Chapter 5
Strong Convergence of Modified Noor Iterations
in CAT(0) Spaces

In 2006, Su and Qin [49] introduced the composite iteration scheme:

Wy, = Optp + (1 — 0,) Ty,
n = Tndn 1— n T ny
S nn + (1= 7)Tw (5.1.26)

Tor1 = apu+ (1 —ay)y,, VYn>0

where zg,u € C are an arbitrarily chosen and {w,},{3,} are two sequences in (0,1)
and {v,}, {0, } are in [0,1]. They proved under certain appropriate assumptions on the
sequences {a,}, {6,} {7} and {d,} that {z,} converges to a fixed point of 7" in the
framework of a uniformly smooth Banach space.

In this section, we extend Su and Qin’s result to a complete CAT(0) space. The
following lemma is useful for our results.

From now on, we let C' be a nonempty closed and convex subset of a complete
CAT(0) space X and let T': C'— C' be a nonexpansive mapping such that F'(T) # 0.

Lemma 5.1.14. Given a point u € C, the initial guess vy € C' s chosen arbitrarily and
given sequences {a,}, {6,} in (0,1) and {v.}, {0.} in [0,1]. The sequence {x,} is
defined iteratively by

Wy, = 6pxy, ® (1 — 6,)Tzy,
n = Indn J— n T n;
- Ynn © (1 =7)Tw (5.1.27)

Tpi1 = ou® (1 —apn)yn, Vn>0.
Then {x,}, {yn}, {2z} and {w,} are bounded sequences.

Proof. If we take a fixed point p of T, then from (5.1.27) we estimate as follows:

d(wy,p) = d(6px, & (1 = 6,)T Ty, p)
< 0pd(zp,p) + (1 = 6,)d(Txp, p)
< 0pd(xp,p) + (1 = 0,)d(z, p)
d(wp, p) < d(zp,p). (5.1.28)
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It follows from (5.1.27) and (5.1.28) that

d(zn,p) - d(’)/nxn > (1 V| ’yn)Twmp)
< Vd(n, p) + (1 — Y)d(Twn, p)

< d(zn, p) (5.1.29)
and

S ﬁnd(xmp) + (1 TN ﬁn)d(TZmp>

S ﬁnd(l'nap) + (1 - ﬁn)d(znap)

< d(zp,p)- (5.1.30)
Thus

d(l’n_H,p) = d(OénU @ (1 - an)ynap)
< ad(u, p) + (1 — ay,)d(yn, p)
< apd(u, p) + (1 — ap)d(zn, p)-

This implies that
A(@as1,p) < max{d(u, p), d(zn, p)}. (5.1.31)
By induction, we have
d(wn, p) < max{d(u,p), d(zo,p)}, 1 >0.

This proves the boundedness of the sequence {z,}, which implies that the sequences
{yn}, {2z} and {w,} are also bounded. 0

Lemma 5.1.15. [fC, T7 {xn}7 {yn}a {Zn} 7{wn}7 {Oén}y {ﬁn}7 {’Vn} and {5n} Satisfy the

following conditions:

(C1) >0 yan =00, lim,_ .0, =0,

(02) Zio:o ’OénJrl ] Oén| < o0, Zﬁ'o:o WnJrl - ﬁn‘ < 00,

2720:0 |’7n+1 - '7n| < 00, and Zzo:() |5n+1 - 5n| < 00,
then lim,, .. d(x,41,x,) = 0.
Proof. By (5.1.27), we have

Tpi1 = @ (1 — ) Yn, Ty = Q1 @ (1 — 1) Yn—1

Yn = ﬁnxn S¥ (]- - ﬁn)Tva Yn—1 = Bn—ll'n—l s> (1 - ﬁn—l)TZn—l-
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It follows from Lemma 2.2.4 that

= d(anu ® (1 — ) Yn, Gt ® (1 — ty_1)Yn-1)
< d(onu @ (1 — o) Yn, u @ (1 — ) yn—1)
+ d(apu® (1 — an)yp-1, tp1u ® (1 — p_1)Yn-1)

(1 < Oén>d(ym ynfl) + ‘Oén - anfl’d(ua ynfl)
(]- - an)d(ﬁnxn @ (]- - ﬁn)TZnaﬁn—lxn—l S¥ (1 U ﬁn—l)TZn—l)
+ \Oén - Oénflld(ua ﬁnflxnfl ©® (1 - ﬁnfl)Tznfl)

