have

1
F(um y) + G(una y) + <A3xn:y W un) + 7’_<y — Up, Up — xn) 2 0

n

From the monotonicity of F', we have
1
G(tn,y) + (A3, y — uy,) + T—(y — Up, Up — Tp) > Fy,uy,), Yy e C.

Hence,

G(tn;, y) + (A3, y — Un,) + (Y — Up,, ——) > F(y, up), (4.1.35)
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where y € C. Put p, =ty + (1 — t)f for allt € (0,1], and y € C. Then, we have
pt € C. So, from (4.1.35) we have

<pt — Up,, A3Pt> Z <)0t — Unp,, A3pt> - <A3xm> Pt — uni> + F(pt7 uni) - G(Um, pt)

U\ B,
—(pt — Un,, T>
- <Pt = Un;, Aspe — A3unz> + <pt = Un,;, ASUm g AanJ + F(ptv um)
Up,; — T,
~G(tn, pr) = (s = Upyy ———) (4.1.36)

From (4.1.25), we have ||Asu,, — Asz,,|| — 0 as i — oo. On the other hand, we

get from the monotonicity of As that
(pr — tn,, Aspr — Asuy,,) > 0
It follows from (4.1.36) that
(pr — Un;, Aspr) = Flp,up,) — G(up,, pt), as i— o0 (4.1.37)

From (F1), (F3), (G1), (G3) and (4.1.37), we also have

0 = Flpe,pe) + Glpe, pr)
< tF(pe,y) + (L =0)F(p, f) +tG(pe,y) + (1 = 0)G(pr, f)
< tF(py) +1G(pey) + (1= O[F (o, ) = G(f, pr)]
< tF(pe,y) +1G(pey) + (L= 8){pe — f, Aspy)
< tF(pe,y) + Glpey) + (1= )y — f, Asp)]
and hence
0 < Flp,y) +Glpny) + (L =) (Aspe,y — f) (4.1.38)

Letting ¢t — 0 in (4.1.38) , we have, for each y € C,
0 < F(fy)+G(f,y)+y— [, Asf)

This implies that f € I'.Next we prove
limsup(u — z, f, — z) < 0.

n—oo

where z = Pqu. It follows from f, — f and (1.1.2) that

limsup(u — z, f, —2) = (u— 2, f — z) <0.

n—oo
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Finally, we show that x, — 2z, as n — oco. Note that

Hanrl <« ZHQ = Hﬁnxn + (1 - ﬁn)Tnfn - ZH2
Bl n — 2”2 + (1= Bu)ll fr = Z||2

= BullTn — 2“2 + (1 = Bo)llanu + (1 — an)yn — Z||2

IN

= Bullzn —21* + (1 = Bo)llanu — anz + (1 — an)yn
—(1—ay)z|?
= Ballzn = 217+ (1 = Bu)llan(u = 2) + (1 = ) (g — 2)II°
< Ballzn =212+ (1= Bu)l(1 = an)?[lyn — 2)|1?
+2( o (1 = 2), At — 2) + (1 = o) (Yo — 2))]
= Ballzn = 211> + (1 = B2)[(1 = ) [lyn — 2)II”
+2a,(u — z, fr, — 2)]
Bullwn — 2% + (1 = B)[(1 = aw) [z — 2)|
200 (u — 2, fr — 2)]
= Ballzn —2[? + (1 = 8.)(1 = an) ||z — 2)|°
+(1 = Bn)2an{u — 2, fr, — 2)
= [1—(1=Bu)an]l|lzs = 2[* + 20n(1 = 5,)
(u—z, frn—2). (4.1.39)

IN

since Y o~ (1—f,) o, = 0o and limsup,—eo2(u—z, f, —z) < 0,we see from Lemma

2.3.13 that lim,, o ||z, — z|| = 0. O
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4.2 Strong Convergence Theorems for Nonspreading

