Chapter 4
The related results for CAT(0) Spaces

4.1 Common Fixed Point Theorems

In this section we ensure the existence of common fixed points for a family of
asymptotic pointwise nonexpansive mappings in a CAT(0) space. Before proving the
theorem some definitions have to be explained.

Definition 4.1.1. Let M be a metric space and F be a family of subsets of M. Then
we say that F defines a convezity structure on M if it contains the closed balls and is
stable by intersection.

Definition 4.1.2. ([24]) Let F be a convexity structure on M. We will say that F is
compact if any family {A,}, . of elements of F has a nonempty intersection provided
Nuer Aa # 0 for any finite subset F' C T'.

Let X be a complete CAT(0) space. We denote by C(X) the family of all closed
convex subsets of X. Then C(X) is a compact convexity structure on X (see e.g., [24]).
The existence of fixed points of just one asymptotic pointwise nonexpansive
mapping in CAT(0) space was proved by Hussain-Khamsi [24] as the following theorem.

Theorem 4.1.3. Let X be a complete CAT(0) space and C' be a nonempty bounded closed
convex subset of X. Suppose that T : C' — C' is an asymptotic pointwise nonexrpansive
mapping. Then F(T) is nonempty closed and convex.

The following theorem is one of our main existence theorem. This theorem is
an extension of Theorem 4.1.3.

Theorem 4.1.4. Let X be a complete CAT(0) space, C' be a nonempty bounded closed
convex subset of X. Then for any commuting family S of asymptotic pointwise non-
expansive mappings on C, the set F(S) of common fized points of S is a nonempty
nonexpansive retract of C'.

Proof. Let T be the family of all finite intersections of the fixed point sets of mappings
in the commutative family S. We first show that 7 has the finite intersection property.
Let T}, T, ..., T,, € S. By Theorem 4.1.3, F((T}) is a nonempty closed and convex subset
of C'. We assume that A := ('_] F(T}) is nonempty closed and convex for some k € N

j
with 1 <k <n. Forx € Aand j € Nwith 1 <j <k, we have

Ty(x) = Ty 0 Ty(2) = Ty o Ty(2).
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Thus Ty (x) is a fixed point of T}, which implies that T} (z) € A, therefore A is invariant
under Tj. Again, by Theorem 4.1.3, T} has a fixed point in A, i.e.,

k

(\F(T;) = F(Tw) [ )A #0.

J=1

By induction, (\;_, F'(T}) # (. Hence T has the finite intersection property since C(X)
is compact,

F(S)=[)T#0.

TeT

Obviously, the set is closed and convex. By Lemma 2.2.11 we obtain that the projection
map x — P(x) is also a nonexpansive retraction from C onto F'(7.) This implies the
desired conclusion. O]

As a consequence of Theorem 4.1.4, we obtain an analog of Bruck’s theorem

([6))-

Corollary 4.1.5. Let X be a complete CAT(0) space, C' be a nonempty bounded closed
convex subset of X. Then for any commuting family S of nonexpansive mappings on C,
the set F(S) of common fized points of S is a nonempty nonexpansive retract of C.

4.2 A-Convergence and Strong Convergence Theorems

Let X be a complete CAT(0) space and C' be a closed convex subset of X. Let
Ty, ..., T € 7,(C) and let t € (0,1) and {ng} C N be an increasing sequence of natural
numbers. Let 21 € C' and define a sequence {z;} in C' as:

Tht1 = (1 - t)xk D tT:rLka(m_l)k, (421)
Ym-1)k = (1 = )2 @ T % Ym—2)ks
Ym-2pk = (1 =) & tTF 9Yim—3)k,

Yor = (1 — )y, © 15 Yy,
yir = (1 =)z, © tT7" yor,
Yok = Tk, k € N.
We say that the sequence {x;} in (4.2.1) is well-defined if lim sup a,,, (zx) = 1.

k—o0
As in [35], we can choose a subsequence {a,, } which makes the sequence {xy}

well-defined since limy_, . ax(z) = 1 for every x € C.

