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APPENDIX A 
 

 

Some analysis results of Chapter 6 
 

 

 

Table A1 Data Descriptive Statistics for Log-difference of Ethanol, NYMEX, ICE, 

DME, Corn, Wheat 

 Ethanol NYMEX ICE DME Corn Wheat 

Mean -0.000055 0.000263 0.000312 0.000333 0.000060 0.000131 

Median 0.000834 0.000990 0.000824 0.000906 0.000347 0.000000 

Maximum 0.094029 0.164097 0.127066 0.133869 0.127571 0.103730 

Minimum -0.309978 -0.130654 -0.120559 -0.133661 -0.268620 -0.099728 

Std. Dev. 0.022511 0.025823 0.022946 0.022044 0.023392 0.024523 

Skewness -3.357217 0.080635 -0.283888 -0.138357 -0.991917 0.051297 

Kurtosis 42.480000 8.519100 7.362100 8.287600 15.546000 4.533400 

p-value of 

Jarque–Bera 

(0.01) (0.01) (0.01) (0.01) (0.01) (0.01) 

p-value of 

Augmented-

Dickey-Fuller test 

(< 2.2e-16) (< 2.2e-16) (< 2.2e-16) (< 2.2e-16) (< 2.2e-16) (< 2.2e-16) 

Number of 

observations 

1,540 1,540 1,540 1,540 1,540 1,540 
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Table A2 Data Descriptive Statistics for Log-difference of Feed Wheat, Soybeans, 

Rapeseed, Palm Oil, Exrate  

 Feed Wheat Soybeans Rapeseed Palm Oil Exrate 

Mean 0.000327 0.000314 0.000192 -0.000022 -0.000013 

Median 0.000000 0.001420 0.000857 0.000000 -0.000128 

Maximum 0.133531 0.203209 0.066101 0.097638 0.017351 

Minimum -0.106018 -0.234109 -0.111042 -0.110391 -0.023029 

Std. Dev. 0.016261 0.020350 0.013286 0.019477 0.003780 

Skewness 0.445828 -0.994577 -0.866279 -0.355675 -0.069985 

Kurtosis 10.447100 22.707700 8.433400 7.414700 6.805900 

p-value of Jarque–

Bera 

(0.01) (0.01) (0.01) (0.01) (0.01) 

p-value of 

Augmented-Dickey-

Fuller test 

(< 2.2e-16) (< 2.2e-16) (< 2.2e-16) (< 2.2e-16) (< 2.2e-16) 

Number of 

observations 

1,540 1,540 1,540 1,540 1,540 
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Table A3 Results of ARMA(p,q)-GARCH(1,1) with Skewed Student-T Residual for 

Ethanol, NYMEX, ICE 

 Ethanol 
Std. error 

(p-value) 
NYMEX 

Std. error 

(p-value) 
ICE 

Std. error 

(p-value) 

mu 4.258e-05    
1.903e-04 

(0.8229)     
5.128e-04    

4.643e-04 

(0.2694)     
5.422e-04    

4.290e-04 

(0.2063)  

ar1 6.350e-01    
3.093e-01 

 (0.0401 *  )     
- - -4.969e-02    

2.553e-02 

(0.0516 . )  

ma1 -5.965e-01    
3.266e-01 

(0.0678 .  )    
- - - - 

 9.098e-06    
4.244e-06 

(0.0321 *  )     
4.322e-06    

2.253e-06 

(0.0551 .  )     
1.806e-06    

1.246e-06 

(0.1472) 

 3.782e-02    
1.365e-02 

(0.0056 **)     
7.185e-02    

1.590e-02 

(6.19e-06 ***)     
5.328e-02    

1.157e-02 

(4.13e-06 ***)  

β 9.426e-01    
2.022e-02 

(<2e-16 ***)    
9.213e-01    

1.716e-02 

(< 2e-16 ***)    
9.444e-01    

1.176e-02 

(< 2e-16 ***)  

ν  (degree of 

freedom) 
3.777e+00    

3.756e-01 

(<2e-16 ***)    
8.413e+00    

1.643e+00     

(3.03e-07 ***) 
6.563e+00    

1.136e+00 

(7.62e-09 ***)  

 (skewness) 9.013e-01    
3.247e-02 

(<2e-16 ***)    
9.253e-01    

3.310e-02 

(< 2e-16 ***)    
9.170e-01    

3.164e-02  

(< 2e-16 ***)   

Log-likelihood 4,013.701     - 3,795.822     - 3,938.475     - 

GARCH(1,1) test, 

+ β 
0.9804 - 0.99315 - 0.9977 - 

Note: Significant codes: 0 “***”; 0.001 “**”; 0.01 “*” 0.05. 

 

Table A4 P-values of K–S Test and Box–Ljung Test for Marginal Distributions of 

Ethanol, NYMEX, ICE 

 
Ethanol  

(p-value) 

NYMEX  

(p-value) 

ICE  

(p-value) 

K–S test 

(p-value) 
(1) (1) (1) 

Box–Ljung test 

(p-value) 
- - - 

1st moment (0.1842) (0.6211) 0.8038 

2nd moment (0.0380) (0.6931) 0.8212 

3rd moment (0.0855) (0.8641) 0.9832 

4th moment (0.0233) (0.7884) 0.6320 
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Table A5 Results of ARMA(p,q)-GARCH(1,1) with Skewed Student-T Residual for 

DME, Corn, Wheat 

 DME 
Std. error 

(p-value) 
Corn 

Std. error 

(p-value) 
Wheat 

Std. error 

(p-value) 

mu 5.591e-04    
3.868e-04 

(0.1484    )     
4.424e-04    

5.208e-04     

(0.3956) 
-9.904e-05    

5.223e-04 

(0.850)  

ar1 - - - - - - 

ma1 -4.609e-02    
2.491e-02 

(0.0643 . )    
- - - - 

 1.273e-06    
1.024e-06 

(0.2136    )     
1.425e-05    

6.218e-06     

(0.0219 *  ) 
6.014e-10 

9.390e-07  

(0.999)    

 5.168e-02    
1.172e-02 

(1.03e-05 ***)     
7.185e-02    

1.789e-02     

(5.92e-05 ***) 
3.445e-02     

8.240e-03 

(2.7e-05 ***)     

β 9.481e-01    
1.123e-02 

(< 2e-16 ***)    
9.036e-01    

2.360e-02    

(< 2e-16 ***) 
9.638e-01    

8.187e-03 

(< 2e-16 ***)   

ν  (degree of 

freedom) 
5.042e+00    

6.890e-01 

(2.53e-13 ***)     
5.111e+00    

6.390e-01     

(1.33e-15 ***) 
7.664e+00     

1.361e+00 

(1.8e-08 ***)     

 (skewness) 9.403e-01    
3.239e-02 

(< 2e-16 ***)    
9.749e-01    

3.443e-02    

(< 2e-16 ***) 
1.037e+00    

3.841e-02 

(< 2e-16 ***)    

Log-likelihood 4,021.907     - 3,751.017     - 3,638.257       - 

GARCH(1,1) test, 

+ β 
0.9998 - 0.9755 - 0.9983 - 

Note: Significant codes: 0 “***”; 0.001 “**”; 0.01 “*” 0.05. 