Mappings

Theorem 4.2.1. Let C' be a nonempty closed convex subset of of a real Hilbert
space. Let F' and G be a bifunction from C' x C to R satisfying (F'1)-(F2),(G1)-
(G3) and (H).Let A, B be a §;-inverse-strongly monotone mapping of C into H
foreach j =1,2,. letT : C'— C be a k-strictly pseudononspreading mapping with
a nonempty fized point set and Q = F(T)NTNVI(C,B) # 0. Let § € [k,1) and
let Ty := I+ (1 — B)T. Let u € C and {z,}32, {un}iy, {zn )2, {yn}d2, be
sequence in C generated from an arbitrary z, € C' by

(

F(unay) + G(u’my) + <A:Ena Yy — un) + L <y - un,un - mn) > Oa Vy € C’7

Yn = PC(un - )\nBun)a

Zni= L n_loTé”yn, n > 1.

_n m—

| T4l = Qnl+ (1 —apn)zn, n>1,

(4.2.1)

where {a, 152, C [0,1) and {r,}yoy, {\n}32y are positive number sequences. As-

sume that the above control sequences satisfy the following restrictions
(C1) 0<a<{r,} <b<2§,0<ad <\, <V <25 foralln>1.
(C2) lim, o0 v, = 0 and X2 v, = 00,

(C3) limy,—oo(1n — Tny1) = limyoo(Ay — Apg1) =0

Then {x,}2, {un}y, {yn}se, and {z,}52, converge strongly to Pqu, where

Po : H — € is the metric projection of H onto €.

Proof. Let z* € Q. Put u, = T, (x, — r,Ax,) and z* = T, (" — r,Az*). for

n

all n > 0. Since A are §; — inverse — strongly monotone, condition (C1) and
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nonexpansive, we have, for any n > 1,

|, — 2> = |10, (2, — rpAx,) — T,, (2% — 1 Ax™)|]?
< @y — rpAzy,) — (2F — A |2
< l(zn — 2%) = 1o (Azy — Az”)|?
= |lzn — 2*|? — 2rn{z, — 2%, Az, — Ax*) + || Az, — Ax*|?
< oy — 2% — 2r,6s|| Az, — Ax¥||? + r2|| Az, — Ax*||?
= Nlzn — 2?4+ ral(r, — 265)|| Az, — Ax™|?
< o, — |2 (4.2.2)

We show the mapping I — A, B is nonexpansive. Indeed, since B is a ds-strongly

monotone mapping, we have that for all z,y € C,

I(I = AuB)x = (I = X B)yll* = [l(z —y) = \u(Bz — By)|”

|z — y||* — 2\ (z — y, Bz — By) + \2||Bx — By||?

IN

lz = ylI* + Xa(An — 203)[| Bz — By|®
< =z -yl (4.2.3)
which implies that the mapping I — )\, B is nonexpansive. By using the sane

argument as aboue, we can show that I — A\, A are nonexpansiveness.It follows

that

lyn — 2"l = [[Pe(un — AnBun) — Po(z™ = AnBa™|

IA

| (un, — A Buy, — (I — A\, B)z*||

< || = M\B)uy — (I — \B)z"||
< lun — 27|
< lan — 2. (4.2.4)

Let Tpx := Sz + (1 —F)Tx. 1t is clear that F'(T3) = F(T') and for all z,y € C,
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we have

| Tsz = Tpyll> = [6(z —y) + (1 = B)(Tx = Ty)|”
= Blz =y’ + (1 =Tz - Tyl = (1 = B)llz — Tz — (y — Ty)|?
< Bllz—yl* =B = B)|z =Tz — (y — Ty)|
+(1=B) [z = ylP* + kllz — Tz — (y = Ty)|* + 2(z — T,y — Ty)]
= |z —yl> =81 = P)llz =Tz — (y - Ty)|?
+k(1 = B)||z =Tz — (y = Ty)|> +2(1 = B)(z — Tx,y — Ty)
= llz—yl* =1 =B3)(B—=k)llz =Tz - (y - Ty)|?
+2(1 — B)(x — Tx,y — Ty)

