CHAPTER 4

Exponential Synchronization of Coupled Delayed Neural
Networks with Hybrid Couplings

In this chapter, we make the great efforts to investigate the exponential synchro-
nization of coupled NNs with interval time-varying delays, leakage delay and hybrid cou-
plings. The designed controllers ensure the exponential synchronization via feedback and
intermittent feedback controls. By constructing an augmented Lyapunov-Krasovskii func-
tional and Kronecker product properties, novel sufficient conditions are obtained in terms
of LMIs. The criteria are derived in terms of LMIs solved efficiently by standard convex
optimization algorithms. The feasibility of the conditions can be easily checked by re-
sorting to Matlab LMI Toolbox. Finally, the effectiveness of the proposed criteria can be

demonstrated by utilizing numerical examples.

4.1 Problem Formulation

Consider the coupled dynamical system consisting of N linearly and diffusively
coupled recurrent NNs with time delays can be described by:
Zi(t) = —Cxi(t — o) + Af(xi(t)) + Bg(zi(t — 7(t)))

+D fj_k(t) h(xi(s)) ds + EU;(t) + szj giTa;(t)
. =1 (4.1)

+ Zlg?jfgzcj(t —7(t)) + Z g3 Fgft Kt (s))ds,
£

xl(t) - (bi(t)v te [TmaX7 0]7 Tmax = maX{T2, k}, 1=1,2,..., N,

where x;(t) = (z;1(t), 7i2(t), ..., 7, (t))T € R" is the state vector of the ith network at
time t. C = diag(cy,ca,...,¢,) > 0 denotes the rate with which the cell 7 resets its
potential to the resting state when being isolated from other cells and inputs, A, B, D
and E represent the connection weight matrix, G9 = (ggj)NxN ,(g = 1,2,3) represent
the outer-coupling matrix of the network, I'1, 'y, I's € R™ "™ represent a constant inner-
coupling matrix, f(z:(t)) = (i@ (D), -, flzm®)T, glzilt — 7)) = (gr(wa(t —
7)), .-, gn(@in(t — 7)) and h(xi(s)) = (h1(2i1(8)), ..., hn(2in(s)))T represent the

activation function vectors and U;(t) € R™ represent the control input vector.
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The interval time-varying delays, time delays and leakage delay are 7(t), k(t) and

o, respectively, satisfy the following conditions:

0 <m<7(t)<m, 7() <, n=T2—T1,
0 <k(t) <k, E(t) < pa, 0<o.
We design the feedback controller satisfy the following conditions:
Ui(t) = Kx;(t), t>0, (4.2)

where K € R™*" is the feedback controller gain matrix to be determined.

Let
2'(t) = [ei(t),...,zH()],
@) = F@@),.... ffanv@),
g et —71)) = g7t —7®))....q" (an(t—7(t)))],
W (a(s) = [ (21(9)),... . " (2w (s))],
vty = Wi @),....ux@)1",

By employing the Kronecker product, we can reformulate the system (4.1) as the following
form:
i(t) = —(In ® C)x(t — o) + (In ® A)f(x(t)) + (In @ B)g(x(t — 7(1)))
+(In ® D) [y M@(9))ds + (In @ B)U (1) + (G* @ T1)x(1) (4.3)
+HG2@Ta)a(t —7(t) + (G* @ T3) [i_ ) h(x(s))ds,

and its identical Kronecker product from is
U(t) = (Iy @ K)x(t), t>0.

We introduce the following assumptions:

Assumption 4.1 [34], the outer-coupling configuration matrices of the NNs satisfy:

q 4.4 (1 My q
9ij = 95; >0, g;=- Z Gijs
Jj=1,j#i

where 7,5 =1,2,...,N, i# j,and ¢ =1,2,3.

Assumption 4.2 [34], for some constants I, ,l;", 0.7, o), v, , v, the neuron activation

functions are bounded, and satisfy:

lr_ < fr(sl) - fr(52) < l+

= by

51— 82
— _ 9r\S1) — gr\S2
0, < M < Qj_,
S1 — S92
U; S hr(sl) — hr(SQ) S Uﬁr,
S1 — 8§89
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where r € {1,2,...,n}.

