Chapter 3
A Generalization of Suzuki’s Lemma

Suppose that (X, d) is a metric space which contains a family £ of metric segments
(isometric images of real line segments) such that distinct points z,y € X lie on exactly
one member S[z,y| of £. Let a € [0, 1], we use the notation ax @& (1 — a)y to denote
the point of the segment S|z, y] with distance ad(x,y) from y, that is,

dlaz @ (1 —a)y,y) = ad(z,y). (3.1.8)
We will say that (X, d, £) is of hyperbolic type if for each p,z,y € X and « € [0, 1],

dlap® (1 —a)z,ap® (1 —a)y) < (1 — a)d(z,y). (3.1.9)
It is proved in [29] that (3.1.9) implies

d(p,ax @ (1 —a)y) = ad(p,z) + (1 — a)d(p,y). (3.1.10)

It is well-known that Banach spaces are of hyperbolic type. Notice also that CAT(0)
spaces and hyperconvex metric spaces are of hyperbolic type (see [28] and [22]).

In 1983, Goebel and Kirk [16] proved that if {z,} and {w, } are sequences in a metric
space of hyperbolic type (X, d) and {a,} C [0, 1] which satisfy for all i,n € N,

(1) zpt1 = auw, @ (1 — ay)z,,
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then lim, . d(wy,, z,) = 0. It was proved by Suzuki [48] that one obtains the same
conclusion if the conditions (i)-(v) are replaced by the conditions (S1)-(S4) as follows:
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(S1) zps1 = apw, @ (1 — ay)zn,

(52) liunsup, oo (d(wnsn, wn) = d(zer, 7)) < 0,
(S3) {z.} and {w,} are bounded sequences,
(S4) 0 < liminf, . @, <limsup, . a, < 1.

Both Goebel-Kirk’s and Suzuki’s results have been used to prove weak and strong
convergence theorems for approximating fixed points of various types of mappings. The
purpose of this chepter is to generalize Suzuki’s result by relaxing the condition (S1),
namely, we can define z,,; in terms of w, and v, such that lim, . d(z,,v,) = 0.
Precisely, we are going to prove the following lemma.

Lemma 3.1.7. Let {z,}, {w,} and {v,} be bounded sequences in a metric space of
hyperbolic type (X, d) and let {a,} be a sequence in [0, 1] with satisfy for alln € N,

(C1) zpi1 = apw, @ (1 — ay)vp,
(C2) lim,, o d(2p,v,) = 0,
(C3) limsup,, _ o, (d(wns1, wy) — d(2p41, 22)) <0,
(C4) 0 < liminf,, .. o, < limsup,,_,. o, < 1.
Then lim,, o d(wy, z,) = 0.
In the proof of lemma 3.1.7 we will need the following technical result.

Lemma 3.1.8. Let {z,}, {w,} and {v,} be sequences in a metric space of hyperbolic
type (X, d) and let {cv,} be a sequence in [0, 1] with limsup,,_, . a, < 1. Put

r = limsup d(w,, z,) or r = liminf d(w,, z,).

n—oo Ke>Y

Suppose that r < 00, z,11 = Qw, ® (1 —ay,)v, for alln € N, lim, o d(z,,v,) =0, and

lim sup (d(wy41, Wn) = d(Zn41, 2,)) < 0.

n—0o0

Then
Hm inf |d(wnik, 20) — (1 + @ + Qg1 + oo + Qi) = 0

n—oo

holds for all k € N.

Proof. (This proof is patterned after the proof of [48, Lemma 1.1]). For each n € N, let
Uy = apw, @ (1 — ay)z,, then by (3.1.9) we have

A(Un, 2n11) < (1 — ap)d(zp, vn) < d(zn, vp). (3.1.11)
This implies

(wn+17 wn) + d(wna Un) + d(una Zn+1)

(wn—i—la wn) + d(wna un) + d(Zn, Un)‘

d(Wn11, 2p41) < d
<d
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Since d(wp, uyn) + d(tp, 2,) = d(wy, 2,), we have

(Wng1, W) + d(wy, wn) + d(2n, 0) — d(wy, up) — d(Un, 2,)

(wn+17 wn) + d(zna Un) - d(una Zn)-

d(wn+17 Zn+1) - d(wna Zn) <

This fact and (3.1.11) yield,

Wn41, ZnJrl) - d(wna Zn) - d(una Zn+1)