 

Table A6 P-values of K–S Test and Box–Ljung Test for Marginal Distributions of 

DME, Corn, Wheat 

 
DME  

(p-value) 

Corn  

(p-value) lag10 

Wheat  

(p-value) 

K–S test 

(p-value) 
(1) (1) (1) 

Box–Ljung test 

(p-value) 
- - - 

1st moment (0.8862) (0.9555) (0.4400) 

2nd moment (0.3708) (0.0244) (0.9234) 

3rd moment (0.8527) (0.9370) (0.2069) 

4th moment (0.3004) (0.0264) (0.8114) 
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Table A7 Results of ARMA(p,q)-GARCH(1,1) with Skewed Student-T Residual for 

Feed Wheat, Soybeans, Rapeseed 

 Feed Wheat 
Std. error 

(p-value) 
Soybeans 

Std. error 

(p-value) 
Rapeseed 

Std. error 

(p-value) 

mu 6.053e-07    
1.711e-05 

(0.97178 )     
1.789e-04    

2.581e-04 

(0.48818    )     
4.301e-04    

3.016e-04 

(0.15386    )     

ar1 9.771e-01    
2.157e-02 

(< 2e-16 ***)    
7.108e-01    

3.743e-01     

(0.05753 .  ) 
1.108e-01    

2.549e-02 

(1.39e-05 ***)     

ma1 -9.519e-01    
3.288e-02 

(< 2e-16 ***)   
-7.197e-01    

3.712e-01 

(0.05253 .  )    
- - 

 8.722e-06    
3.976e-06 

(0.02824 *  )    
5.007e-06    

1.781e-06     

(0.00493 **) 
1.403e-05    

5.057e-06 

(0.00555 **)     

 9.261e-02    
2.839e-02 

(0.00111 **)     
4.623e-02     

1.092e-02     

(2.30e-05 ***) 
1.230e-01    

2.888e-02 

(2.06e-05 ***)     

β 8.830e-01    
3.390e-02 

(< 2e-16 ***)    
9.408e-01    

1.224e-02 

(< 2e-16 ***)    
8.043e-01    

4.612e-02 

(< 2e-16 ***)    

ν  (degree of 

freedom) 
3.827e+00    

4.003e-01 

(< 2e-16 ***)     
4.456e+00      

5.376e-01     

(2.22e-16 ***) 
4.592e+00    

5.452e-01 

(< 2e-16 ***)     

 (skewness) 1.053e+00    
3.467e-02 

(< 2e-16 ***)    
8.779e-01    

3.047e-02    

(< 2e-16 ***) 
8.847e-01    

3.194e-02    

(< 2e-16 ***) 

Log-likelihood 4,385.135     - 4,102.975 - 4,639.397     - 

GARCH(1,1) test, 

+ β 
0.9756 - 0.9870 - 0.9273 - 

Note: Significant codes: 0 “***”; 0.001 “**”; 0.01 “*” 0.05. 

 

Table A8 P-values of K–S Test and Box–Ljung Test for Marginal Distributions of Feed 

Wheat, Soybeans, Rapeseed 

 
Feed Wheat  

(p-value) 

Soybeans  

(p-value) 

Rapeseed 

(p-value) 

K–S test 

(p-value) 
(1) (1) (1) 

Box–Ljung test 

(p-value) 
- - - 

1st moment (0.1399) (0.9267) (0.8369) 

2nd moment (0.4595) (0.3683) (0.5647) 

3rd moment (0.2607) (0.2465) (0.8231) 

4th moment (0.6145) (0.5203) (0.9033) 
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Table A9 Results of ARMA(p,q)-GARCH(1,1) with Skewed Student-T Residual and 

Student-T Residual for Palm Oil and Exrate, respectively 

 Palm Oil 
Std. error 

(p-value) 
Exrate 

Std. error 

(p-value) 

mu 
2.234e-04 3.725e-04 

(0.5488) 

- 9.847e-05 7.544e-05 

(0.1918) 

ar1 - - - - 

ma1 - - - - 

 
3.488e-06    1.438e-06     

(0.0153 *) 

1.111e-07 5.403e-08 

(0.0397 * ) 

 
7.093e-02    1.393e-02 

(3.53e-07 ***) 

5.665e-02 1.061e-02 

(9.38e-08 ***) 

β 
9.186e-01    1.509e-02    

(< 2e-16 ***) 

9.362e-01 1.135e-02 

(< 2e-16 ***) 

ν  (degree of 

freedom) 

8.035e+00    1.528e+00 

(1.46e-07 ***) 

7.655e+00 1.445e+00 

(1.16e-07 ***) 

 (skewness) 
9.787e-01    3.548e-02 

(< 2e-16 ***) 

- - 

Log-likelihood 4,155.36 - 6,606.82 - 

GARCH(1,1) test, 

+ β 
0.9895 - 0.99285 - 

Note: Significant codes: 0 “***”; 0.001 “**”; 0.01 “*” 0.05. 

 

Table A10 P-values of K–S Test and Box–Ljung Test for Marginal Distributions of 

Palm Oil, Exrate 

 
Palm Oil 

(p-value) 

Exrate 

(p-value) 

K–S test 

(p-value) 
(1) (1) 

Box–Ljung test 

(p-value) 
- - 

1st moment (0.3624) (0.5828) 

2nd moment (0.6184) (0.4987) 

3rd moment (0.0670) (0.8270) 

4th moment (0.8110) (0.5531) 
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Dependence Structure between World Crude Oil Prices: Evidence 

from NYMEX, ICE, and DME Markets 

Teera Kiatmanaroch,a Songsak Sriboonchittab 

 

aFaculty of Economics, Chiang Mai University, Chiang Mai 50200, Thailand. E-mail: pornan@kku.ac.th 
bFaculty of Economics, Chiang Mai University, Chiang Mai 50200, Thailand. E-mail: 

songsakecon@gmail.com 

 
Abstract  

This paper examines the dependence structure between world crude oil prices using the 

D-vine copula based GARCH model to analyze three random variables, namely, Light 

crude futures 1-Pos (NYMEX), Brent crude futures 1-Pos (ICE), and Oman crude 

futures 1-Pos (DME). We find that NYMEX–ICE, NYMEX–DME, and ICE–DME 

have relatively strong dependence. In addition, we find the evidences for asymmetric 

tail dependence in each pair with the values of upper tail and lower tail dependences of 

three pair-copulas as being quite close to each other. Therefore, our findings support the 

“one great pool” hypothesis. Moreover, the results from the D-vine copula model 

indicate that the ICE is an important variable that governs the interactions in the 

dependence structure between the NYMEX and the DME. In other words, the change in 

the oil price of the ICE will impact quite significantly the prices of the NYMEX and the 

DME. 

 

Keywords: futures crude oil prices, empirical Kendall’s tau, distance measure, vine 

copula 

 

1. Introduction 

The observation “The world oil market, like the world ocean, is one great pool” was 

proposed by Adelman [1, 2]. This assumption implies that the crude oil markets in each 

region are linked together or have integration. Moreover, Adelman [3] said that the 

transportation of oil between nations was relatively easy; oil exporters tend to seek the 

markets that make it more profitable for them and, thus, cause those oil markets to 

become “a single world market.” As for the point of view of Adelman [1, 2], there were 

different empirical studies that supported the “one great pool” assumption. The crude oil 

benchmark prices in the international market (e.g., Brent, West Texas Intermediate 

[WTI], Dubai, Oman, and Maya) were used for the studies and several types of 

econometric models were utilized to analyze the data. Starting with Hammoudeh et al. 

[4], they used the threshold cointegration method to study the relationship between pairs 

of crude oil benchmark prices. They found out that there was a long-run equilibrium 
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relationship between different crude oil benchmark prices. Reboredo [5] used copula 

based GARCH model to study the dependence structure between the crude oil 

benchmark prices in international crude oil markets. It was found that in times of crude 

oil market stress, the crude oil price in each market tends to have co-movement with the 

same intensity. AlMadi and Zhang [6] used vector error correction model (VECM) and 

Granger causality tests. The empirical results showed that the four crude oil benchmarks 

prices were found to be cointegrated; in addition, the following facts were identified: 

WTI significantly leads Brent, Dubai, and Oman; Brent significantly leads Dubai and 

Oman; and Oman moderately leads Dubai. Therefore, we can definitely say that if a 

market has supply and demand shocks/price shock, then it has an impact on other 

regional markets.   