We denote
By = diag(l{iy, -, 000, Fy =diag<l1+§ll_v" ’W>’
Ji = diag(of o7, .00 0,), J2 :diag(gf—;gl"" : Q;_QFQ;)’
L — dinglotor, e utus). Ly — diag(vf ;rvf7... 7vi{ ;Lvr?).

4.2 Synchronization Criteria with Feedback Control

In this section, we will present the exponential synchronization of coupled NNs (4.3)
in terms of LMIs by using the Lyapunov-Krasovskii functionals and Kronecker product
techniques. The feedback controller is designed to achieve the exponential synchronization

of coupled NNs (4.3). The notations of several matrices are defined as:

)
or = max{|g;|, \Qﬂ}, Vg max{|v7?], |vj|}, r=1,2,...,n,

Om = max{gl, 02, ey gn}, Uy, = max {'Ul,UQ, ...,vn},

ol = llz)[], el = sup_,,..<s<o lz(s)l;

Al = Amin(U @ P),

A2 = Amax(U @ P) + 72 Amax(U @ R1) 4+ T3 max(U @ Ra) + 1*Amae(U @ R3) (4.4)
+0% Amax (U ® S1),

A3 - U)\IIIaX(U X Ql) + Tl)\max(U & QQ) 4 7-2)\max(U & Q?)) = 7-2)\max(U & Q4)
+Q$n7—2)\max<U & Q5) + kQAmax(U & SQ) - 7—12Amax(U & Rl) 2 7_22)\rnax<U & RQ)
_772)\maz(U ® R3) = U2)‘n1ax<U ® Sl) ot Ugnk2)\max(U ® SS)

Then, we have the following theorem.

Theorem 4.2.1. Given a > 0 and suppose that assumption 4.1-4.2 hold, the system (4.1)

is exponentially synchronized under the controller (4.2) if there exist symmetric positive
definite matrices, P,Y,Q1,Q2,Q3,Q4, Qs, R, S, (I = 1,2,3), three diagonal matrices A =
diag(t1,...,tn) > 0,Q = diag(k1, ..., k) > 0, A = diag(n,...,mn) > 0 and real matrices
T with appropriate dimensions, such that the following linear matriz inequalities (LMIs)
hold for all1 =14 < j= N:
T
Elij:Mz‘j—{OOOOOOOIO—IOO}
xe‘za”Rg[o 00000O0TI 0 —I0 0]<0, (4.5)
T
ZQij:Mij_[OOOOOOO—IIOOO}

xe‘z‘ng[o 0000O0O0 —-IT1TU0D0 0]<0, (4.6)
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where

Y4

My 4

—0.1le 22T Ry —0.1e72°2Ry 2YT PE
* —2P 0 <0,
* * —P
T TF
<0,
* —P
My Mo Mz -+ Mo
* Moo Myz -+ Msio
M = * *  Msg -+ Mgz |,
* * S M12712
4
—Ng}PTy — NgiTTP +2aP + > Q, — 0.9 Ry
r=1

—0.9¢72°T2 Ry — 72998, + kSy — QF| — ©.J; — ALy,
—e 2008, + TP,

—Ngj;TT,

BTP,

QFy,

0J, + ATP,

ALy,

—Ng;T3 P,

e—2aT1 Ry,

672011'2R2?

—NgiT3P+D'P,

—e2(Q1 + S1),

—T&

2Ry + 2Ry + 1’ R3 + 0281 — T,
BTT,

ATTT,

—NgT3 T,

—~Ng}T3T" + D'T",
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Myy = —(1—pm)e Qs
Mss = —-Q-Qs,

Mss = -0,

M7 = kS3—A,

Mgg = —(1—p)e Qs —e ™Ry — e **™Ry,
Mgy = —e ?°Rg,
Mg1g = —e 2R,
Myg = —e 2 (Q2+ Ry) — e ™Ry,
Migio = —e 2°2(Ry+ R3 + Q3),
My = —u_—kmze_%dcsm
M1z = _%52%3&

0 = Migpn=Moy=Mos=DMyg=Mo7=DMyg= Msg
= Ms10=Ms11=Ms12= M35 = M37= M3g= M319
= M311=Mys=Myg=My7=Myg = Msg= My
= My11 = My12 = Mse = Ms7 = Msg = Msg = Ms19
= Ms511=Ms512=Mg7= Mg = Mg = Mg 10 = Mg 11
= Mg12 = M7g = Mrg= Mr10= M711 = Mr712 = Mg11

= Mg 12 = Mgy 10 = My 11 = My 12 = Mio11 = Mip12 = Mi1,12.
Moreover, the memoryless feedback control is K = —P71Y .