< lz—yl*+2(01 = B)(z — Tx,y — Ty)
2
2
= |lx—y||"+ ——(x —Tsx,y — Ty). 4.2.5
| | i —ﬁ)< 8 5Y) (4.2.5)
Using (4.2.1)and (4.2.4) we obtain
1 n—1
lon =2l = 11D Tyn ="
m=0
1 n—1
< LI
m=0
1 n—1
|
m=0
= |lyo — 2" < [lzn — 27| (4.2.6)
Thus
|tnsr — 2] = |Jagu+ (1 —ay)z, — 27|
< apllu =2+ (1 — w20 — 27
< apllu =2 + (1 — ap)||len — 2. (4.2.7)

By (4.2.7) and induction, we can conclude that for all n € N

[ — 2™ < max{|lu — 2", [[1 — 2"[}.
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This implies that {x,}, {y.}, {u,}and {z,} are bounded.

Observe that since {z,} is bounded and lim,, ., o, = 0, we obtain

[Znt1 = znll = [lanu + (1 = an)zn — 20|

= apllu—2z,]| =0 as n — oo. (4.2.8)

Using (4.2.5) we obtain for all m = 0,1,2,...,n — 1 and for arbitrary y € C

1Ty y — Toyll> = 1 Tp(T5 yn) — Tayl)?
< NTg'yn —yll* + %@?yn — T3 Y,y — Tay)
= |NT5'yn — Toy + Tay — y|* + %(Té”yn — T3y, y — Tay)
= N T5yn — Tayll* + 1 Tay — yll> + 2(T5 v — Tay, Ty — v)
TPy — TP gy — Toy). (42.9)

1-p
Summing (4.2.9) from m = 0 to n — 1 and dividing by n we obtain.

1, 1
5||Tgyn—Tﬁy||2 < ﬁHyn—TﬁyIIQﬂL||Tay—y\|2+2<zn—Tay,Tﬁy—w

2

+m<yn = Tgyn,y — Tpy). (4.2.10)

Since z, is bounded, there is a subsequence z,; of z, and w € C such that z, — w.

Replacing n by n; in (4.2.10), we obtain

T, =Tl < o, = Dol + T = 91 + 20, = T Tow = )
2
w5 "
Since {y,} and {T}y,} are bounded, letting j — oo in (4.2.11) yields

— T3 Yn,;, y — Tpy). (4.2.11)

0 < |1Tsy —yll* +2(w — Tpy, Toy — ). (4.2.12)
Since y € C' was arbitrary, if we set y = w in (4.2.12) we obtain
0 < |[Thw —w|* = 2| Tpw — w|* = ~||Tpw — w|?,

from which it follows that w € F(Ts) = F(T'). We may assume without loss of

generality that there exists a subsequence {2y, 41} of {41} such that
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limsup(u — Ppr)u, Tmi1 — Preryw) = lim (u — Ppepyu, T, 11 — Preryu),

m—00 J—00

and 2,41 — v. From (4.2.8) , we have z; — v. From the above argument, we

have v € F(T). SincePp(ry : H — F(T) is the metric projection, we have

Jlggo@ — Ppryu, Ty 11 — Pperyu) = (u — Pryu, v — Pperyu) < 0.

This implies

lim sup(u — Ppr)t, Tni1 — Pperyu) < 0. (4.2.13)

J—0o0

Using Lemma 2.3.14 and (4.2.6) we have
201 — Preryull® = flowu + (1 — an)zn — Prenyul®
= |lonu — o Preryu + (1 — ay) 2, — (1 — an)PF(T)uH2

= |lon(u — Ppryu) + (1 — ay) (2, — PF(T)u)H2

IN

(1 —an)?||zn — PF(T)UH2 + 20 (v — Ppryt, T — Priryw)
< (1 —ap)?||zn — PF(T)U||2 + 20 (v — Ppiryt, T — Preryw)

