
CHAPTER 6

Controller Design

The main objective for the controller design presented in this chapter is to achieve global

stability of the nonlinear rotordynamic system and thereby eliminate the possibility of

sustained (or unstable) vibration response modes involving rotor-stator contact. The per-

formance of the controller will also be examined in terms of reductions in contact force

level when rotor-stator interaction is unavoidable. The controller which is considered in

this chapter is termed a dynamic force feedback controller. This control approach requires

the direct measurement of the rotor-stator interaction force. The design is based on the dy-

namic model and identified system parameters for the test rig as described in Chapter 4.

6.1 Controller Formulation

Consider a state space model of the rotor system including of control forces u applied to

the rotor through the magnetic bearing:

ẇ = Aw+ Bf f+ Buu

z = Cw, f = β(z)
(6.1)

Here, the nonlinear interaction model presented in section 4.4 is embedded in the static

mapping β : R2 → R2. A controller will be considered having the following form

ẇc = (A+ BuK)wc + Bf f

u = Kwc

(6.2)

A schematic diagram of the controlled system is shown in figure 6.1. Comparing equa-

tions (6.1) and (6.2), it can be seen that the controller states will be an estimate of the

component of the system states associated with the interaction force f. As the response

component in w(t) due to f is the source of instability, accounting for this component

through the control action u = Kwc should allow the stability properties of the system to
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Figure 6.1: Control scheme based on feedback of rotor-stator interaction forces

be influenced. Note that implementation of this controller will require that direct measure-

ment, or inference, of the rotor-stator interaction force is possible. This can be achieved

by using signals from the force sensing device described in Chapter 3. The controlled

system dynamics are given by ẇ

ẇe

 =

 A+ BuK −BuK

0 A

 w

we

+

 Bf
0

 f (6.3)

where we = w − wc. It follows that if A is a stable matrix, which is implied by stable

dynamics of the linear interaction-free system, we will converge to zero. Moreover, the

dynamics of w and we are uncoupled and so a stability-performance analysis can be based

on the following subsystem dynamics obtained by setting we = 0 in (6.3):

ẇ = (A+ BuK)w+ Bf f

z = Cw, f = β(z)

y = Cyw

(6.4)
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The auxiliary output y is defined for the purpose of setting state-related specifications in

the controller design. It is reasonable to include weighted components of both vibration

states and control forces in the output vector according to

y =

 αz

u

 (6.5)

For this definition of y we have

Cy =

 αC

K

 (6.6)

where the scalar α ≥ 0 is a free parameter to be selected in the controller design process.

The influence of this parameter will be examined in detail in Chapter 7.

The main objective for the controller design is to achieve global stability of the nonlinear

system (6.4). Some attractive properties of the scheme described here are that:

1) The estimator-based formulation (6.2) leads to reduced-order stability analysis

and controller synthesis problems.

2) The parameterization (and synthesis) of control solutions is made over the gain

matrix K.

3) The linear part of the system model (6.3) has a feed-forward structure and this

has intrinsically robust stability properties.

4) A control action occurs only when limits of linear behaviour are exceeded

i.e. when f ̸= 0. This means that an initial system/controller design can be

made according to requirements of linear operation. The globally stabilizing

controller can then be applied in parallel without affecting performance during

linear operation.

6.2 Stability Conditions for Controlled System

The following subsections deal with how to obtain a suitable stabilizing gain matrixK for

the proposed controller. Applying the Lyapunov theory developed in Section 5.2 and 5.3,
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subsection 6.2.1 develops mathematical conditions for global stability of a fixed equilib-

rium point for the controlled system (6.4). These conditions may be viewed as minimum

requirements for stability. They do not, however, guarantee global stability of a forced

response, which must be established if the possibility of a jump response is also to be

eliminated. Therefore, subsection 6.2.2 extends the stability conditions to the case of

global stabilization of a periodic forced response. These are the actual conditions used in

the synthesis of the controller gain K.