Proof : Consider the following Lyapunov-Krasovskii functional candidate for the

system (4.3):

V(e(t) =Y Viz(1)), (4.9)

=1

where

Vi(z(t)) = fUTt(t)(U®P)l‘(t)7
Va(a(t) = /t 2060 T(\(U @ Q1 )z (s)ds

] e naweain
t—71
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s [T e Qe
t e2a(s=t) T (g z(s)ds
ol (5)(U © Qu)a(s)d
+/ 20027 ())(U © Qs)g(x(s))ds,
Va(z(t) = n/_ /+ o0=;:T(0)(U @ Ry)#(0) dods
T e2a(0—t) ;T T s
+2/_T2/+S 0)(U ® Ro)i:(0) dods,
Va@(t) = /_ of /+ a0-04T (0)(U © Ry)i(8)dods,

Vs(z(t) = o/_ 0-03T () (U @ Sy)i(0) dods,

e220=D2T(0)(U ® Sy)x:(0) dds

o /t+s X
0 ¢
vy = [ [
0 t
20T (5 T s.
+/ /+s h* (z(0))(U & S3)h(z(9)) dod
It easy to check that
Mllz@)|]? < V(x(t), Vt>0. (4.10)

where \; is defined in (4.4).
Calculating the time derivative of V(x(¢)) along the trajectories of system (4.3),

define a matrix, if X is a matrix with zero column sums, then UX = N X, we obtains

Vi(z(t)) = 22" (t)(U® P)i(t),
= 227(t)(In ® P) { ~ (In® O)z(t — o) + (In ® A) f(z(t))
+(Iy ® B)g(a(t — (1)) + (Iy ® D) /t RO
+(In ® EK)2(t) + (G' @ 1) 2(t) + (G? @ T'9) (t — 7(t))
G3aT h(x(s))ds, |,
@ oty [ (s

N
= 2 Y (@ilt) @) |(~NghPTy + PEK)(i(t) - a;(1))
1<i<j<N
—PC(ai(t — 0) = a5t = 0)) + PA(f(@i() — f(;(1)))
+PB(g(i(t = 7() — gl (t = 7(1))))
+(PD — Ng?ijg)/ (h(zi(s)) — h(z;(s)))ds
t—k(t)

—Ng%PFg(xi(t—T(t)) —.%'j(t—T(t))) . (4.11)
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Using Lemma 2.3.17, we get

N
= Y0 2wlt) — () PEK (wilt) — 5()
1<i<j<N
N
—— > 2wi(t) — (1) PEPTY (wi(t) — x;(t)),
1<i<j<N
N
< 3 (@ilt) — (1) [PEP 1ETp 4 YTp 1@(3;2()_%@)) (4.12)
1<i<j<N

a(a(t) < 2"V Qi+ Q2+ Qs+ Q)
—e 29T (t — o) (U ® Q1)2(t — o)
—e 20T (t — 1)(U ® Qa)x(t — 1)
—e 20725 T (t — ) (U ® Q3)x(t — )
+9" @(£)(U ® Q5)g(x(1))
~(1 = e a7 (t = T(O)(U © Qu)a(t — 7(1))
9" (@(t = F)(U @ Qs)g(a(t — 7(1)))] - 20V,

= > {@i) — ) Q1+ Qo + Qs + Qu)(wilt) — (1))

—e 77 (3(t = 0) = a5(t = 0)) Qu(ailt — o) ;¢ — )

—e 2T (@t — 1) — ;(t — 7)) Qalwi(t — 1) — w;(t — 7))
e 20 (zi(t — 1) — xj(t — 712)) Qs (@it — 72) — 2j(t — 7))

+Hg(@i(t) — g(z(£)))" Qs(g(xi(t)) — g(;(t)))

—(1 = )27 | (it — 7(8)) — 25t — (1)) Qu

x(glailt = 7(1))) - gla;(t = 7(£))))] } — 2. (4.13)