(4.2.14)
Since o, — 0, > 07, @, = 0o and (4.2.13), it follows from Lemma 2.3.14 that
nll_)Holo |zn — Preryul| = 0. (4.2.15)
From (4.2.15),that
|Zrnt1 — znl|| — O. (4.2.16)

Since (4.2.15), we have
0 < 120 = Prcayull < 120 = @ns | + st — Pryull = 0 as 1 — oo,

Hence lim,, .o ||2, — Pp(ryul| = 0. Science (4.2.15) that

|z, — zn|| — 0. (4.2.17)
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Since z,; — w, We obtain w = Pg(ryu. For any 2* € Q. we see from (4.2.1) that
@ = 21 = llanun + (1 — an)z, — 27|
< agllu— 2P+ (1 — )|z — ¥ (4.2.18)
From (4.2.4) and (4.2.6),we arrive at
@ = 217 < anllu =2 + (1 = an)[Jup — 27| (4.2.19)

Notice that

|y — 2*|> = ||T0, (2, — rnA2,) — T, (2% — 1 Ax™) |2

< lwp — rpAz,) — (z* — rAx®)|?

= @, — 2*||* = 2rp(z, — 2, Az, — A2*) + 12| Az, — Ax*|?
< lap — 2¥||? — 2rp01 || Ay, — Ax*||? + 2| Az, — Az¥||?

= lzn = 2*)> + rulrn — 261) | Az, — Az*|? (4.2.20)

Substituting (4.2.20) into (4.2.19),we arrive at

ns1 =21 < anllu =2 + (1 = an) (|2 = 27 + ru(rs — 261) [ Az — Az™|]?)

AN

an|lu—2*)|? + (1 — a)||zn — %)% + (1 — ) rn(rn — 267)

x ||Az,, — Ax*|?
It follows from the condition (C1) that
(1 — an)a(201 = b)[[ Az, — Az™[* < anllu—2"|* — anflzn — 27| + |2 — 277
+|znts — 2|
= anllu—2"|* = oz, — 27"
+(llzn — 2" + lznis — 27Dz — znsal
It follows from (4.2.16) and the condition (C2) that

lim ||Az, — Az*[]* = 0. (4.2.21)
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Next, we show that
nlLIEOHBu” —Bz*| = 0 (4.2.22)
In view of (4.2.6) and (4.2.18) , we arrive at
lZnss —2*[* < amflu— 2|7 + (1 = o)y — 271 (4.2.23)
Notice that
lyn — 2*|> = [|Po(un — AuBua) — Po(a™ — X, Ba")|)?
< |[(tp — M\Buy) — (z* — X\, Bx")|)?

= |lu, — x*|]2 -2\, (u,, — z*, Bu,, — Bz™) + )\iHBun — Bx*||2

IN

l|wn — a:*H2 + (A — 282) || Buy,, — Bx*H2
< lan — 2¥? + MM — 262)|| B, — Bx*||? (4.2.24)

Substituting (4.2.24) into (4.2.23), we arrive at

a1 — 277 < amllu— 2" + (1 = an)(llon — 27 + An(An — 202) | Buy, — Ba™|)
= anllu— 2| + (1 — an)llon — 2" + (1 = an) A (An — 202)
x ||Bu,, — Bx*|?

It follows from the condition (C1) that

(1= an)a'(20, = V)| Buy — Ba"||* < allu — 2"|* — anlan, — 2|* + [J2, — 27|
Hl|n1 — 2|

= anllu—2"|* — anllz, — 2"

H(llzn — 27 + (|01 — 27|20 — o

It follows from (4.2.18) and the condition (C2), we obtain that (4.2.21) holds.
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We show that ||z, — u,|| — 0, as n — oco. For z* € 2, we have from Lemma