We may observe that the same method used in proving the results in uniformly
convex Banach spaces can be used to obtain the analogous results for CAT(0) spaces
by replacing the norm with the distance. For completeness of the thesis we write them
in details.
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Lemma 4.2.1. Let X be a complete CAT(0) space, C be a nonempty closed convex
subset of X and let Ty, ..., T,, € T,(C). Let t € (0,1) and {ny} C N be such that {z\}
in (4.2.1) is well-defined. Assume that F' = (-, F(T;) # 0. Then for each p € F, there

are sequences of nonnegative real numbers {y} and {6y} (depending on p) such that
Yoo ke < 00, > e O < 00 and the following statements hold:

(i4i) limy_.o d(xg,p) exists.
Proof. (i) Let p € F and i, = by, (p) for all k € N. Then Y > | 4 < oo. Consider
d(y1k, p) = d((1 — t)y, @ tT7"k, p)
< (1 = t)d(zg, p) + td(T)*z, p)
< (L —=t)d(zx, p) + t(1 + bn, (p))d(zk, p)
= (1 =t)d(zx, p) + t(1 + vi)d(2s, p)
< (1 +y)d(zy, p)-
Suppose that d(y;x, p) < (14 %) d(z, p) holds for some j =1,2,...,m — 2. Then
d(y(+1k, p) = d((1 — )z & tT7E j+1Yjk: P p)
< (1 —t)d(wg, p) + td(T; 1Yk, p)
< (1= t)d(@e, p) + (1 + ) d(Y;n, p)
< (1= t)d(y, p) + t(1 + ) d(z, p)
Jj+1 .
1 2 —
1—t+t<1+z i AU T>7£)]d(xk,p)

r!
r=1

J-‘rl
1)j 2 —
(HZ kA %) (i, p)

= (1 + ) ™d(xg, p).
By mathematical induction, we have
d(yir, p) < (14 3) ' d(zy, p), for alli =1,2,...,m — 1. (4.2.2)
(ii) By using (4.2.2) we obtain that
d(Tp41,p) = d((1 = )k ST Yn—1)k, D)
< (1 = t)d(wy, p) + td(Tr Yn-1)k: P)
< (1 = t)d(zx, p) + t(1 + %) d(Y(m-1): P)
< (1= t)d(xx, p) + (1 + )" d(r, p)

1—t+t <1+§:m(m_1)”r',(m_r+1) vk>] d(zy, p)

r=1

x 1+zm: (m_l)"'(m_r+1)7£>d(m,p)

rl
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where §, = S mmlelmrd ) o Gince S7%° ) 4 < 00, then S50 6 < oo.

r=1 r!

(iii) follows from part (ii) and Lemma 3.2.4. O

Lemma 4.2.2. Let X be a complete CAT(0) space, C' be a nonempty closed convex subset
of X and T, ..., T,, € T,(C). Let t € (0,1) and {ny} C N be such that {zy} in (4.2.1)
is well-defined. Assume that F = (", F(T;) # 0. Then

(1) limy oo d(xp, T Y1) = 0, for alli=1,2,...,m;
(ii) limy,_oo d(ag, T x)) = 0, for alli=1,2,...,m,

(iii) If the set J = {k € N: ngyq = 14+ny} is quasi-periodic, then limy_ o d(zy, Tixg) =
0, foralli=1,2,...,m.

Proof. Let p € F By Lemma 4.2.1 (iii), we get limy_ o d(xy,p) exists. Let

klim d(xy,p) = c. (4.2.3)
By Lemma 4.2.1 (i), we have
d(yjk>p) < (1 + fyk)]d(xkap)v for all ] =1, 27 cym—1 (424)

By taking on both sides the lim sup as k — oo, we get that

limsup d(yjx,p) < ¢, for j=1,2,...,m—1. (4.2.5)
k—oo
Since
d(zpg1,p) = d((1 — )21 © T Y(m—1)k> D)
< (1 —=t)d(zw, p) + td(TrF Y om—1)k, P)
< (1 = t)d(wg, p) + 1+ Y)d(Ym—1)k: P)
< (1=t (1 + )™ d(zk, p)
+ (1 + )" d(yjm, ).
Then a( ) o )
Tk, P LTk41,P
d < F - : -+ d(y; )
(.Tk,p) = pm—j tm_](l ‘l"}/k)m_] 55 (y]k7p>
It follows that
c < ligninf d(yjk,p), for j=1,2,...,m—1. (4.2.6)