Calculating the time derivative of V3(¢, x¢) and Vi(t, z;), respectively, with Lemma 2.3.20,

we obtains

Va(z(t)) = mia" (t)(U @ Ri)i(t) + 3’ (1)(U © Ra)i(t)

t
—T1€ 20‘71/ &' (s)(U @ Ry)2(s)ds
t—71

t
— e 20T / T (s)(U @ Ry)i(s)ds — 2aV3,
t—T1o
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2iT(t) (U@ Ry) #(t) + 14 27 (t)(U ® Rg) a(t)
_e20m [:U(t) —a(t— ﬁ)}T(U ® R1) [m(t) ot - ﬁ)]

IN
|

e () — (i — mr(U ® B)[a(t) — a(t — )] 2075,

T
—e 20 (ai(t) — 25(8)) — (wilt = m1) — 2t = )| R
x| @it) = 25() = (@ilt = m1) = 25t — )]
2 (@) = 25(0)) = (@alt — ) — i~ )] Ro
X [(aji(t) — () — (zilt —2) — 2t — 72))] } — 24V (4.14)

Vi(z(t)) = n°a" (t)(U @ Ry)(t) —ne o™ / - " (s)(U © Ra)i(s)ds

t—T1o

—20Vj, (4.15)

let n = (10 — 7(t)) + (7(t) — 71), we can acquire

t—71 t—T7(t)
- / () (U @ R)i(s)ds = —(rs— (1)) / T (s)(U ® Rs)(s)ds

t—T7o t—T2

t—7(t)
—(7(t) — 1) / @7 (s)(U @ R3)i(s)ds

t—T1o

(rs — (1)) /t _:) #T(s)(U ® R)(s)ds

t—71

e -m) [ 6O @ Rils)ds.
t—7(t)

Using Lemma 2.3.20, we get

t—7(t)
EE—— /t U @ Ryi(s) ds
T2 .
3 € [x(t ~ () — a(t — 72)} (U ® R3) [x(t () — 2t — m} . (4.16)
—(7(t) — 1) /t :) &7 (s)(U ® R3)i(s) ds
T
<= [x(t ) —a(t— T(t))} (U ® Rs) [a:(t ) — z(t - T(t))} . (4.17)

Let =270 < 1 then

T2—T1

(ra— 7(1)) /t (t) #T(s)(U ® Ry)i(s) ds

T /t __:) #T(s)(U @ Ry)i(s)ds,

t—71

< _B(r(t) ﬁ)/ T ($)(U @ Ry)i(s)ds,

t—7(t)
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T
< —gla(t - n) —a(t = 7(0)] (U@ Ry)[at = 1) = w(t = 7)), (4.18)

t—7(t)
—(r(t) - ) / #7(s)(U @ Ry)i(s) ds

t—1o

t—7(t)
—(-B)n-mn) [ U Rl

t—To

t—7(t)
<—(1=Am-r) [ U Rils)ds,

T
<—(1-8) [z(t — () — x(t — 72)} (U ® Ry)

X [a;(t — (1)) — a(t — 72)] . (4.19)
Therefore from (4.15) to (4.19), we can estimate V(t) as
N
Va(z(t)) < ) {(i’z‘(t) = @;(t))" 0’ Ra(@:(t) — 5(1))
1<i<j<N
627 [(a(t — 7(t)) — 25(¢ — 7(0) = (wilt — ) — 250t~ )]

—2aVj. (4.20)

Similarly, calculating the time derivative of Vj(t,z;) and Vi(t,x¢), respectively, with

Lemma 2.3.18 and Lemma 2.3.20, we obtain

Vs(z(t)) = %21 (t)(U ® Sy)i(t) — oe 22 /t T (s)(U @ S1)i(s)ds — 2aVs,

t—o

< %l () (U ® Sy)i(t)
T
200 [x(t) —a(t— a)} (U ® Sy) [x(t) ot a)} —2aVs,

N
> {(:i:l-(t) — () 0?1 (4 () — (1))
1<i<j<N
20 [(ay(t) - 2,(0) — (wilt — o) — (¢ — )] S
x[(alt) = 25(1)) = (ilt = 0) — a5t = 0))] } — 2015, (4:21)
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Vs(z(t)) < kal (1)(U @ Sp)a(t) + kAT (2())(U @ S3)h(z(t)) — (1 — pp)e 2"
x /t ik(t) (47 (5)(U ® S2)a(s) + W (a(s)) (U ® S3)h(a(s)
20V,
< k2T () (U ® Sa)a(t) + kb (z(t))(U ® S3)h(z(t))

t

_(1;”2)6—2011@( /;W) x(S)ds)T(U ® 52)( /t " x(s)ds)

t

ds

_(1;“2)62% ( /ttk(t) h(x(s))d5>T(U ® S3) ( /tk(t) h(x(s))ds)