(zna UTL) N d(una ZTL) ~ d(unv Zn+1)
(Zna Un) - d<2n+17 Zn)
(

Zn41, Zn) + d(zna Un)-

d<wn+1a Zn+1) 4 d(wna Zn) - d(zna Un)

W1, W) — d
Since lim,, d(z,,v,) = 0, we have

lim sup (d(wnJrla ZnJrl) - d(wna Zn)) < lim sSup (d(wn+17 wn) - d(zTLJrla ZTL)) :

n—00 n—e
By using this fact we have, for j € N,

j—1
limsup (d(wpj, Zn4j) — d(wy, 2,)) = limsup Z (d(Wntit1, Znrit1) — A Wnts, Znti))

j—1
< Z lim sup (d(wn—l—i-‘rla Zntiv1) — A(Wnys, Zn+z))

ol "TPR
j-1
< Z lim sup (d(wpti41, Wnti) — d(Zntit1s Znti))

4 n—00
=0

<0.

Put a = (1 — limsup, a,)/2. We note that 0 < a < i. Fix k,l € N and € > 0. Then
there exists m’ > [ such that a < 1 — ay, d(z,,v,) < 5, d(Wpg1, wn) — d(2n41, 20) < 5,
and d(Wn+j, Zngj) — d(wy, 2,) < 5, for all n > m' and j = 1,2,...,k. In the case of
r = limsup,, d(w,, z,), we choose m > m’ satisfying

|

d(wm+k7 Zm-‘,—k) >r—

and d(wy, z,) <7+ § for all n > m. We note that

3

Y.

€
AWty Zmtg) = A Witk Zmrk) — 3

for j =0,1,...,k — 1. In the case of r = liminf,, d(w,, z,,), we choose m > m/ satisfying
5
AWy, 2m) < T+ 1

and d(wy, z,) > r — § for all n > m. We note that

g £
A(Wintjs Zm+j) < d(Winy 2m) + 1 <r+ B)
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for j = 1,2, ..., k. In both cases, such m satisfies that m > 1, a <1 —«, <1,
d(zn,vn) < 5, d(Wpy1,wy) — d(2n41, 2,) < 5 for all n > m, and

£ £
"5 < d(Wnyj, 2mss) ST+ 2

for 7 =0,1,..., k. We next show that

k—7)(2k + 2
d(wm+k, Zm+j) Z (1 —+ Oém+j —+ Oém+j+1 4+ ...+ Oém+k,1)7” — ( ja)k(—] )€ (3112)

for j =0,1,...,k — 1. Since

19
r—= 5 < d<wm+k7 Zerk)

= d(Wm+k, k-1 Wintk—1 D (1 — Q1) Vimtk—1)

< U1 A Wiy Winpk—1) + (1 = Q1) (Wi s Vingo—1)

£
< Ungk—1d(Zmt ks Zmtk—1) + 3
+ (1 = 1) A Wi Zmgi—1) + (1 = Qmgi—1)d(Zmsk—1, Vmth—1)
€
S Om+k—1 (d(szrka uerkfl) + d(uerkfla Zerkfl)) + 5

+ (1 - Oéerkfl)d(merka Zerkfl) + (1 > 4 Oéerkfl)d(Zerkfla /Uerkfl)
€
< am—l—k—l(l - am—i—k—l)d(zm-‘rk—la Um—f—k—l) + a3n+k_1d(wm+k—17 Zm—l—k—l) + 5

+ (1 — k1) A Wity Zmski—1) + (1 — @mgk—1)d(Zmt k-1 Vmtk—1)
€ €
< O‘zn+k:—1 <T + 5) + 9 + (1 — k1) d( Wit Zmri—1)
+(1— 047271+k—1)d(2’m+k—1, Umtk—1)

5
< af gar + e+ (1= tmpr—1)d(Winik, Zmir—1) + (1 — aiﬁkﬂ)a

and a <1 — a1, We have

No|™

(1- O‘zn-yk;—l)T = %5 —(1- Oz?n+k_1)

d(wm—l—ka Zm—l—k—l) Z

1 — g1
2k +1 €
> (1 + am—l—k—l)T = €— =
a a
2k + 2
= (1 + apmip—1)r — paant

Hence (3.1.12) holds for j = k — 1. We assume that (3.1.12) holds for some
j€{1,2,...,k—1}. Then since
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(14 505 )~ eosizisn,

< d(wm—f—ka Zm-i-j)