From (4.2.5) and (4.2.6), we have
klim d(yjk,p) = ¢, foreach j=1,2,...,m—1
That is,

lim d((1 —t)zp © tT;" Y1k, p) = ]}i_{lolo(yjkap) =c,

k—oo
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for all j =1,2,...,m — 1. We also obtain from (4.2.5) that

limsup d(T;™y-1yr,p) < ¢, foreach j=1,2,...,m— 1.

k—o0

By Lemma 2.2.14, we get that
kli_)rgod(Tf’“y(j_l)k,xk) =0, foreach j=1,2,....m— 1.
For the case j = m, we have by Lemma 4.2.1(i) that

AT Y (m—1)s D)

Since limy_, . d(zy, p) = ¢,

lim sup d(T y(m-1yx, p) < c.

k—o00

Moreover,

lim d((1 =) & T Yn-1)k, p) = Iim d(zg41,p) = c.

k—o0

Again, by Lemma 2.2.14, we get that
khm d(TnZky(m—l)ka ZL"k) =0.
Thus, (4.2.7) and (4.2.8) imply that

lim d(T;"*yg-1yk, xx) = 0, for each i =1,2,...,m.

k—oo

(ii) For 7 = 1, we have by part (i) that

lim d(77"*zy, 1) = 0.

k—o0
If 7 =2,3,...,m, then we have

d(T;* oy, wp) < d(T7" 2n, T y-ye) + AT Y1)k, Tr)
< an, (2)d(Tk, Y(—1yk) + AT Y-k, Tk)

< i (o), T4y 2y6) + AT} g5k )

By part (i) and lim sup,_, . a,, (zx) = 1, we get

limsup d(T}"*zy, x1) = 0 for j =2,3,...,m.

k—o00

By (4.2.10) and (4.2.11), we have

lim d(T}"* 2y, 21) =0, forall j=1,2,...,m,

k—o0

(4.2.7)

(4.2.8)

(4.2.9)

(4.2.10)

(4.2.11)

(4.2.12)
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which completes the prove of (ii).
Observe that (4.2.8) and the construction of the sequence {z;} yield

klim d(zgs1, ) = 0. (4.2.13)
(iii) We will show that
lim d(Tjag, xx) =0 forall j =1,2,...,m. (4.2.14)

k—oo

It is enough to prove that d(Tjzy,x;) — 0 as k — oo through J. Indeed, let ¢ be a
quasi-period of J and € > 0 be given. Then there exists N; € N such that

lim d(7Txy, x) < =, forall k € J such that k > Nj. (4.2.15)

k—o00

Wl M

By the quasi-periodicity of J, for each [ € N there exists i, € J such that |l — ;| < q.
Without loss of generality, we can assume that | < i; < [+q (the proof for the other case
is identical). Let M = sup{a;(z) : € C'}. Then M > 1. Since lim;_o d(z141,2;) = 0
by (4.2.13), there exists Ny € N such that

d(xp1, 1) < ?;qLM’ for all I > Ns. (4.2.16)

This implies that for all [ > Ny,

9 9
d(l’il,$l) S d(l’il,$il_1) + ...+ d(SL’H_l,.Tl) S q (3qM) = 3—M (4217)

By the definition of T, we have

(T, Tywy) < Md(ziy, ;) < M <i> _—— (4.2.18)

3M 3
Let N = max{Ny, Na}. Then for [ > N, we have from (4.2.15), (4.2.17) and (4.2.18)
that

9 15 9
d(bejIl) < d(xbxiz) + d(zinzjiz) + d(zjiz’ zjl) < 3—M + g + g <e.