6.2.1 Condition for global stability of a fixed equilibrium

Controller design should be made subject to minimization of a suitable cost function, con-

sidered here to be the generalized H2 norm of the nonlinear system (6.4). This system

norm is evaluated as the worst-case L2 norm of the output y(t) over a specified set of

initial values for the state vector (arising nominally due to the injection of impulse distur-

bances when t = 0). The norm-bound condition ∥y∥2< γ holds if

lim
τ→∞

∫ τ

0

yTy dt < γ2 (6.7)

It is well known that this condition holds if there exists a Lyapunov function V (w) satis-

fying

V̇ (w) + yTy < 0, ∀w ̸= 0 (6.8)

V (w(0)) < γ2 (6.9)

A Lyapunov function may be adopted for system (6.4) that combines a quadratic function

with a 2-dimensional Lur’e-type term, as defined in subsection 5.3.3

V (w) = wTPw− 2ν

∫ z

0

fT dz (6.10)

whereP = PT > 0 and ν ≥ 0must be determined such that (6.8) and (6.9) are satisfied. To

account for the nonlinear relation between f and z, the constraint (5.20) may be augmented

with the constraint (6.8) via the scalar S-procedure. The resulting requirement is that
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σ > 0 exists such that

V̇ (w)− 2σ(k−1fT f+ fT z) + yTy < 0, ∀

 w

f

 ̸= 0 (6.11)

where

V̇ (w) = ẇTPw+ wTPẇ− 2νfT ż (6.12)

With the system (6.4), ż = Cẇ = C(A+BuK)w+CBf f. When CBf = 0 and CBu = 0,

equation (6.12) becomes

V̇ (w) = wT [P(A+ BuK) + (A+ BuK)TP]w+ 2fT (BTP− νCA)w (6.13)

The stability condition (6.13) has the quadratic form w

f

T M0

 w

f

 < 0, ∀

 w

f

 ̸= 0 (6.14)

Or equivalently

M0 =

 M11 M12

M21 M22

 < 0 (6.15)

where

M11 = P(A+ BuK) + (A+ BuK)TP+KTK+ α2CTC,

M21 = MT
12 = BTf PT − νCA− σC,

M22 = −2σk−1I

For a given initial condition w(0) = w0, assumed to be interaction-free (i.e. f(0) = 0),

we have

V (w0) = wT
0 Pw0 (6.16)

Therefore, from (6.9), theH2 gain bound is satisfied if

wT
0 Pw0 − γ2I < 0 (6.17)

Although controller synthesis could be undertaken based on satisfying LMI equation (6.15)

and (6.17), the analysis here does not take account of the efforts of disturbances. For a real
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rotor, the main source of disturbance is unbalance which will produce a non-zero vibration

orbit. This will be considered in the next subsection.

6.2.2 Condition for global stability of a steady orbit

Consider the system model (6.1) with disturbances d(t) acting on the rotor (nominally

unbalance force).

ẇ = Aw+ Bf f+ Buu+ d (6.18)

Suppose there is a solution to (6.18) given by w(t) = wd(t) for which f(t) = 0, i.e. wd(t)

is a locally stable interaction free response. The objective for the control is to ensure that

this solution is also globally stable, thereby eliminating the possibility of an alternative

response for which f(t) ̸= 0. DefiningW(t) = w(t)−wd(t) andWe(t) = we(t)−wd(t),

the requirement of W(t) → 0 when t → ∞ for all W(0) = W0 is needed to ensure

that wd(t) is a globally stable trajectory of the system. In this case, the dynamics of the

controlled system may be derived from (6.18) and (6.2) as Ẇ

Ẇe

 =

 A+ BuK −BuK

0 A

 W

We

+

 Bf
0

 f

f = β(z), z = CW+ zd

(6.19)

where zd = Cwd(t). As long as A is stable matrix, We will approach to zero when time

approaches to infinity. The dynamic stability of the controlled system can thus be analysed

based on
Ẇ = (A+ BuK)W+ Bf f

z = CW+ zd, f = β(z)

y = CyW

(6.20)