2.4.7 that
lun = 2*1* = T, (20 — raAa,) — T, (a" = rp Az”)||?
= |7, (I = rpA)z, — T, (I — rAz)z*|?
< (T, (I-r,A)zx, T, (I —r,Az)z*, (I — r,A)zx, — (I — r,Az)x")
= (I —-r,A)zx, — (I —r,Az)z" u, — x*)
1 * *
= U = rad)z, = (I —rAz)z 12+ [Jun — 2*[1* = [|(T — rpA)zy,
—(I — ryAx)z” — (u, — :E*)||2)
1
— §(||xn — x*||2 + ||un — x"‘||2 — ||zp — rpAx, — 2 + rAx — u, — x*||2)
= Slllen = 27+ Jun — 2 = (20 — up) — ro(Azy, — Az™)|?)
1 * * *
- §(||l’n — 2|1 + g — 2" = (|20 — wnl® + 73] Az, — Az*?
—2r,{(x, — Uy, Az, — Az™)))
1
N 5(“3771 = &P+ fun — 277 = [n = unl® + 2r (s — tn, Az, — Az¥)
and hence

I, — x*||2 < |z, — m*||2 = ||lzn — un||2 + 2r,{(x, — up, Az, — Ax™)

—ru|| Az, — Ax*H2

IN

1z = 21 = llen = wnll* + 2rallzn — uall
x|Ax, — Ax*|. (4.2.25)
Substituting (4.2.25) into (4.2.19), we arrive at
[znss — 2" 7 < omllu— 2™ * + (1 — an)(llzn — 2"|1* = [l2n — ual®
27|l zn = unl|[| Az, — Az7]))
= anllu— 2" + (1 = aw)llen — 2" = (1 — o) 2n — uall?

+2r, (1 — ap)||zn — un|||| Az, — Az™]].
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It follow that
(L= an)llzn —uall® < anllu—2"* + (1 — o)z — 27||* + 2r(1 — a)
x|z — [l A2y — Az*|| = [[@nsr — 27|
= an(llu=2"|* = llzn — 2"I%) + (lzn — 27l + |21 — 2"[])
X||2n — Tpgt|| + 2rn(1 — )| 20 — wn||| Az, — Az™].
In view of the conditions (C1) and (C2), we obtain from (4.2.18) and(4.2.20) That
T}LHQOHx” —u,| = 0. (4.2.26)

So, we have ||z, — u,|| — 0, and ||u,, — Prryul| < |lun — 20| + |20 — Pperyul| — 0

as n — oo. Next, we show that

lim ||y, —u,|| = 0. (4.2.27)
We have
lyn —2*” = I|Po(I = MaB)un — Po(I — \AB)z*||?

< (I = \,B)up, — (I — A\ B)x*, y, — x¥)
1 l y
= S0 = MBYu = (I = MB)|[* + g — | = | (1 = \uB)un

—(I = X\B)z" | = [lyn — 2"1%)

1 * * *
< S(llun = 27 + llyn = 2"I° = [t = g) = An(Bun = Bz") %)

1 * * *
< S(llun =27 + llyn = 2" I° = llun = vnl* + 220 (e — g, Bun — Ba?)

~M\l[Bun — Ba*|[?)
which implies that

lyn =27 < Nun = 271 = llun — yll + 2200 — Y, Bun — Ba")

IN

[, — 2" 1* = ltn = yll + 2Xalltn =yl || Bun, — B

IA

Hxn - x*“z > Hun Y yﬂ” 3 2)‘n”un — Unl|
x||Bu,, — Bz"|| (4.2.28)
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Substituting (4.2.28) into (4.2.23), we arrive at
[Zner = 2" 7 < amflu— 2" + (1 = an)llyn — 27|
< onflu—2** + (1 — an) (e — 27 = lun — all

+2X0n[un — ynlll| Bun — Ba™|])

IN

anllu — 2" + (1 = an)[[zn — 27" = (1 — an) [[un = ya
+2M(1 = o) [[un — Yulll| Bus — Ba™||
from which it follows that
(1= n)llun = yall < anllu—2"* + (1 = an)lJon — 2" = llznss — 27|
20 (1 = o) ||un — yull[| Buy — Ba™||
< anllu =2 + agllen — 27 + (lzn = 27| + [J2nn — 27])
X[ 20 = Znia || + 200 (1 = o) un — ynll| Bun — Ba™||

In view of the conditions (C1) and (C2), we obtain from (4.2.18) and (4.2.22)
that

i [lyo = wal| = 0.
From (4.2.26) ,we obtain that

Jirrolo||xn —ynl] = 0. (4.2.29)
This implies y,, — w as n — oo.