To prove that d(Tjxy, zx) — 0 as k — oo through J. Since J = {k € N :
ng11 = ng + 1} is quasi-periodic then for each k € J, we have
d(z, Tyax) < d(@, Tppa) + d(@pgr, T, apgn) + AT g, T 2
+ d(Tf’“H:Ek, Tjx)
< d(xg, Tpg1) + d(@ggr, TjnkaEkJrl) + ank+1($k+1)d($k+la Ty)
+ ay (zr)d(T " 2y, 1)

This, together with (4.2.12) and (4.2.13), we can obtain that d(7;x, x;) — 0 as k — oo
through 7. O
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For approximating fixed points in this space, we are interested in proving the
A—convergence and strong convergence of the sequence defined in (4.2.1). For the
A —convergence, its proof is different to that of weakly convergence in Banach spaces.
More lemmas are needed to apply. All of them can be found in [35] (see also [24]).

Lemma 4.2.3. Let X be a complete CAT(0) space, C' be a nonempty closed convex subset
of X and let T € T,(C). If lim, o d(z,, Tx,) = 0, then lim, . d(x,, T'z,) = 0 for
every | € N.

The following lemma is the demiclosed principal for asymptotic pointwise non-
expansive mapping in CAT(0) spaces.

Lemma 4.2.4. Let X be a complete CAT(0) space, C' be a nonempty closed convex
subset of X and let T € T.(C). Suppose {z,} is a bounded sequence in C' such that
lim,, o d(x,, Tz,) =0 and A —lim, z,, = w. Then Tw = w.

Lemma 4.2.5. Let X be a complete CAT(0) space, C' be a nonempty closed convex subset
of X and let T : C' — C' be an asymptotic pointwise nonexpansive mapping. Suppose
{z,} is a bounded sequence in C such that lim, .. d(z,,Tx,) = 0 and {d(z,,v)}
converges for each v € F(T), then wy(x,) C F(T). Here wy(x,) = UA ({u,}) where
the union is taken over all subsequences {u,} of {x,}. Moreover, w,(x,) consists of
exactly one point.

Proof. Let u € wy(w,). Then there exists a subsequence {u,} of {z,} such that
A({u,}) = {u}. By Lemma 2.2.13 (i) and (ii), there exists a subsequence {v,} of
{u,} such that A — lim,, v, = v € C. Since lim, ., d(x,, Tz,) =0,

7111}010 d(v,, Tvy,) = 0.
By Lemma 4.2.4, we have v € F(T). We also have u = v by Lemma 2.2.13 (iii). This
shows that wy,(z,) C F(T).

Finally we will show that w,(z,) consists of exactly one point. Let {u,} be a
subsequence of {z,} with A({u,}) = {u} and let A({z,}) = {z}. Since u € wy(z,) C
F(T), {d(zp,u)} converges. Again, by Lemma 2.2.13 (iii), # = u. This completes the
proof. O

Now, we are ready to prove our A—convergence and strong convergence theo-
rems.

Theorem 4.2.6. Let X be a complete CAT(0) space, C' be a nonempty closed convex
subset of X and Ty,...,T,, € T.(C). Let t € (0,1) and {nx} C N be such that {x} in
(4.2.1) is well-defined. Suppose that F = (-, F(T;) # 0 and the set J = {k € N :
ngr1 = 1+ ny} is quasi-periodic. Then {xy} A—converges to a common fized point of
the famzly {Tl, Tg, oo Tm}

Proof. Let p € F. By Lemma 4.2.1 (iii), we have limy_,, d(zg, p) exists and hence {z}
is bounded. Since we have from Lemma 4.2.2 (iii) that limy_ . d(zg, Tjz,) = 0 for all
Jj=1,2,...,m, it follows from Lemma 4.2.5 that w,,(z)) C F(1j) forall j =1,2,...,m.
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And thus wy,(zx) C (2, F(T}) = F. Since w,(xx) consists of exactly one point, {z}}
A—converges to an element of F' as desired. O