Stability now depends on the dynamics ofW and so a Lypunov functionmay be considered

having form

V (W) = WTPW− 2ν

∫ z

zd
fT dz (6.21)

For this Lyapunov function

V̇ (W) = WTPẆ+ ẆTPW− 2νfT ż (6.22)
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Figure 6.2: Control scheme based on feedback of rotor-stator interaction forces with a
steady orbit

If zd is a circular orbit then according to the analysis in subsection 5.3.4 we have

fT ż = fT (CẆ+ ωΠCW)

where ω is the angular speed of the orbital motion (which typically would match the rota-

tional speed of the rotor) and

Π =

 0 1

−1 0


Following the procedure in previous section, the basic stability condition V̇ (W) < 0 can

be combined with the constraint (5.20) and theH2 norm-bound (6.7) to give the condition W

f

T N0

 W

f

 < 0, ∀

 W

f

 ̸= 0 (6.23)

Or equivalently

N0 =

 N11 N12

N21 N22

 < 0 (6.24)
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where

N11 = P(A+ BuK) + (A+ BuK)TP+KTK+ α2CTC,

N21 = NT
12 = BTf PT − ν(CA+ ωΠC)− σC,

N22 = −2σk−1I

6.2.3 Controller synthesis to stabilize a contact-free orbit

To allow a controller solution to be obtained using standard LMI solvers, bilinear terms

can first be eliminated from (6.24) by using the following lemma.

Lemma 1. N < 0 ⇔ RNRT < 0 where R nonsingular matrix of compatible dimensions.

Suppose that R =

 P−1 0

0 σ−1I

 and applying lemma 1 with (6.24) gives

Q(ω) = RTN0(ω)R < 0 (6.25)

Using substitutions S = P−1, K = LS−1, ζ = σ−1 and η = νσ−1 then the inequality

matrix can be written as

Q(ω) =

 Q11 Q12

Q21 Q22

 < 0 (6.26)

where

Q11 = AS+ SAT + BuL+ LTBTu + LTL+ α2SCTCS,

Q21 = QT
12 = ζBTf − η(CA+ ωΠC)S− CS,

Q22 = −2ζk−1I.

Considering the dependency of Q11 on L, by a completion of squares argument, the opti-

mal value of L is L = −BTu , which gives

Q11 = AS+ SAT − BuBTu + α2SCTCS
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By Schur complements, the stability condition is obtained as

Ñ0(ω) =


Ñ11 Ñ12 Ñ13

Ñ21 Ñ22 Ñ23

Ñ31 Ñ32 Ñ33

 < 0 (6.27)

where
Ñ11 = AS+ SAT + BuBTu ,

Ñ21 = ÑT
12 = ζBTf − η(CA+ ωΠC)S− CS,

Ñ22 = −2ζk−1I,

Ñ31 = ÑT
13 = CS,

Ñ33 = −α−2I.

For a nominal rotor/orbit angular speed ω, the optimal gain matrix K∗ can be found by

solving the following LMI optimization problem:

Controller synthesis problem. Minimize γ over S, ζ and η subject to S = ST > 0, ζ > 0,

η > 0, Ñ0(ω) < 0 and  −γ2I WT
0

W0 −S


From the solution to this problem we obtain K∗ = −BTuS−1 and the state space controller

(Ac,Bc,Cc) follows as
Ac = A− BuBTuS−1,

Bc = Bf ,

Cc = −BTuS−1.