—2a Vg,
N

= Y {@® -5 kS(t) - z;(1)

1<i<j<N

T
+ [Ba(t) = i @)] kS [plai(t) — hlz;1))]

_(1_]€‘M2)€2ak < /ttk(t) k(t — s)[zi(s) — xj(s)]d8>

T

t

%S ( /t - k(t — 8) [i(s) — xj(s)]ds)

_Me_mk t — 8)[h(x;(s)) — h(x;(s sT
; (/t_k(t)’f(t h(ai(s)) — h(ay(s))] ds)

t

x5 /t RGIEOR s (s)))ds) } — 20V,

By the assumption 4.2, for r € {1,2,..., n}, we have

(Crad - ESEag ) =

(gr(xzr(zé); % gr(ﬂ(cj)r(t)) 1 Q+) (94%(2); » gr(fj;(t)) B Q7> <0
Tip () — xjp (1 " Tip (t) — xjp (¢ ")

he (ir (1)) — B (50 (1)) he(@ir(t)) = he (@50 (1)

( o) o) ) oot —ap(t) ) <0
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which are equivalent to

zi(t) — z;(t) T IFi-eel —l’f%lr_e,,ezﬂ xi(t) — z;(¢) “0
flait) = fla®) | | —Egeel el flas(®) = flas) |~
w0-n0 ][ geed —Eed | [ w-nn ]
| g(@(t) —glai0) | | el e | g(ai(t) —glaye) |
- $z(t) — l’j(t) r U;"vr_erez —Uj%vierezﬂ [ xz(t) — T (t) <o.
| ai(t)) — h(z;(t) S < & | (xi(t) = h(z;(1) |

eré, ere
where e, denotes the unit column vector having 1 element on its rth row and zeros

elsewhere. For any diagonal matrix A = diag(eq, ..., tn) > 0,Q = diag(ky

and A = diag(ni, ..., 7n) > 0 with appropriate dimensions, it follows that:
X + l++z
0 < —ZL xi(t) — x;(t) l+l erel 2 ool
f(@i(t)) = f(z;(t)) — e T eref
i(t) — (1)
X
f(@i(t)) = f(x;(t))

T
P (1) — (1) o orerel  —EEtreel
Z”L« w))] { e ]

_ Or tor T T
2 T

_AF, AP | zi(t) — (1)
f(@i(t)) — fz;(1))

L[ om0 -50 —) Q| xi(t) — (1)
g(xi(t)) — g(x;(t)) Oy =0 | | glai(t) — g(x;(1))
T
n J}Z(t) — xj (t) —ALl ALQ .’L‘Z(t) — acj (t) .(4.23)
h(zi(t)) — h(z; (1)) ALy  -A h(xi(t)) — h(z; (1))

On the other hand, by (4.3) and properties of Kronecker product in Lemma 2.3.14 and
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Lemma 2.3.15, we have the following zero equations holds for any matrix 7" € R"*",

0 = 27U T) [ —(In®C)a(t— o)+ (In ® A) f(z(t))

HIn ® B) g(a(t — 7(1)) + (In ® D) /t R

+(In @ EK)x(t) + (G* @ T1) z(t) + (G* @ Ta) z(t — 7(t))

P eTy) /t RIS (1))
N
= 2 3 (@) = ;)7 [(~NghTTs + TEK)(mi(t) — (1))
1<i<j<N

~TC(wi(t - o) = 23(t = o)) + TA((i(8) = f(25(0)

FTB(g(aa(t — 7(9) = gy (t = (1))

HID —NGYTT) [ (haals) = has ()i

NG T (it = 7(0)) = w4t = 7)) = T(H(0) — 15()] . (429)

Using Lemma 2.3.17, we get

N

— Y 2(di(t) = #5(1)" TEK (i(t) — x4(t))
1<i<j<N
N
=— > 2&(t) —#(1)" TEPT'Y (wi(t) — w;(t))
1<i<j<N
N
< Y [@®) - &) TEPTETTT @(t) - (1)
1<i<j<N
H(wilt) = 3 () TY TP (2ilt) - (1)) (4.25)