Theorem 4.2.7. Let X be a complete CAT(0) space, C' be a nonempty closed convex
subset of X and Ty,...,T,, € T,(C). Assume that T is semi-compact for some i €
{1,2,....m} andl € N. Let t € (0,1) and {ng} C N be such that {xx} in (4.2.1) is well-
defined. Suppose that F = (" F(T;) # 0 and the set J = {k € N: nyq =1+ ng}
is quasi-periodic. Then {xy} converges strongly to a common fized point of the family
{11, Tz, ..., T}

Proof. By Lemma 4.2.2 (iii), we have

lim d(xy, Tizg) =0, for i =1,2,...,m. (4.2.19)

k—o00

Let i € {1,2,...,m} be such that T} is semi-compact. Thus, by Lemma 4.2.3,

lim d(zy, Tlay) = 0.

k—oo

We can also find a subsequence {zy,} of {x;} such that lim; .. 2, = p € C. Hence,
from (4.2.19), we have

d(p, Tip) = jlirglod(xkj,ﬂxkj) =0, forall i=1,2,...,m.

Thus p € F' and but since limy,_,, d(z, ¢) exists, {x;} must itself converges to p which
completes the proof. O

Next is the lemma we constructed for proving the sufficient condition for strong
convergence of the sequence {x,} defined by (4.2.1) to a common fixed point of the
family {13, 15, ..., T, }.

Lemma 4.2.8. Let X be a complete CAT(0) space, C' be a nonempty closed convex subset
of X and Ty, ..., T,, € T,(C) be such that Y.~ sup,cc by, () < oo. Let t € (0,1) and
{ni} C N be such that {x}} in (4.2.1) is well-defined. Assume that F = (.-, F(T;) # 0.
Then

(i) there exists a sequence {vy} in [0,00) such that Y o vy < oo and d(xgi1,p) <
(1 + vp)™d(zk, ), for allp € F and all k € N,

(ii) there ezists a constant M > 0 such that d(zyy,p) < Md(xy,p), for allp € F and
k,l e N.

Proof. Let p € F.
(i) Let vg = sup,ce by, () for all k € N. Since Y7, sup,ce by, (x) < oo, we
have Y 72 | v, < co. By Lemma 2.2.10 (i), we have
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d(y1x, p) = d((1 — t)xy, ® tT* 2k, p)

(1 = t)d(xx, p) + td(T7" zy, p)

(1 — t)d(w, p) + t(1 + by, (p))d(zy, D)
(1 + bn, (p))d(zk, p)

(

<
<
<
< (1 + wg)d(xg, p).

Suppose that d(y;x, p) < (14 vg)?d(xx, p) holds for some j = 1,2,...,m — 2. Then

d(Y(i+1k, p) = d((1 = ) & tT7 5 y;n, p)
)d(y, p) + td(T}1y5m, D)

1 —t)d(wy, p) + t(1 + b (p))d(Yjn, P)
)d(xr, p) + t(1 + ve)d(y;u, p)
)d(zr, p) + t(1 + v Td(zy, p)

1—t+t(1+Jz(j+1)]”.(j+2_r)vz>]d(l’kap)

rl

1 S GG,

U

IN

d(xk,p)

= (1 + v ) " d(y, p).
By mathematical induction, we have
d(yir, p) < (14 vg)'d(xg, p), foralli=1,2,....,m — 1. (4.2.20)

This implies that

d(rgy1,p) = d((1 = t)zp T Ym—1)k, P)
< (1 =t)d(zy, p) + td(T3 Ym—1)k: P)
< (1 =t)d(zg, p) + (L + by (p)d(Y(n-1)k, P)
< (1= t)d(zp, p) + t(1 4+ vp) (1 + vp)™ d(k, p)
< (1 — t)d(xg, p) + t(1 + vg)"d(zk, p)
= |1—t+¢ <1+Zm m-1 "r"(m_r+1>v;>] d(zy, p)
< gyt }'!(m_w Dot darp)

= (1 +vg)"d(xx, p)

which completes the proof of part (i).
(ii) We observe that (1 + «)” < €™ holds for all n € N and a > 0.
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It follows from part (i) that for k,[ € N,
d(Tpti,p) < (14 vppi—1)"d(@s1-1, p)

ki1
< exp{mugqi-1}d(Trri-1,p) < - <exp {m Z Ui} d(zk, p)

i=1
< exp {mZv,} T, D).