6.3 Controller Synthesis to Stabilize Contact-FreeWhirl in the Presence of Friction

A modified version of the controller synthesis in Section 6.2 will now be described that

accounts for the possibility of friction at the rotor-stator interface . In this section, a state

space model for lateral vibration of a rotor-stator structure is considered based on equation

5.31
Ẇ = AW+ Buu+ BfTµf

z = CW+ zd, f = β(z)
(6.28)
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where the matrix Tµ is a constant matrix that models the effects of friction at the contact

surface, as defined in Section 5.3.

The control scheme for this case is shown in figure 6.3 with controller defined by

Ẇc = AWc + Buu+ BfTµf

u = KWc

(6.29)

Note that f is the normal component of the interaction force, while the measured force is

the total interaction force Tµf. The state vector Wc is an estimate of the components of

W due to the total interaction force Tµf. The controller gain K must be chosen to ensure

stability of the controlled system dynamics as given by Ẇ

Ẇe

 =

 A+ BuK −BuK

0 A

 W

We

+

 BfTµ
0

 f

z = CW+ zd, f = β(z)

(6.30)

whereWe = W −Wc. As in the previous cases, the state vectorWe is independent of f

and will therefore converge to zero as long as the matrix A is a stable matrix. A stability-

performance analysis can be based on

ẇ = (A+ BuK)x+ BfTµf

z = Cw, f = β(z)

y = CyW

(6.31)

The output y can again include weighted components of vibration states and control forces

with Cy as defined in (6.9).

For controller design, a norm-bound condition (6.7) is considered and a Lyapunov function

candidate is adopted as in (6.21). Following the some derivation given in Section 6.2, the

stability condition V̇(ω) ≤ 0 is equivalent to

V0 =

 V11 V12

V21 V22

 < 0 (6.32)
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Figure 6.3: Control scheme based on feedback of rotor-stator interaction forces with fric-
tion at interaction plane

where

V11 = P(A+ BuK) + (A+ BuK)TP+KTK+ α2CTC,

V21 = VT
12 = TTµBTf PT − ν(CA+ ωΠC)− σC,

V22 = −2σk−1I

To obtain a controller solution using standard LMI solvers, (6.32) must be transform using

lemma 1. Similar to previous cases, the stability condition can be obtained as

Ṽ0(ω) =


Ṽ11 Ṽ12 Ṽ13

Ṽ21 Ṽ22 Ṽ23

Ṽ31 Ṽ32 Ṽ33

 < 0 (6.33)
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where
Ṽ11 = AS+ SAT + BuBTu ,

Ṽ21 = ṼT
12 = ζTTµBTf − η(CA+ ωΠC)S− CS,

Ṽ22 = −2ζk−1I,

Ṽ31 = ṼT
13 = CS,

Ṽ33 = −α−2I.

For a nominal angular speed ω, the optimal gain matrix K∗ can be found by solving the

following LMI optimization problem:

Controller synthesis problem. Minimize γ over S, ζ and η subject to S = ST > 0, ζ > 0,

η > 0, Ṽ0(ω) < 0 and  −γ2I WT
0

W0 −S


From the solution to this problem we obtain K∗ = −BTuS−1 and the state space controller

(Ac,Bc,Cc) follows as
Ac = A− BuBTuS−1,

Bc = TµBf ,

Cc = −BTuS−1.

6.4 Summary

In this chapter, a dynamic force feedback controller has been proposed based on a state-

estimation concept. A model-based analysis and synthesis approach has been derived

covering three different situations and accounting fully for the possibility of contact inter-

action between the rotor and stator:

1) Stabilization of the rotor equilibrium point

2) Stabilization of a circular whirl response (friction-free case)

3) Stabilization of a circular whirl response with significant friction at the contact

interface
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Implementation of the controller requires actuators to apply control forces to the rotor

(i.e. an active magnetic bearing) and a means to measure rotor-stator contact forces in

the expected plane of contact. For the control structure proposed, a feedback gain matrix

could be obtained from the solution to a set of LMI constraints. The next chapter will

describe results for validation of the control approach obtained by model-based simulation

and experimental testing.
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