For analyzing the relationship of crude oil prices between the markets, most of the 

studies in the previous works (see [4], [5], [6]) used the bivariate model. In fact, the 

random variables that were used in those studies were also related to other variables. 

For hypothesis testing, in the context of world crude oil, the market is globalized or 

regionalized? Clearly, it is a multivariate model that we need in order to analyze the 

relationship between several markets (where there are more than two random variables) 

or to analyze the multivariate joint probability in higher dimensions. As a result, we are 

convinced that this model would be more appropriate than the bivariate model because 

the multivariate model can take all the variables to be considered into account. In order 

to fill the gap of bivariate model, this paper proposes the vine copula model [7, 8] to 

study the dependence structure between the prices of crude oil in three continents, 

namely, North America, Europe, and Asia, which are likely to share significant 

relationship, as is evident from Figure 1. The vine copula model is a flexible tool to 

analyze the relationship between random variables, in which is used the multivariate 

dependence modeling. It allows us to define the relationship structure between the 

variables by using expert knowledge or concordance of data, or both, and it can describe 

the relationship between the variables through the graphical model, or through what are 

called pair-copulas, as shown in Figure 2.  

Figure 1 displays the graph of crude oil futures prices and presents the major events 

which affected the prices during the period from 1 June 2007 to 28 June 2013. 
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Figure 1. The crude oil futures prices of the NYMEX, ICE, and DME (sources: Ecowin database, 

Hamilton [9], OECD [10], Australian Institute of Petroleum [11]).  

 

In this study, we used the crude oil futures prices which represented the crude oil 

prices of each continent: Light crude futures 1-Pos of the New York Mercantile 

Exchange (NYMEX), for North America; Brent crude futures 1-Pos of the 

Intercontinental Exchange (ICE), for Europe; and Oman crude futures 1-Pos of the 

Dubai Mercantile Exchange (DME), for Asia. The daily closing prices during the period 

from 26 December 2008 to 28 June 2013 were used for the analysis. We used the data 

of this period because it is a period in which the oil prices have rebounded from being 

the lowest after the shocks from the global financial crisis.  

The vine copula model is used to analyze the dependence structure between three 

random variables of the crude oil futures prices. More specifically, we want to examine 

the following: (1) the order of the relationship of the three crude oil markets through an 

appropriate vine tree structure and (2) the particular market that is a key variable that 

governs the interactions within these three markets. The research results from this study 

will provide more understanding regarding the relationships between crude oil markets 

and their dependence structure, which will be useful for policy makers in that they will 

be able to monitor the changes in the crude oil prices for risk prevention, in the energy 

security context, and risk management, for investment in the commodity market; 

furthermore, the results will be useful for an improved understanding of the “one great 

pool” hypothesis. 

The remainder of this work is organized as follows: part two is the methodology, 

and part three consists of the data and the empirical findings. Finally, part four makes 

up the conclusions. 
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2. Methodology 

The objective of the study is to analyze the relationships between three crude oil 

prices: the NYMEX, ICE, and DME. First, we have to give the definitions of the 

variables, which are as follows: the NYMEX is the Light crude futures 1-Pos price, the 

ICE is the Brent crude futures 1-Pos price, and the DME is the Oman crude futures 1-

Pos price. The ARMA-GARCH model is used to find out the “marginal distributions” 

for the copula model since this model has been widely used for modeling the volatility 

of the time series data in the financial field. The residuals (𝜀𝑡) from the appropriate 

marginal models of the three data series will be standardized. The standardized residuals 

(𝑧𝑡) will then be transformed using the empirical distribution function and, thereafter, 

we obtain the marginals. These marginals are then used as inputs to the copula data 

(𝐹1(𝑥1), 𝐹2(𝑥2), 𝐹3(𝑥3)). Next, the vine copula model is used to analyze the dependence 

structure; also used are two approaches for specifying the structure of the D-vine model: 

(1) the empirical Kendall’s tau, which is rank correlation, and (2) the distance measure 

that is based on the idea of information-theoretic entropy.    

 

2.1 Marginal distribution model 

Different models are appropriate for different time series data. Therefore, we adopt 

ARMA(p,q)-GARCH(1,1) model [12] with skewed student-T distribution residual (SkT) 

for the marginal distribution of the log-difference ln
𝑃𝑡

𝑃𝑡−1
 of the crude oil future prices 1-

Pos (𝑦𝑡): the NYMEX, ICE, and DME.  

2.1.1 ARMA(p,q)-GARCH(1,1) 

𝑦𝑡 =  𝑎0 + ∑ 𝑎𝑖𝑦𝑡−𝑖 +  ∑ 𝑏𝑖𝜀𝑡−𝑖
𝑞
𝑖=1

𝑝
𝑖=1 +  𝜀𝑡                                          (1) 

𝜀𝑡 =  𝑧𝑡√ℎ𝑡, 𝑧𝑡  ∼ 𝑆𝑘𝑇(ν, )            (2) 

ℎ𝑡 =  𝑡 +  𝜀𝑡−1
2 +  𝛽ℎ𝑡−1            (3) 

In equation (1) is presented the ARMA(p,q) process, where 𝑦𝑡−𝑖 is an autoregressive 

term of 𝑦𝑡 and 𝜀𝑡 is an error term. Equation (2) then defines this residual as the product 

between the conditional variance ℎ𝑡 and a random variable 𝑧𝑡. The residual 𝜀𝑡 will be 

standardized by 
𝜀𝑡

√ℎ𝑡
 to be a standardized residual 𝑧𝑡. The 𝑧𝑡 is assumed to follow the 

skewed student-T (SkT) distribution with the degree of freedom parameter ν and the 

skewness parameter . Equation (3) presents the GARCH(1,1) process, where 𝜔𝑡 > 0,

𝛼 ≥ 0, 𝛽 ≥ 0 are sufficient to ensure that the conditional variance ℎ𝑡 > 0. The 𝜀𝑡−1
2  

represents the ARCH term and 𝛼 refers to the short-run persistence of shocks, while 

𝛽ℎ𝑡−1 represents the GARCH term and 𝛽 refers to the contribution of shocks to the 

long-run persistence  (𝛼 + 𝛽). The second moment condition is 𝛼 + 𝛽 < 1. 
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As for the skewed student-T (SkT) distribution 𝑝(𝑧𝑖|𝑣,) with the degree of 

freedom parameter ν and the skewness parameter  in the R-package, as introduced by 

Fernandez and Steel [13], it can be written as 𝑝(𝑧𝑖|𝑣,) =
2

+1 ⁄
{𝑓𝑣 (

𝑧𝑖


) 𝐼[0,∞)(𝑧𝑖) +

𝑓𝑣(𝑧𝑖)𝐼(−∞,0)(𝑧𝑖)}, where 𝑓𝑣(∙) is unimodal and symmetric around zero, the 

standardized residuals 𝑧𝑖 are assumed to be iid, and 𝐼 denotes the indicator function.  

In this study, the R-package fGarch by Wuertz and Chalabi [14] is used to estimate 

the parameters of the ARMA(p,q)-GARCH(1,1) model. 

For the next analysis using the copula functions, the standardized residuals from the 

GARCH(1,1) model were transformed to the copula data (𝐹1(𝑥1), 𝐹2(𝑥2), 𝐹3(𝑥3)) by 

using the empirical distribution function. 