We prove w € VI(C, B) . For the purpose, let T be the maximal monotone
mapping defined by Lemma 2.4.6

Bx + Nz, x€(C,
Tv =

0, z=¢C.
For any given (z,y) € G(T'), hence y — Bx € Ngx. Since y,, € C, we see from
the definition of Ny that

(x — yn,y — Bx) > 0. (4.2.30)
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On the other hand, we have from y,, = Po(I — A\, B)u,, that
<x —Yn,Yn — (I 4 )\nB)un> Z 0

and hence

Yn — Up

An

From (4.2.30) and the do-inverse monotonicity of B, we see that

(x — Yn, + Bu,) > 0.

(x —Yn,y) > (v —y,, Bx)
yn_un

Z <I — Yn, BZE) - <J7 @ yn’Bun> - <CL’ — Yn, \ + Bun>
Yn — Up
= (T = Yn, Bx — BYn) + (T = Yn, Byn — Bun) — (T — yn, )\—>
Yn — Up
Z <I_ynaByn_Bun> — <x_yn7)\—>

Since y,, — w and B is Lipschitz continuous, we obtain that (x —w, y) > 0. Notice
that 7" is maximal monotone, hence 0 € T'w. This shows that w € VI(C, B).
Finally, we show that w € T". Since u,, = T, (z, — r,Az,), for any y € C,we

have

1

From the monotonicity of F', we have

G(un,y) + (Axy, y — uy,) + %(y — Uy, Uy — X)) > F(y,u,), Yy e C.
Hence,

G (Un, y) + (A2, y — up) + (Y — Un, @) > F(y,u,), Yy e C. (4.2.31)

n

Put py =ty + (1 — t)w for all t € (0,1], and y € C. Then, we have p; € C. So,
from (4.2.31) we have

<Pt — Unp, Apt> > <Pt — Unp, A/)t> - (All?m/?t - Un> + F(Pt,un) - G(Um Pt)

Up — T,
(o= 2y
1 <Pt — Unp, Apt - Aun) + <Pt — Unp, Aun - Axn) + F(Pta un)
Up — T,
—G(Up, pt) — (Pt — Un, ) (4.2.32)

n
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From (4.2.26), we have ||Au,, — Az,|| — 0 as n — oo. On the other hand, we get

from the monotonicity of A that
(Pt — Un, Apy — Auy) > 0
It follows from (4.2.32) that
(pt —un;, Apr) > F(pt,un,) — G(un,;, pt), as i — o0 (4.2.33)

From (F1), (F3), (G1), (G3) and (4.2.33), we also have

0 = Flpe,pe) + Glpe, pr)
< tF(py) + (1= ) F (o, w) +1G (s y) + (1 = )G (pr, w)
< tF(py) +tGpey) + (1= 0)[F(pr, w) — G(w, py)]
< tF(py) +1G(pey) + (1 =) {pe — w, Apy)
< i[F(pe,y) + Glpi,y) + (1= 8){y — w, Apy)]
and hence
0 < Flpy) +Glony) + (1 —1)(Apr,y — w) (4.2.34)

Letting ¢t — 0 in (4.2.34), we have, for each y € C,
0 < Flw,y)+Gw,y) + (y —w, Aw)

This implies that w € I'. Hence we have w €

Since w = Pp(ryu, we have
—ull= inf —yll <inf lu — z|| < [lu — 4.2.35
o= ull = inf flu—yl < inf flu 2] < Jlu - w] (123

Hence ||[w — u|| = inf,cq ||u — 2|, that is w = Pou. This implies x,, — Pou O