I IA

: (1 \ an) [d(ﬁ”xn © (1 - ﬁ”)TZTHBnl'n—l D (1 - ﬁn)TZn)
+ d(ﬁnl‘n_l SZ (1 - Bn)TZn, ﬁnl‘n—l ¥ (]- - Bn)Tzn—l

+ d(ﬁnxn—l SY (1 — Bn)Tzn—la ﬁn—lxn—l S% (1 - Bn—l)Tzn—l)

+ |an - an—1| [ﬁn—ld(ua xn—l) + (1 y ﬁn—l)d(uv Tzn—l)i|

S (1 - an) [ﬁnd(xny xn—l) + (1 R ﬁn)d(Tzna Tzn—l)
+ ‘ﬁn - ﬁnfl‘d(xnfla Tanl)

+ ’Oén - Oénfl‘ [ﬁnfld<ua xn71> + (1 - ﬁnfl)d(ua TZn71>

- (1 L Oén)ﬁnd(xna xnfl) + (1 4 an)(l - ﬁn>d(TZna T,anl)
+ (1 - Oén)|ﬁn - anl|d(xnfla T,anl)
G [an ~ an—1|ﬁn—1d(u7 xn—l) + \an g an—l[(]- - ﬁn—l)d(uv Tzn—l)

< (1 — ) Bnd(xy, po1) + (1 —an)(1 — Bo)d(T 2z, Tzp—1)
+ (1 = an)|Bn = Buald(@n—1,T2n1)
+ |y, — 1| Bn-1d(u, 2p—1) — |y — 1| Br_1d(u, Tzn—1)
+ |, — a1 |d(u, Tz, 1)
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S (1 - an)ﬁnd(xna $n71> + (1 - Oén)(l - ﬁn)d(Tzna Tznfl)
+ (1 - Oén)|ﬁn A ﬁnflld(xnfla Tznfl) + ‘Oén - anflld(ua TZn71>

+ |an Y an—1|ﬁn—1 [d(u, Tzn—l) + d(TZn—h xn—l)

— |y — ap1|Bn_1d(u, Tzp—1)

< (1 —ap)Bnd(xn, 1) + (1 —ap) (1 — 5,)d(Tz,, Tz, 1)
+ (1 — an)|Bn = Bu-1ld(@n—1,Tzn—1) + |ty — atn_1|d(u, Tzp_1)
+ oy — a1 |Bnad(n 1, T2p1)

S (1 — an)(l — ﬁn)d(TZna T,anl) + (1 - an)ﬁnd(xnaxnfl)
+ |(Bn i ﬁnfl)(l - an) = (Oén - anfl)ﬁnfl’d(xnfla Tznfl)
+ | — g |d(u, Tzp—q).

This implies that

d(xn—f—l) xn) S (]- - an)(]- T\ ﬁn)d(zna Zn—l) + (1 L an)ﬁnd(l‘na xn—l)
+ |(ﬁn - ﬁn—l)(l — an) + (an IS an—l)ﬁn—1|d($n—17 Tzn—l)
+ |Oén — an,1|d(u, Tanl). (5132)

Again, from (5.1.27), we have
Wy, = 0pxy @ (1 = 0,)Txy,
Wp-1 = 0p1Tp-1D (1 — 1)L 1.
Therefore
A, Wo_r) = d<5n:cn ® (1 — 0,)T T, Sn1Zn1 ® (1 5n,1)Txn,1)
< d(énxn B (1 — 0,)T T, nn @ (1 — 5n)Txn,1)
+ d<5nxn & (1= 6,)T %1, Onnt & (1 — 5n)Txn_1>
+ d<6nxn_1 @ (1= 6,)Tn 1, O 1tn1 & (1 — 5n_1)Txn_1>

S (1 - 5n)d(Txn7 Txnfl) + ‘5n B 5n71|d(xn717 T'xnfl) + 5nd(xn7 l.nfl)
S (1 - 5n)d(xn7 xn—l) + |5n - 5n—1|d(l‘n—1a Txn—l) + 5nd(l‘na xn—l)-

That is,
d(wp, wy—1) < d(xp, 1) + |00 — Op_1|d(xp_1, TTp_1). (5.1.33)

Similarly, we have

Zn—1 = Yn—-1Tn-1 S¥ (1 - 7n71>Twn71-
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Thus,
d(Zn, Zn71> S (1 w ’Yn)d(Twna Twnfl) + ’Ynd(xna xnfl)
+ h/n - 7n71|d(xn717 Twnfl)

S (1 —\ ’yn)d(wna wnfl) + ’Ynd(xna xnfl)
+ h/n U ’Ynfl|d<xn717 Twn71>- (5134)