 

2.2 Copula functions 

One approach toward modeling the multivariate dependence is the copula. The 

copula functions offer us the flexibility to merge univariate distributions to get a joint 

distribution with an appropriate dependence structure. The fundamental theorem of 

copula is the Sklar’s theorem, which was proposed by Sklar [15]. The standard 

reference book of the copula theory was put together by Nelson [16]. 

 

Let F be an n-dimensional distribution function with marginal distributions F1,…, 

Fn. Then there exists a copula C for all x = (x1,…, xn)
’  [-, ]n, given by 

F(x) = C(F1(x1),…,Fn(xn)).                      (4) 

If F1,…, Fn are continuous, then C is unique. Conversely, if C is a copula and F1,…, Fn 

are distribution functions, then the above function F(x) in equation (4) is a joint 

distribution function with marginal distribution F1,…, Fn. C can be interpreted as the 

distribution function of an n-dimensional random variable on [0, 1]n with uniform 

margins [7]. 

We used the various copula families contained in the R-package CDVines to 

measure the dependence of the pair-copula. Table 1 presents the characteristics of the 

copula families that were used in this study. Table 2 presents the functions of Kendall’s 

tau and the tail dependence in each copula family. 
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Table 1. Characteristics of Copula Families 

Name Pair-copula function 
Parameter 

range 

Gaussian 
𝐶(𝑢1, 𝑢2; )    =  𝐺(−1(𝑢1),−1(𝑢2);  ) 

=  ∫ ∫
1

2√(1−2)
× {

−(𝑠2−2𝑠𝑡+𝑡2)

2(1−2)
}

−1(𝑢2)

−
𝑑𝑠𝑑𝑡

−1(𝑢1)

−
  

 ∈ (−1, 1) 

Student’s T 

𝐶𝑇(𝑢1, 𝑢2; 𝜈, ) =  ∫ ∫
1

2√1−2

𝑇
−1(𝑢2)

−

𝑇𝜈
−1(𝑢1)

−
× {1 +

𝑠2−2𝑠𝑇+𝑇2

𝜈(1−2)
}

−(
𝜈+2

2
)

𝑑𝑠𝑑𝑇  

 ∈ (−1, 1), 

 > 2 

Clayton 𝐶(𝑢1, 𝑢2; ) = (𝑢1
− + 𝑢2

− − 1)−
1
   (0,∞) 

Gumbel 𝐶(𝑢1, 𝑢2; ) = 𝑒𝑥𝑝 (−[(−𝑙𝑜𝑔𝑢1) + (−𝑙𝑜𝑔𝑢2)]
1
)   [1,∞) 

Frank 𝐶(𝑢1, 𝑢2; ) = −
1


𝑙𝑜𝑔 (1 +

(𝑒−𝑢1 − 1)(𝑒−𝑢2 − 1)

𝑒− − 1
)   (-∞,∞) 

Joe 𝐶(𝑢1, 𝑢2; ) = 1 − [(1 − 𝑢1) + (1 − 𝑢2) − (1 − 𝑢1)(1 − 𝑢2)]
1
   [1, ∞) 

BB1 𝐶(𝑢1, 𝑢2; 𝜃, 𝛿) = {1 + [(𝑢1
−𝜃 − 1)𝛿 + (𝑢2

−𝜃 − 1)𝛿]
1

𝛿}
−

1

𝜃

  

 

  (0, ∞), 

  [1, ∞) 

Rotated Clayton 

180° 𝐶(𝑢1, 𝑢2; ) = 𝑢1 + 𝑢2 − 1 + [(1 − 𝑢1)− + (1 − 𝑢2)− − 1]
−

1
   (0,∞) 

Rotated Gumbel 

180° 

𝐶(𝑢1, 𝑢2; ) = 𝑢1 + 𝑢2 − 1 + 𝑒𝑥𝑝 (−[(−log (1 − 𝑢1)) + (−𝑙𝑜𝑔(1 −

𝑢2))]
1

)  
  [1,∞) 

Rotated Joe  

180° 𝐶(𝑢1, 𝑢2; ) = 𝑢1 + 𝑢2 − (𝑢1
 + 𝑢2

 − 𝑢1
𝑢2

)
1
   [1, ∞) 

Rotated BB1 

180° 

𝐶(𝑢1, 𝑢2; 𝜃, 𝛿) = 𝑢1 + 𝑢2 − 1 + {1 + [((1 − 𝑢1)−𝜃 − 1)𝛿 + ((1 −

𝑢2)−𝜃 − 1)𝛿]
1

𝛿}
−

1

𝜃

  

  (0, ∞), 

  [1, ∞) 

Source: Copula functions were presented in Trivedi and Zimmer [17], Nelson [16], Fisher [18], and 

Manner [19]. 

 

2.2.1 Tail dependence  

Tail dependence explains the degree of dependence in the upper and lower tails of 

a bivariate distribution. The distributions of the tail dependences in the case of financial 

risk are interesting because tail dependences can model the dependence of loss events 

across portfolio assets. Joe [20] explained the dependence of the tails of the bivariate 

copula. 

Let X and Y be the random variables with marginal distribution functions F and G. 

The tail dependence of X and Y can be given as 

т𝑈 = lim
𝑢→1

(𝑃(𝑋 > 𝐹−1(𝑢)|𝑌 > 𝐺−1(𝑢)) = lim
𝑢→1

1−2𝑢+𝐶(𝑢,𝑢)

1−𝑢
                  (5) 
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If т𝑈 ∈ (0,1], the joint distribution of X and Y, shows upper tail, indicating that the 

probability of the joint occurrence of the extreme values is positive; if т𝑈 = 0, then 

there is no upper tail dependence. Similarly, in 

т𝐿 = lim
𝑢→0

𝐶(𝑢,𝑢)

𝑢
,                        (6) 

if т𝐿 ∈ (0,1], the joint distribution of X and Y shows lower tail dependence, indicating 

that the probability of the joint occurrence of the extreme values is negative; if т𝐿 = 0, 

then there is no lower tail dependence.  

 

Table 2. Function of Kendall’s tau and Tail Dependence for Bivariate Copula 

Copula family  Kendall’s tau  Tail dependence (lower, upper) 

Gaussian  
2


arcsin (𝜌)   0 

Student’s T  
2


arcsin (𝜌)   т𝐿 = т𝑈 = 2𝑇𝜈+1 (−√𝜈 + 1√

1−𝜌

1+𝜌
)  

Clayton  

𝜃

𝜃+2
  

 
 (2−1

𝜃, 0)  

Gumbel  1 −
1

𝜃
   (0, 2 − 2

1
𝜃)  

Frank  
1 −

4

𝜃
+ 4

𝐷1(𝜃)

𝜃
  

 

 (0, 0)  

Joe  
1 +

4

𝜃2 ∫ 𝑡 log(𝑡)(1 − 𝑡)2(1−𝜃)/𝜃𝑑𝑡
1

0
  

 
 (0,  2 − 2

1
𝜃)  

BB1  
1 −

2

𝛿(𝜃+2)
  

 
 (2−

1

𝜃𝛿, 2 − 2
1

𝛿 )  

Rotated Clayton 180°  
𝜃

𝜃+2
  

 
 (0, 2−1

𝜃)  

Rotated Gumbel 180°  1 −
1

𝜃
   (2 − 2

1
𝜃, 0)  

Rotate Joe 180°  
1 +

4

𝜃2 ∫ 𝑡 log(𝑡)(1 − 𝑡)2(1−𝜃)/𝜃𝑑𝑡
1

0
  

 
 (2 − 2

1
𝜃, 0)  

Rotated BB1 180°  1 −
2

𝛿(𝜃+2)
   (2 − 2

1

𝛿 , 2−
1

𝜃𝛿 )  

Note: 𝐷1(𝜃) = ∫
𝑐/𝜃

exp(x)−1

𝜃

0
𝑑𝑥 is the Debye function [7]. 