The proof is complete by setting M = exp{m > = v;}. O

Theorem 4.2.9. Let X be a complete CAT(0) space, C' be a nonempty closed con-
vexr subset of X and Ty,...,T,, € T,(C) be such that > ;- sup,cc by, (x) < oo. Let

€ (0,1) and {ni} C N be such that {xy} in (4.2.1) is well-defined. Assume that
F =", F(T;) # 0. Then {xy} converges strongly to some point in F if and only if
liminfy o d(zg, F') = 0, where d(z, F') = inf ,cp d(z, p).

Proof. The necessity is obvious. Now, we prove the sufficiency. From Lemma 4.2.8 (i),
we have

d(zrs1,p) < (1 +vp)"d(zg, p), for all p € F and all k € N.
This implies that

m—r+1)

Az, F) < (1+ vp)"d(ap, p) = (1 +y mm=1): 'T'!( v;;> d(zx, F).

Since S22 v < oo, S22 S mlmhelmortl o oo, By Lemma 3.2.4, we get
limg .o d(zg, F) = 0. Next, we show that {zx} is a Cauchy sequence. By Lemma
4.2.8 (ii), there exists an M > 0 such that

d(xgsr,p) < Md(zy,p), forall p e F and k,l € N. (4.2.21)

Since limy,_, . d(x, F') = 0, for each € > 0, there exists k; € N such that

d(zy, F) < for all & > k.

€
2M’
Hence there exists z; € F' such that

€

d(.flfkl,Zl) < m (4222)
By (4.2.21) and (4.2.22) for k > ky, we have
€
d(xk-i-l’xk) < d(SL’]H_l, Zl) + d(l’k, Zl) < Md(:(}kl, Zl) —+ Md(xkl,zl) < 2M <2M) = €.

This shows that {z}} is a Cauchy sequence and so converges to some p € C. Actually,
p € C because {x} C C and C is a closed subset of X. Next we show that p € F. Since
F(T;) is a closed subset in C for all i = 1,2,...,m, so is F' = N, F(7;). From the
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continuity of d(z, F') with d(zg, F') — 0 and z — p as k — oo, we get d(p, F') = 0 and
thus p € F. Therefore, the proof is complete. O

As an immediate consequence of Theorem 4.2.9, we obtain the following corol-
lary.

Corollary 4.2.10. Let X be a complete CAT(0) space, C' be a nonempty closed convex
subset of X and Ty,...,T,, € T,(C) be such that Y o, Sup,cc b, () < co. Let t €
(0,1) and {ny} C N be such that {xy} in (4.2.1) is well-defined. Assume that F' =
Niey F(T;) # 0. Then {xy} converges strongly to a point p € F if and only if there
exists a subsequence {wy,} of {wx} which converges to p.

Theorem 4.2.11. Let X be a complete CAT(0) space and C be a nonempty closed
convez subset of X. Let {Th,...,T,,} C T,.(C) be satisfy Condition (A”). Assume that
F=N"F(T) # 0 and Y >, sup,ce bn, () < 0o. Let t € (0,1) and {n,} C N be
such that {xy} in (4.2.1) is well-defined. If the set J = {k € N : ngyy = 1+ ng}
is quasi-periodic, then {x;} converges strongly to a common fized point of the family
{1, Ty, ..., T}

Proof. By Lemma 4.2.2 (iii), limg_o d(xy, Tizx) = 0, for all ¢ = 1,2,...,m. By using
Condition (A”), there exists a nondecreasing function f : [0, 00) — [0, 00) with f(0) =0,
f(r) >0 for r € (0,00) such that

lim f(d(xy, F)) < klim d(zy, Tjzy) = 0 for some j=1,...,m.

k—o0 —00

This implies that limy_, d(zx, F') = 0. The conclusion follows from Theorem 4.2.9. [