By substituting (5.1.33) into (5.1.34) we have
d(zna Zn—l) S (]- - /Yn) d(l‘na xn—l) + |5n - 5n—1|d(l‘n—1a T‘rn—l)

+ Vnd(l'na xn—l) + |’7n - Vn—l'd(xn—la Twn—l)

< d(Tp, Tp-1) + |0n — On_1|d(xp—1, Txp_1)
+ Vn — Yoo1|d(@n_1, Tw,_1).
It follows that
(20, 20-1) < d(@n, @n1) + (100 — Gna| + [0 — Yn1]) Mo (5.1.35)
where M; is an appropriate constant such that
M, > max {d(xn_l, Tz, 1), d(Tn-1, Twn_l)}.
By substituting (5.1.35) into (5.1.32), we get that

A1, 70) < (1= @), 0-1) + (1= ) (1= Bu) (1001 = dal + [t =70l M
+1(Bn = Br-1)(1 — ) + (an — 1) Ba|d(zn—1, T20-1)
+ |y, — a1 |d(u, Tz, q). (5.1.36)
Therefore
d(xps1, Tn) < (1 — ap)d(zp, Tp_1)
4 3 (= Y|+ 1 — G| + 20 — s + 15— 8a]) (5.1.37)
where M is an appropriate constat such that
M > max {d(u,Tzn_l), d(xp—1,T2zp_1), Ml}

for all n. By assumptions (C1) - (C2), we have

o
lim o, =0, E a, = o0, and
n=1

n—~00

oo

> (1 = Fncal + 1B = Bucal + 2l = @] + 16, = du ) < 0.

n=1

Now, applying Lemma 2.2.6 to (5.1.37), we obtain

lim d(x,41,2,) = 0.

n—oo
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Lemma 5.1.16. If C, T, {an}, {yn}, {2} Awn}, {on}, {Gn}, {1} and {5,} satisfy
conditions (C1), (C2) and

C(3): B+ (1+B0)(1 —7)(2—=146,) €[0,a) for somea € (0,1),
then lim,, . d(x,, Tx,) = 0.

Proof. First, by using condition (C1), we get that

d(l‘n-i-la yn) S\ d(anu D (1 - an)yna yn)
d(xpi1,Yn) < apd(u,y,) — 0, as n — oo. (5.1.38)

We estimate as follows:

d(zy, Tx,) + (Yn, Tzn) + d(Tz, Txy,)
(Yn, T'zp) + d(2p, xp)
Tpi1s Yn) + Bnd(xn, Tz) + d(2n, 24)
Ty Tyt Tnt1,Yn) + Bnd(zn, Txy)

+ Bnd(Txy, Tzy) + d(2zn, ©0)
< d(Tn, Tny1) + d(Tny1, Yn) + Bud(wn, Ty)

(l'na Tp+1 Tn4+1y Yn

)+d
anrl,yn) _'_d
)+

R

y Tn+1
y Lyt
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d(xna anrl) + d(anrla yn) + ﬁnd(xna Txn) + (1 + ﬁn)d(xna Zn)
d(:En, xn-ﬁ-l) + d(xn—i—la yn) + ﬁnd(xna Txn)
+ (1 + B,) (1 = y)d (0, Tw,)

IN

/\

d(@n, Tns1) + d(@ng1, Yn) + Ond(n, Ten)

+ (14 60)(1 =) [d(xn, Tx,) +d(Tx,, Twn)]

< d(@p, Tpi1) + d(Tngr, Yn) + Bud(n, Tay)

+ (1 + Ba) (X = ym)d(@n, Ten) + (14 5n) (L = vn)d(wn, wn)

S d(l‘na xn-i-l) + d(xn—I—la yn) + ﬁnd(xna T"L‘n)
+ (14 Bn)(1 — vp)d(xy, Txy,)
+ (14 Bo) (1 = vn)(1 = ,)d(xy, Txy,).

It follows that
{1= [Ba+ (L4 B)(1 = 70) + (L + B) (1 =) (1 = 60)] Jd(w, T)

S d(l‘n, anrl) + d(anrla yn)
That is

{1 - [ﬁn + (14 8u) (1 =) (2 — 5n)} }d(xna Tw,) < d(@y, Tpgr) + d(Tns1, Yn)-
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Hence, from condition (C3), (5.1.38) and Lemma 5.1.15 we obtain

lim d(z,,Tx,) = 0.

n—oo

O

By combining the ideas and the techniques in [41] and [49], we can obtain the strong
convergence theorem of the modified Noor iterative scheme (5.1.27) in the CAT(0) space.