2.3 Vine copula modeling 

Modeling dependencies in high dimension by the standard multivariate copulas are 

inflexible because they do not allow for different dependency structures between pairs 

of variables [21]. Vine copulas can cross over this restriction; vine copulas are a flexible 

tool for illustrating the multivariate copulas through graphical models. The multivariate 

copulas are constructed from a cascade of bivariate copulas (called pair-copulas), as a 

result of which we are able to select bivariate copulas from a wide range of families. 
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The principles of vine copulas were propounded by Joe [22] and extended by Bedford 

and Cooke [23, 24]. Brechmann and Schepsmeier [7] stated that a vine structure can be 

chosen manually or through expert knowledge, or be given by the data itself.  

This study used D-vine copula modeling to analyze the dependence between the 

crude oil futures prices of the NYMEX, ICE, and DME. D-vine copula is a special class 

of regular vine, and it gives us a specific way of decomposing the density function. The 

D-vine model can be specified in the form of a nested set of trees, of which each tree is 

a path, as shown in Figure 2. The modeling of the D-vine copula is as follows: first an 

appropriate D-vine tree structure has to be specified; next, adequate copula families 

have to be selected and estimated [7].    

 

2.3.1 Structure of D-vine 

We let the structure of D-vine be given by the data itself. To construct a D-vine 

structure, we need to select the order of the variables in the first tree, as the first step. 

There are many approaches to ordering the sequences of variables, such as the empirical 

Kendall’s tau, the Spearman’s rho, the distance measure [21], and the degree of freedom 

parameters of the Student’s T copula [25]. This paper used the empirical Kendall’s tau 

and the distance measure, and compared the results from these two approaches.  

 

Empirical Kendall’s tau 

The Kendall’s rank correlation, or the empirical Kendall’s tau (𝜏𝑛̅), as in equation 

(7), is used to measure the degree of dependence in each pair of the transformed 

standardized residuals of the data set. A high value of 𝜏𝑛̅ means that there is high 

dependency between the two variables. The strongest dependencies, in terms of absolute 

empirical values of pairwise Kendall’s tau, are used as the first pair in the first, and is 

subsequently followed by the next. The selection of the D-vine structure is based on the 

one that maximizes the sum of the corresponding absolute value of 𝜏𝑛̅ in the first tree. 

𝜏𝑛̅ =
𝑃𝑛−𝑄𝑛

(
𝑛

2
)

=
4

𝑛(𝑛−1)
𝑃𝑛 − 1,                        (7) 

 

where 𝑃𝑛 and 𝑄𝑛 are the number of concordant and discordant pairs, respectively. The 

two pairs, (𝑋𝑖, 𝑌𝑖) and (𝑋𝑗, 𝑌𝑗), can be said to be concordant when (𝑋𝑖 − 𝑋𝑗)(𝑌𝑖 − 𝑌𝑗) >

0, and discordant when (𝑋𝑖 − 𝑋𝑗)(𝑌𝑖 − 𝑌𝑗) < 0 [26]. 

 

Distance Measure 

There are many approaches to measuring the distance between probability 

distributions or data set. This study used the approach to distance measure which is 
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closely related to divergence measures based on the idea of information-theoretic 

entropy first presented by Shannon [27]. This divergence measure is symmetric and is 

referred to as the non-directional divergence measure. It qualifies as distance measure 

[28]. The formula can be written as given in equation (8). 

𝐼(𝑓1, 𝑓2) = 𝐾(𝑓1, 𝑓2) = ∫(𝑓1 − 𝑓2) log
𝑓1

𝑓2
𝑑𝑦,                                                          (8) 

where 𝐼(𝑓1, 𝑓2) is the distance measure between the probability functions 𝑓1 and 𝑓2 of 

the standardized residual. A low value of 𝐼(𝑓1, 𝑓2) means that there is high association, 

or high affinity between 𝑓1 and 𝑓2. For ordering variables, the lowest 𝐼(𝑓1, 𝑓2) is used as 

the first pair in the first tree, and is subsequently followed by the next. The selection of 

the D-vine structure is based on the one that minimizes the sum of the corresponding 

absolute value of 𝐼(𝑓1, 𝑓2) in the first tree. 

D-vine tree 

Thereafter, we order the sequences of the variables in the first tree by the 

empirical Kendall’s tau and the distance measure. We can construct the D-vine structure 

for three variables as shown in Figure 2.  

 

 

 

 

Figure 2. The pair-copulas of three-dimensional D-vine trees. 

2.3.2 Density function of D-vine 

We present the three dimensions, which are what we used in this paper. Let 𝑋 =

(𝑋1, 𝑋2, 𝑋3)~𝐹 with marginal distribution functions 𝐹1 , 𝐹2 , 𝐹3 and their density 

functions 𝑓1 , 𝑓2, 𝑓3, which have been proposed as follows (see [8]).   

𝑓(𝑥1, 𝑥2, 𝑥3) = 𝑓(𝑥1)  ∙ 𝑓(𝑥2) ∙ 𝑓(𝑥3)                                  (9) 

                      ∙  𝑐1,2(𝐹1(𝑥1), 𝐹2(𝑥2)) ∙ 𝑐2,3(𝐹2(𝑥2), 𝐹3(𝑥3)) 

                      ∙  𝑐1,3| 2 (𝐹1|2(𝑥1|𝑥2), 𝐹3|2(𝑥3|𝑥2)), 

where 𝑐1,2 , 𝑐2,3 , and 𝑐1,3|2 denote the densities of bivariate copulas 𝐶1,2 , 𝐶2,3 , and 

𝐶1,3|2 , respectively. 𝐹1|2 and 𝐹3|2 are the marginal conditional distributions that can be 

derived from formula (10). 

1,2 2,3 
1,3 | 2 

2 3 
2,3 1,2 

Tree 1 1 

Tree 2 
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The vine copulas involve marginal conditional distributions. The general form of 

a conditional distribution function is 𝐹(𝑥|𝑣), given by  

𝐹(𝑥|𝑣) =
𝜕𝐶

𝑥𝑣𝑗|𝑣−𝑗
(𝐹(𝑥|𝑣−𝑗),𝐹(𝑣𝑗|𝑣−𝑗))

𝜕𝐹(𝑣𝑗|𝑣−𝑗)
,                        (10) 

where 𝑣 denotes all the conditional variables and 𝐶𝑥𝑣𝑗|𝑣−𝑗
 is a bivariate copula 

distribution function. When 𝑣 is univariate, the marginal condition distribution, for 

example, 𝐹1|2 can be presented as  

𝐹1|2(𝑥1│𝑥2) =
𝜕𝐶12(𝐹1(𝑥1), 𝐹2(𝑥2))

𝜕𝐹2(𝑥2)
.                        (11) 

 

2.4 D-vine copula estimation 

In the R-package CDVines, the maximum likelihood was used to estimate the 

parameters of the copulas. The log-likelihood of the D-vine copula with three 

dimensions in equation (9) can be written as 

 

∑ log[𝑐1,2 (𝐹1(𝑥1,𝑡), 𝐹2(𝑥2,𝑡)) ∙ 𝑐2,3 (𝐹2(𝑥2,𝑡), 𝐹3(𝑥3,𝑡)) ∙  𝑐1,3| 2 (𝐹1|2(𝑥1,𝑡|𝑥2,𝑡), 𝐹3|2(𝑥3,𝑡|𝑥2,𝑡))𝑇
𝑡=1 ] 

                                            (12) 

 

3. Data and Empirical Results 

This study used the oil prices from three major markets, the NYMEX, ICE, and 

DME, to analyze the dependence structure. The observations regarding the three data 

series were obtained from the EcoWin database during the period from 26 December 

2008 to 28 June 2013. 