By setting Gy = | (2:(0) —; (1)) (xi(t— o) — 56— o)) (&3() ~ 5 (1)), (g st —7(0))) —
(s (O (9(wi(8) — g5 ()T (i) — £y (0)T (i (8) (s (0)T, (et —
P(0) = 5 (=TT, (@it —71) — 25 (t— )T, (it —2) —ay(t— 7)), [ K(t— ) (ai(s)
z;(s))lds, ffoo k(t—s)(h(x;i(s)) — h(a:j(s)))Tds} . From (4.11) - (4.25), we can obtain that

N
van) < 3 {EO[0 -8 + 65 6

1<i<j<N
+(@i(t) — (1) Ex(2i(t) — 2;(1))
+(di(t) — 5 (8) Ea(@i(t) — i’j(t))} —2aV(x(t)), (4.26)

where ;5 and Yg;; are defined in (4.5), (4.6), respectively, and

=, = —0.1e 2R —0.1e 2Ry + PEP'ETP + 2vyT Py,
2 = -T+TEP'ETTT.
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Since 0 < B < 1, (1 — B)X145 + BX9i; is a convex combination of 31;; and Y. So,
(1 — B)X145 + BE9i; < 0 is equivalent to ¥1;; < 0 and 3g;; < 0. By Lemma 2.3.22,
the inequalities =; and =9 are equivalent to ¥3 < 0 and ¥4 < 0. Thus, it follows from

(4.5)-(4.8) and (4.26) such that
V(z(t)) +2aV(z(t) <0,  Vt>0. (4.27)
Integrating both sides of (4.27) from 0 to ¢, we obtain
V(z(t)) < e 24V (0), VYt >0. (4.28)
Furthermore, taking condition (4.10) into account, we have

Allai(t) — ;I < V(@(®) < eV (0) < doe™2! ]2 + Ase 2o, ¥t > 0.

A2 A3,
lai(t) = ;) <4/ e ol +/ Tl vz 0. (4:29)

This completes the proof. O

then

Next, we present a simulation example so as to illustrate the usefulness of our

Theorem 4.2.1.

Example 4.2.2. Consider a dynamical system (4.1) consisting of five linearly coupled
identical models under the controller (4.2) with a hybrid coupling. The state equations of
the entire array are
#i(t) = =Cwi(t — o) + Af (i(t)) + Bg(wi(t — 7(1)))
5
t
+D ftfk(t) h(:cl(s)) ds + EUZ(t) + 21 giljlej(t) (430)

J]=

5 5
+ Zl giiTaw;(t = 7(t)) + -21 G5T3 [y 1(i(s))ds,
= /=

where ;(t) = (zi1(t), zi2(t))T,i = 1,2,3,4,5 are the state vector of the ith network, and

the other parameters are as follows:

3 0 0.5 —-0.4 0.1 0.1

C = 5 A - aB - )
0 3 04 0.5 0.2 0.2
04 0 03 0 02 0

D = >E - ; Fl - 5
0 0.3 0.1 0.3 0 0.2
0.05 0 0.05 O

F2 — 71_‘3 -

0 0.05 0 0.05
71 = 02, =10, k=1, ¢=0.02, p; =0.3, pe=0.2.
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The outer-coupling matrix G = (ggj)

It is easy to see:

By applying the MATLAB LMI Toolbox, Theorem 4.2.1 can be solved to yield the fol-

0 O
-3 1 1
-2 1
1 -3
0 1

Fy

J1

Ly

lowing feasible solutions:

P

Q2

Q4

19.9722
—0.9649

3.6265
—0.2895

6.3244

—0.6504

NxN’

- o O =
NS

0.5(|lza(t) + 1| -

0.5(|za () + 1] —

tanh(—xil (8)),

tanh(—0.8x;2(s)).