Theorem 5.1.17. Let C be a nonempty closed and convex subset of a complete CAT(0)
space X and let T : C — C' be a nonexpansive mapping such that F(T) # (). Given
a point u,rg € C are arbitrarily chosen and given sequences {a,}, {Bn} in (0,1) and
{vn}, {0} in [0, 1], the following conditions are satisfied:

(C1) > g =00, lim, .o, =0;

(C2) Z;’io |1 — Q| < 00, 220:0 |Bns1 — Bn] < 00,

ZSLO:O |’7n+1 - '7n| < 00, and Zzo:o |6n+1 - 5n| < 005
(C3) B+ (1+ Bp)(1 —4,)(2 = 6,) € [0,a) for some a€ (0,1).

The sequence {x,} is defined iteratively by (5.1.27). Then {x,} converges to a fized
point z € F(T') which is nearest to u.

Proof. From Lemma 5.1.14, we have {x,}, {y.}, {2z.} and {w, } are bounded sequences,
and it follows from Lemma 5.1.16 that lim, . d(z,, Tx,) = 0. Next, we prove that
{z,} converges to a fixed point z € F/(T') which is nearest to u. From Lemma 2.2.2; let
z = limy_,g z; where z; is given by (2.2.2). Then, z is the point of F/(T') which is nearest
to u. We observe that

(211, 2) = P (anu @ (1 — a)yn, 2)
< and? (1, 2) + (1 — an) (Y, 2) — (1 — an)d?(u, y)
< and® (1, 2) + (1 — an)d (2, 2) — an(1 — cn)d?(u, yn)
= (1= @)d(wn, 2) + o (@, 2) = (1= a)d(u, ) ).
That is
(21, 2) < (1= )d (2, 2) + an (d?(u, 2) = (1 — an)d(u, yn)>. (5.1.39)

By Lemma 2.2.3, we have p,, (d*(u, z) — d*(u, x,)) < 0 for all Banach limit z. Moreover,
since d(zp41,x,) — 0, we have

lim sup (dQ(u, 2) + d*(u, 2py1) — d*(u, 2) — d*(u, xn)> = 0.
It follows from d(z,,y,) — 0 and Lemma 2.2.1 that
lim sup <d2(u, z)—(1— an)dQ(u,yn)> = lim sup <d2(u, z) — dQ(u,xn)> <0.

Applying Lemma 2.2.6 to (5.1.39), we get that lim,, .., d(x,, 2) = 0. O
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The following results are immediately consequence of Theorem 5.1.17, by taking
0, = 1 in Theorem 5.1.17.

Corollary 5.1.18. Let C be a nonempty closed and convex subset of a complete CAT(0)
space X and let T : C — C be a nonexpansive mapping such that F(T) # (. Given
a point u, xg € C are arbitrarily chosen and given sequences {a,}, {5,} in (0,1) and
{vn} in [0, 1], the following conditions are satisfied:

(C1) > jan, =00, lim, .o, =0;

(02) Zf:o ‘OénJrl - O‘n| < 00, Z’;.LO:O |Bn+1 - ﬁn\ < o0,

ZZO:O h/n-i-l = /7n| < 00,
(C3) B+ (1+5,)(1 —7,) €[0,a) for some a € (0,1).
The sequence {x,} is defined iteratively by

Yn = Butn @ (1 — B,) T2y, (5.1.40)
Tor1 = auu®d (1 —ay)y,, VYn>0.

Then {x,} converges to a fized point z € F(T') which is nearest to u.

As a consequence of Corollary 5.1.18, we obtain the following result. It can be
viewed as a generalization of Theorem 4.1.9.

Corollary 5.1.19. Let C be a nonempty closed and convex subset of a complete CAT(0)
space X and let T : C' — C' be a nonexpansive mapping such that F(T) # (). Given a
point u, kg € C are arbitrarily chosen and given sequences {a,} and {3,} in (0,1), the
following conditions are satisfied:

(C1) > yan =00, lim, .o, =0;
(C2) 220:0 |1 — | < o0, Z;O:o | Brg1 — Bn| < 00;
(C3) B, €10,a) for some a€(0,1).

The sequence {x,} is defined iteratively by

(5.1.41)
Tor1 = auu®d (1 —an)y,, VYn>0.

Then {x,} converges to a fized point z € F(T) which is nearest to u.

Proof. By taking 7, = 1, in Corollary 5.1.18, then {x,} converges strongly to a fixed
point z € F(T) which is nearest to u. O