We used the crude futures 1-Pos of daily closing prices and each data series was 

transformed into the log-difference ln
𝑃𝑡

𝑃𝑡−1
, before it was used for analysis using the 

GARCH model and the vine copula.   

Table 3 presents the descriptive statistics of the log-difference of three crude futures 

1-Pos: the NYMEX, ICE, and DME. All of the three data series have a positive average 

growth rate, exhibiting positive skewness. If there is positive skewness, it means that 

the market has an upward trend, or that there is substantial probability of a big positive 

return. The kurtosis of these data is greater than 3. Hence, this kurtosis can be said to be 

super Gaussian and leptokurtic. This means that the growth rates of the empirical data 

have a typically spiky probability distribution function with heavy tails. The null 

hypotheses of normality of the Jarque–Bera tests are rejected in all the data series. The 
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Augmented Dickey-Fuller test shows that these data series are stationary at p-value less 

than 0.01.  

Table 3. Data Descriptive Statistics for Log-difference of Crude Oil Futures Price 1-Pos 

 NYMEX ICE DME 

Mean 0.001 0.001 0.001 

Median 0.001 0.001 0.001 

Maximum 0.133 0.127 0.134 

Minimum -0.131 -0.097 -0.091 

Std. Dev. 0.023 0.020 0.019 

Skewness 0.188 0.006 0.088 

Kurtosis 8.276 7.141 7.649 

p-value of Jarque–Bera (0.01) (0.01) (0.01) 

p-value of Augmented-Dickey-Fuller test  (< 2.2e-16) (< 2.2e-16) (< 2.2e-16) 

Number of observations 1135 1135 1135 

 

Table 4. Results of ARMA(p,q)-GARCH(1,1) with Skewed Student-T Residual for 

Log-difference of Crude Oil Futures Price 1-Pos  

 NYMEX 
Std. error 

(p-value) 
ICE 

Std. error 

(p-value) 
DME 

Std. error 

(p-value) 

mu 8.057e-06 
4.271e-07     

 (< 2e-16 ***) 
7.207e-05 

8.820e-05    

(0.414) 
6.638e-05 

8.219e-05 

(0.419) 

ar1 2.422e-01 
2.404e-05 

(< 2e-16 ***) 
8.135e-01 

9.690e-02 

(< 2e-16 ***) 
8.170e-01 

9.367e-02 

(< 2e-16 ***) 

ar2 6.964e-01 
2.475e-05 

(< 2e-16 ***) 
- - - - 

ar3 9.905e-03 
2.561e-05 

(< 2e-16 ***) 
- - - - 

ma1 -3.066e-01 
3.181e-05 

(< 2e-16 ***) 
-8.356e-01 

9.270e-02 

(< 2e-16 ***) 
-8.436e-01 

8.896e-02 

(< 2e-16 ***) 

ma2 -7.143e-01 
3.193e-05 

(< 2e-16 ***) 
- - - - 

 5.640e-06 
3.559e-06      

(0.113) 
2.963e-06 

2.068e-06 

(0.152) 
2.536e-06 

1.841e-06 

(0.168) 

 7.266e-02 
2.318e-02 

(0.002 **) 
5.642e-02 

1.805e-02 

(0.002 **) 
4.873e-02 

1.694e-02 

(0.004 **) 

β 9.138e-01 
2.753e-02      

(< 2e-16 ***) 
9.359e-01 

2.040e-02 

(< 2e-16 ***) 
9.456e-01 

1.852e-02 

(< 2e-16 ***) 

ν 

(degree of 

freedom) 

8.132 
1.689e+00 

(1.47e-06 ***) 
6.789 

1.335e+00 

(3.66e-07 ***) 
4.767 

6.943e-01 

(6.61e-12 ***) 

 
(skewness) 

8.554e-01 

4.189e-02 

(< 2e-16 ***) 9.003e-01 
3.742e-02 

(< 2e-16 ***) 
9.055e-01 

3.683e-02 

(< 2e-16 ***) 

Log-

likelihood 
2,888.761 2,986.977 3,042.667 

Note: Significant codes: 0 “***”; 0.001 “**”; 0.01 “*” 0.05. 

 

Table 4 presents the appropriate marginal models for the log-difference of three 

crude futures 1-Pos data: The ARMA(3,2)-GARCH(1,1) with skewed student-T 
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residual for the NYMEX data and the ARMA(1,1)-GARCH(1,1) with skewed student-T 

residual for the ICE and DME data. The models are selected by using the AIC criterion. 

For the NYMEX, the 𝛼 + 𝛽 is 0.986, for the ICE and the DME, the 𝛼 + 𝛽 are 0.992 and 

0.994, respectively; this implies that their volatilities have a long-run persistence. For 

the short-run effect of the unexpected factors, we considered the event from the 𝛼 

parameters of the NYMEX, the ICE and the DME. The results showed that they have 

the values 0.073, 0.056 and 0.049, and that this has a small impact on volatility. 

Next, we transformed the standardized residuals from the ARMA-GARCH model 

into the uniform [0,1] by using the empirical distribution function 𝐹𝑛(𝑥) =
1

𝑛+1
∑ 1(𝑋𝑖 ≤ 𝑥)𝑛

𝑖=1 , where 𝑋𝑖 ≤ 𝑥 is the order statistics and 1 is the indicator function. 

The transformed data were used in the Kolmogorov–Smirnov (K–S) test for uniformity 

[0,1] and the Box–Ljung test for serial correlation. More details are available in Patton 

[29] and Manthos [30]. These tests are necessary to check for the marginal distribution 

models’ misspecification before using the copula model. 

The results of the K–S test and the Box–Ljung test are presented in Table 5. The K–

S test showed that these marginal distributions are uniform, by accepting the null 

hypothesis at p-values equal to 1. The results of the Box–Ljung test provided that all of 

the four moments of all the marginal distributions are i.i.d., by accepting the null 

hypothesis that there is no serial correlation at p-values greater than 0.05. Therefore, our 

marginal distributions were not misspecified and can be used for the copula model.  

 

Table 5. P-values of K–S Test and Box–Ljung Test for Marginal Distributions 

 NYMEX 

(p-value) 

ICE 

 (p-value) 

DME 

(p-value) 

K–S test 

(p-value) 

 

(1) 

 

(1) 

 

(1) 

Box–Ljung test 

(p-value)    

   

1st moment (0.853) (0.944)  (0.160) 

2nd moment (0.856) (0.651) (0.766) 

3rd moment (0.990) (0.999) (0.693) 

4th moment (0.545) (0.284) (0.494) 

 

Figure 3 illustrates the scatter plots of the three bivariate margins, NYMEX–ICE, 

NYMEX–DME, and ICE–DME. The data show the clustering in both the upper and the 

lower tail dependences. The pair-copula of ICE–DME shows stronger dependence in 

both the upper and the lower tails, compared to the other pairs.  

 

 



 

168 

 

 

 

 

 

 

 

 

 

 

Figure 3. The scatter plots of NYMEX–ICE, ICE–DME, and NYMEX–DME. 

 

In order to better understand the relationship between these pair copulas, the results 

of the dependence structure were analyzed by using the bivariate copula model, as 

presented in Table 6. We used various copula families, as presented in Table 1, to find 

out an appropriate dependence structure. The AIC and the BIC criteria are used to 

appraise as to which copula is the best fit and also used a goodness-of-fit test based on 

Kendall’s tau. This goodness-of-fit test provides the Cram´er-von Mises (CvM) and the 

Kolmogorov–Smirnov (K–S) test statistics as well as the estimated p-values by 

bootstrapping [7] to test the appropriateness of the copula model under the null 

hypothesis that the empirical copula C belongs to a parametric class C0 of any of the 

copulas, H0 : C C0. Kendall’s tau correlation which was transformed from the copula 

parameter was used because each family of copula has a different range of copula 

parameters; hence we inverse a copula parameter into a Kendall’s tau correlation, and it 

is bound on the interval [-1, 1]. Kendall’s tau is a measure of concordance which is a 

function of copula; as a result, we can use it to assess the range of dependence covered 

by the families of copula.  