= d(Winiks Ve j—1 Wit j—1 D (1 — Q1)U jo1)

< A jo1 (Wi, Wiy j—1) + (1 — g 1) d(Wing ke U j-1)
k—1

< Mt j—1 Z d(wm-i-i—i—l) wm—i—i) + (1 " am-i-j—l)d(wm-i-kv Um-i-j—l)
:J_—11

< Omtj—1 Z (d(zm—i—i-i-la Zm—i—i) + %) + (1 ] am-i-j—l)d(wm—i—ka Um-f—j—l)
i=j—1

k—1
ke
< Qg Z d(2m+i+1> Zm+z‘) =5 o + (1 - am—l—j—l)d(wm—l—ka Um+j—1)
i=j—1
k—1 e
< Qmyj-1 Z (Qmid(Winris Zmyi) + (1 = O )d(Zmeis Ung)) + o

i=j—1

+ (1 = Qmtj—1) A Wit ks Vg j—1)
k1 k—1

ke
< Qmtj—1 Z am+id(wm+ia Zm—f—i) + Ompj—1 Z (1 - am+i)d(zm+ia Um-f-i) + 7
i=j—1 i=j—1
+ (1 — amtj—1)d( Wik, Zmyj—1) + (1 = iy j—1)d(Zmrj—1, Vmrj—1)
! 3 e ke
< Qg1 izjzl Qi (1 + 5) + (k+ 1)5 + 5 + (1 = 1) A(Win g ks Zmegje1)
k—1
3k +1)e
< Qi Z Qi + % + (1 = amgjm1) A(Wing ks Zmetie1),

i=j—1
we obtain
1+ Zz —=j Om+i = Qmpj— 1Zz =j— 1O‘m+zr
o= Amtj—1
(k= 5) @2k +2)/a" T + (3k + 1>/25

1 — amyj1

k—1 )
(k—7+1)(2k+2)
> (1 + Z oszri) r— P £.

d(wm+k7 Zm-l—j—l) >

Hence (3.1.12) holds for j := j — 1. Therefore (3.1.12) holds for all j = 0,1,....,k — 1.

Specially, we have

k(2k + 2
7( L )5.

AWk, 2m) 2 (L4 Qi+ Gt + oo+ Q1)1 = —— 3
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On the other hand, we have

k-1
A Witk 2m) < d( Witk Zmik) + Z A(Zmit1, Zmeti)
— £
< d(Winike, Zmik) + Z d(Zmpitts Umei) + AUty Zmesi)
3 N
< d(Wmtks Zmtk) + Z d(Vmetis Zm+i) + Ui (Wint iy Zmyi)
i=0 i=0
e ke &L 5
§r+§+§+;@mﬂ-(r+§)
k-1
= (1 + ;amﬂ-) T+ (Qk;_ 1) E.
This fact and (3.1.13) imply
A0 2) — (L G+ s e in)r] < FOA L)
Since [ € N and € > 0 are arbitrary, we obtain the desired result. O

Now, we are ready to prove Lemma 3.1.7

Proof of Lemma 3.1.7. We put a = liminf, . o, > 0, 7= limsup,, . d(w,,z,) < 00,
let p € X and M = 2sup{d(z,,p) + d(w,,p) : n € N}. We assume that r > 0 and fix
k € N with (1 + ka)r > M. By Lemma 3.1.8, we have

liminf |d(wpik, 20) — (L 4+ o + Qg1 + ..o + @pig—1)7| = 0. (3.1.14)

n—oo

Thus, there exists a subsequence {n;} of a sequence {n} in N such that

lim (d(wn,+k, 2n;) — (L 4+ @, + a1 + oo + Qyi—1)7) =0, (3.1.15)

the limit of {d(wn, 4+, 2n,)} exists, and the limits of {a,,+;} exist for all j € {0,1, ...,k —
1}. Put 8 = lim;_o v,y for j € {0,1,....;k — 1}. It is obvious that 5; > a for all
j€{0,1,....,k —1}. We have

M < (1+ ka)r
<+ 8o+ B+ + Bra)r

= lim (1 + oy, + Qg1 + oo + Qpyie—1)7

11— 00

= lim (wnz'-i-k’ Zm)
71— 00
< lim sup d(wnJrka Zn)

n—oo

< limsup (d(wp1k, p) + d(2n, p))

n—oo

< M.

This is a contradiction. Therefore » = 0. ]