The analysis is performed by taking into consideration the results of the AIC, the 

BIC, and the goodness-of-fit tests of the Cramer-von Mises (CvM) and the 

Kolmogorov-Smirnov (K–S) tests. As for the first pair-copula, NYMEX–ICE, the 

Rotated BB1 180° copula is appropriate to explain the dependence structure of this pair-

copula. The Kendall’s tau correlation is 0.646, and the lower and upper tail dependences 

are 0.680 and 0.758.  
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As far as the second pair-copula, NYMEX–DME, is concerned, the Rotated BB1 

180° copula is appropriate for explaining the dependence structure of this pair-copula. 

The Kendall’s tau correlation is 0.594, and the lower and upper tail dependences are 

0.644 and 0.737.  

As for the last pair-copula, ICE–DME, the BB1 copula is appropriate to explain the 

dependence structure of this pair-copula. The Kendall’s tau correlation is 0.741, and the 

lower and upper tail dependences are 0.767 and 0.688. 

The results demonstrate that the NYMEX, ICE, and DME have relatively strong 

dependence. Hence, we can safely infer that these crude oil futures prices move closely 

together, especially the ICE and the DME. 

Table 6. Bivariate Copula Analysis of NYMEX–ICE, NYMEX–DME, and ICE–DME  

Pair copula Copula 

family 

Parame

ter 

Std. error 

(p-value) 

Kendall’s 

tau 

Tail 

dependence 

AIC BIC p-value 

Lower 

(т𝐿) 

Upper

(т𝑈) 

CvM K–S 

NYMEX–

ICE 

Rotated 

BB1 180° 

θ =0.264 0.062 

(0.000) 

0.646 0.680 0.758 -1,478.90 -1,468.80 0.64 0.39 

 =2.496 0.090 

(0.000) 

NYMEX–

DME 

Rotated 

BB1 180° 

θ =0.165 0.058 

(0.002) 

0.594 0.644 0.737 -1,205.20 -1,195.10 0.73 0.77 

 =2.276 0.079 

(0.000) 

ICE–DME BB1 θ =1.023 0.104 

(0.000) 

0.741 0.767 0.688 -2,074.50 -2,064.40 0.09 0.16 

 =2.552 0.111 

(0.000) 

Note: For the CvM and K–S tests, the critical value  = 5%. If p-value > 0.05, it means that the 

dependence structure of the data series is appropriate for the chosen family of copulas. 

 

Next, we used the D-vine copula model to analyze the dependence structure 

between the crude oil futures prices and especially to examine which oil market is a key 

variable that governs the interactions within these three markets. 

 

3.1 D-vine Structure 

The empirical Kendall’s tau 𝜏𝑛̅ and the distance measure 𝐼(𝑓1, 𝑓2) were used to 

select the order of the variables in the first tree. Table 7 shows the empirical Kendall’s 

tau matrix, which was computed from the transformed standardized residuals of the 

NYMEX, ICE, and DME. A high value of 𝜏𝑛̅ means that there is “high dependency.” 

The strongest dependencies in terms of absolute empirical values of 𝜏𝑛 are used as the 

first pair in the first tree, which is subsequently followed by the next. The selection of 
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the D-vine structure is based on the one that maximizes the sum of the corresponding 

absolute value of 𝜏𝑛̅ in the first tree, as can be understood from Figure 4. 

Table 7. Empirical Kendall’s tau Matrix 

   NYMEX      ICE     DME 

NYMEX 1 0.643 0.597 

ICE 0.643 1 0.752 

DME  0.597 0.752 1 

  

 

 

 

Figure 4. The order of the variables in the first tree of the D-vine structure by the empirical Kendall’s tau. 

 

 

Table 8 presents the distance measure matrix, which was computed from the skewed 

student-T distribution of the standardized residuals of the NYMEX, ICE, and DME. A 

low value of 𝐼(𝑓1, 𝑓2) means that there is “high association,” or “high affinity” between 

𝑓1 and 𝑓2. The lowest 𝐼(𝑓1, 𝑓2) is used as the first pair in the first tree, which is 

subsequently followed by the next. The selection of the D-vine structure is based on the 

one that minimizes the sum of the corresponding absolute value of 𝐼(𝑓1, 𝑓2) in the first 

tree, as can be seen from Figure 5. 

 

 

Table 8. Symmetric Distance Measure Matrix  

   NYMEX      ICE      DME 

NYMEX 0 0.006 0.021 

ICE 0.006 0 0.007 

DME 0.021 0.007 0 

 

 

 

 

 

 

Figure 5. The order of the variables in the first tree of the D-vine structure by the symmetric distance 

measure. 

 = 0.752 

NYMEX ICE DME 

 = 0.643 

Tree 1 

Tree 1 DME ICE NYMEX 

I = 0.006 I = 0.007 
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The findings as displayed in Figure 4 and Figure 5 demonstrate that for the three 

variables of the crude oil prices chosen for this study, the order of variables in the first 

tree of D-vine by the empirical Kendall’s tau approach is different from that by the 

distance measure approach, in reversed direction. In addition, the NYMEX and the 

DME were linked by ICE in both the structures. 

 

3.2 Results of D-vine models 

As the next step, the appropriate D-vine tree structures were specified by the 

empirical Kendall’s tau (Figure 4) and the distance measure (Figure 5). Then, adequate 

copula families were selected and estimated. For the estimation of the copula 

parameters, we followed the process as presented in Aas et al. [8] and Brechmann and 

Schepsmeier [7]. First, we estimated the parameters of the three copulas involved by a 

sequential procedure that involved only the bivariate estimation for each individual pair-

copula. Next, we used the parameters from the sequential estimation as the starting 

value to maximize the full log-likelihood procedure, or what is called a joint MLE 

estimation. Thereafter, the copula parameters of each pair can be obtained from the joint 

MLE estimation.  

 

Table 9. Comparison between Parameters from Sequential Estimation and Joint MLE 

Estimation of Model 1: D-vine Model by Empirical Kendall’s tau Sequencing 

Pair Family Parameter Seq. Est. (start) Joint MLE (final) 

1. DME–ICE BB1  1.023 1.083 

 2.552 2.505 

 0.741 0.741 

т𝐿 0.767 0.775 

т𝑈 0.688 0.681 

2. ICE–NYMEX Rotated BB1 180° 

 
 0.264 0.267 

 2.496 2.530 

 0.646 0.651 

т𝐿 0.680 0.685 

т𝑈 0.758 0.760 

3. DME–NYMEX | 

ICE 

BB1  0.070 0.069 

 1.053 1.053 

 0.083 0.082 

т𝐿 0.000 0.000 

т𝑈 0.069 0.069 

AIC model - - -3,589.489 -3,590.140 
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For example, in Table 9 is presented the comparison between the parameters from 

the sequential estimation and the joint MLE estimation of Model 1: D-vine model by 

the empirical Kendall’s tau sequencing. It can be seen that the AIC value is slightly 

better when estimating all the parameters simultaneously. Thus, we are convinced that 

this model would be more appropriate than the bivariate model because the multivariate 

model can take all the considered variables into account. 

Figure 6 presents the results of Model 1: D-vine model by the empirical Kendall’s 

tau sequencing. Each pair-copula consists of the copula families and their Kendall’s tau 

correlations that are transformed from the copula parameters by a joint MLE estimation.  

 

 

 

 

 

 

 

 

Figure 6. The Model 1: D-vine model by the empirical Kendall’s tau sequencing. 
 

Figure 7 presents the results of Model 2: D-vine model by the distance measure 

sequencing. When we compare these results with the results from the empirical 

Kendall’s tau, it can be seen that this three dimensional model provides the same 

estimates of the parameters of interest and the value of AIC.  

 

 

 

 

 

 

 

Figure 7. The Model 2: D-vine model by the distance measure sequencing. 

 

In addition, we also fitted Model 3 and Model 4, the D-vine models with different 

orders of the variables to determine the better appropriate structure of the D-vine model 

Tree 1 NYMEX ICE DME 

BB1 Rotated 180° BB1 

 = 0.741  

Tree 2 NYMEX, ICE ICE, DME 

 NYMEX, DME | ICE 

BB1 

 = 0.082  

AIC model = -3,590.140 

 = 0.651  

 = 0.741 

Tree 1 DME ICE NYMEX 

BB1 Rotated 180° BB1 

 = 0.651  

Tree 2 DME, ICE ICE, NYMEX 

DME, NYMEX | ICE 

BB1 

 = 0.082  

AIC model = -3,590.140 
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for our data, and the results from the joint MLE estimation are shown in Figure 8 and 

Figure 9.  

 

  

 

 

 

 

 

Figure 8. The Model 3: D-vine model with different orders of the variables: the DME, NYMEX, and 

ICE. 

 

 

 

 

 

 

 

 

Figure 9. The Model 4: D-vine model with different orders of the variables: the NYMEX, DME, and 

ICE. 

By taking into consideration the Akaike Information Criterion (AIC) value of each 

model, we found that Model 1 and Model 2, the D-vine models by the empirical 

Kendall’s tau and by the distance measure sequencing, provide better fit than Model 3 

and Model 4.  

Model 1 and Model 2 provide the same estimates of the parameters of interest, 

which is that the DME and the NYMEX are linked by the ICE, as demonstrated in 

Figure 6 and Figure 7. For this reason, we will explain the results of only one model.  

Model 2: D-vine copula model, which is modeled by the distance measure, reveals 

that there exists a positive dependence for each pair-copula, which estimated by a joint 

MLE. The first pair is the NYMEX–ICE, for which the rotated BB1 180°copula is the 

best fit, with two copula parameters, 0.267 and 2.530, a Kendall’s tau correlation of 

0.651, and the lower and upper tail dependences of 0.685 and 0.760, respectively.  

The second pair is the ICE–DME, and the BB1 copula is chosen to explain the 

dependence structure of this pair-copula with two copula parameters, 1.083 and 2.505, a 

Tree 1 DME NYMEX ICE 

Rotated 180° BB1 

 = 0.621  

Tree 2 DME, NYMEX NYMEX, ICE 

DME, ICE | NYMEX 

Joe 

 = 0.474  

AIC model = -3,363.391 

 = 0.580  

Rotated 180° BB1 

Tree 1 NYMEX DME ICE 
BB1 Rotated 180° BB1 

 = 0.738  

Tree 2 NYMEX, DME DME, ICE 

NYMEX, ICE | DME 

 = 0.267  

AIC model = -3,568.785 

 = 0.610  

Rotated 180° BB1 
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Kendall’s tau correlation of 0.741, and the lower and upper tail dependences of 0.775 

and 0.681, respectively.  

The last conditional pair-copula of NYMEX–DME given ICE in Tree 2 provides 

that the BB1 copula is its best fit with two copula parameters, 0.069 and 1.053, a 

Kendall’s tau correlation of 0.082, and the lower and upper tail dependences of 0.000 

and 0.069, respectively. This Kendall’s tau correlation by the conditional pair-copula of 

NYMEX–DME given ICE is less than those that are obtained by using the bivariate 

copula analysis of NYMEX–DME, which is 0.594, as presented in Table 6. This implies 

that the ICE has an influence on the dependence between the NYMEX and the DME, 

and that it is an important variable that governs the interactions within these variables.  

 

4. Conclusions 

This study used the GARCH model and the D-vine copula model to analyze the 

relationships between three random variables which we used to represent the crude oil 

prices of three different continents: Light crude futures 1-Pos of the New York 

Mercantile Exchange (NYMEX) for North America, Brent crude futures 1-Pos of the 

Intercontinental Exchange (ICE) for Europe, and Oman crude futures 1-Pos of the 

Dubai Mercantile Exchange (DME) for Asia. The daily closing prices during the period 

from 26 December 2008 to 28 June 2013 of three crude futures 1-Pos were used to 

conduct the analysis. 

We found that the log-difference of the crude futures 1-Pos of the NYMEX data was 

appropriate with the ARMA(3,2)-GARCH(1,1) with skewed student-T residual. As for 

the log-differences of the crude futures 1-Pos of the ICE and the DME data, they were 

appropriate with the ARMA(1,1)-GARCH(1,1) with skewed student-T residuals. 

Moreover, it was observed that the three data series had long-run persistence. 

The results from the bivariate copula analysis of and comparison between the crude 

futures 1-Pos of these three markets revealed that the relationships between the 

NYMEX–ICE pair, the NYMEX–DME pair, and the ICE–DME pair had co-movement. 

These findings correspond to the findings obtained in a previous study conducted by 

Reboredo [5]. In addition, we discovered evidences of asymmetric tail dependence in 

each pair. The NYMEX–ICE and NYMEX–DME pairs showed that the upper tail 

dependence was greater than the lower tail dependence, with the rotated BB1 copula 

families. As for the ICE–DME pair, it presented that the lower tail dependence was 

greater than the upper tail dependence, with the BB1 copula family. However, the 

values of the upper tail and the lower tail dependences of the three pair-copulas were 

quite close to each other. Furthermore, these findings support the “one great pool” 

hypothesis propounded in Adelman [1, 2], which, again, corresponds to the research 

studies of Hammoudeh et al. [4], Reboredo [5], and AlMadi and Zhang [6]. 
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As far as specifying the D-vine structures in the cases of the three variables are 

concerned, we found that the D-vine models by the empirical Kendall’s tau and the 

distance measure provided the best fit by giving better AIC values. In addition, these 

two models with the three dimensional copula provided the same estimates of the 

parameters of interest as well as the AIC values. The results of the bivariate and the D-

vine copula models indicated that the ICE had an influence on the dependence between 

the crude oil prices of the NYMEX and the DME, and that it was an important variable 

that governs the interactions within these crude oil markets. 

From the findings, it can be concluded that the crude oil prices of North America, 

Europe, and Asia in the case of crude futures 1-Pos have relatively strong dependence, 

and that regardless of whether it is an upward or a downward trend, their prices tend to 

move together. This finding is useful for decision planning of energy security in many 

countries in each of these regions. In addition, the evidence of the upper and the lower 

tail dependences between these three markets can be useful in risk management for 

investment in the commodity market. This information can tell us about the probability 

of joint occurrence of extreme events in crude oil prices.   

Moreover, the best and the most advantageous finding of this study is it has given us 

the knowledge that among the three crude oil markets, the ICE is a crude oil market that 

has much influence. In other words, the change in oil prices in the ICE will impact quite 

significantly the oil prices in the NYMEX and the DME, in the same direction. 

Therefore, the price of the crude futures 1-Pos of the ICE is the appropriate information, 

or should be used as the indicator for monitoring the change in the oil prices of the 

NYMEX and the DME. 

Regarding further studies in this field, we recommend that they include more of the 

related variables that represent the oil price movements in other crude oil markets also 

in the different regions of the world for a better understanding of the “one great pool” 

hypothesis.  
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