—1 0

) F2 =
0 —-0.25
—1 0

) JQ —
0 —0.25
0 0

; 2 =

0 0

—0.9649
16.2956

—0.2895
4.4498

—0.6504
7.6950
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0.25(|xi2(t) + 1‘ —

0.25(|$i2(t) + 1‘ —

(g =1,2,3) are defined as:

—4 1 1 1 1
1 -4 1 1 1
1 1 -4 1 1
1 1 1 -4 1
1 1 1 1 —4
|z (£) — 1)),

|ia(t) — 1),
|z (t) — 1),

a2 (t) — 1),

o O
o O

(@)
)

—0.5

o
o
S o

0.4759 0.0594
0.0594 0.8187

)

6.3244
—0.6504

—0.6504
7.6949

8.3350  0.8309
0.8309 22.9277




» 21.6167 3.1821 0.0330 —0.0106
1 2 =
3.1821 19.6786 —0.0106  0.0239
0.1450 —0.0601 80.2454 —3.2911
R3 Sl -
—0.0601  0.0649 —3.2911 64.9877
3.6598  —0.2077 4.0931 —0.0845
S S3 =
—0.2077  4.0363 —0.0845  4.6057
3.0487  —0.1580 0.3942 —0.0615
T Yo —
—0.1717  2.6529 —0.0615 0.3314
15.6411 0 14.3208 0
Q 0=
0 23.6617 0 36.3797
15.5635 0
A = .
0 18.6668
Then, the controller gain is
—0.0196  0.0021
K= . (4.31)
0.0026  —0.0202

Therefore, it follows from Theorem 4.2.1 that the system (4.30) under controller gain
(4.31) with given parameters is exponentially synchronized, which is further verified by
the simulation result of the synchronization error given in Figure 4.1. The figures show that
the synchronization errors trajectories e;1(t) = x;(t) — z1(t), (1 = 2,3,4,5) of the system
(4.30) with initial values of the state are z1(0) = [1,—1]7,22(0) = [~1.5,1.2]7, 23(0) =
[2, —1.6]7, 24(0) = [0.7,1.1]7, 25(0) = [~1.2, —1.8]T. The numerical simulations are carried
out using the explicit Runge-Kutta-like method (dde45), interpolation and extrapolation
by spline of the third order.
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Figure 4.1: Synchronization errors trajectories, e;1(t) = ;(t) — x1(t), i = 2,3,4,5.
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4.3 Synchronization Criteria with Intermittent Feedback Control

In this section, we study the exponential synchronization of coupled NNs (4.1)
with hybrid coupling by design the intermittent feedback controller satisfy the following
conditions:

Ui(t) = Kxi(t), nw <t <nw+9, | (432)
0, nw+0<t<(n+lw,
where K is a constant control gain. w > 0 is the control period. § > 0 is the control width

(control duration) and n is a non-negative integer.

Then, with Kronecker product (4.32) can be represented as

0, nw—+0<t<(n+lw,

We obtain the following result.

Theorem 4.3.1. Given 0 < a < g, and suppose that assumption 4.1-4.2 hold, the system
(4.1) is exponentially synchronized under the controller (4.32) if there exist symmetric pos-
itive definite matrices, P,Y,Q1,Q2, Qs,Q4,Q5, Ry, Sy, (1 = 1,2,3), three diagonal matrices
A = diag(t1,...,tn) > 0,Q = diag(ky,...,kn) > 0,A = diag(n1,...,nn) > 0 and real
matrices T with appropriate dimensions, such that the following linear matriz inequalities
(LMIs) hold for all1 =i < j= N-:
T
(I)lij:Zij_[OOOOOOOIO—IOO}
><e*2‘”2R3[0 0000O0O0OTIO0-I0 0]<0, (4.33)
T
(I)Qij:Zij_[OOOOOUO—IIOOO}

xe“"ng[o 000O0O0OO0OS-IT1TUO0O 0]<0, (4.34)

—0.le"20n R, — 0.le 222 R, 2vT PE
¢3 = * —2P 0 | <0, (4.35)
* * —-P
-T TE
o, = <0, (4.36)
x —P
L T
(I)E'n'j:Zz’j_[OOOOOOOIO—IOO}

xe‘za”Rg[o 000O0O0O0OTIO0 —-I0 0]<0, (4.37)
~ T
Pgi; = Zz-j—[o 000O0O0OO0O-ITTUO0OO O}

><e‘2‘”2R3[0 000O0O0OO0OS-ITTUO0DO 0]<0, (4.38)

62



and

where

My

J

Z11

—ad+ (e —a)(w—9) <0,

Zin Zi2 213 o 21,12
* oo oz o Lo

* *  J33 -0 Z312 |,
* * * 212,12
21,1 Zio2 213 0 2112
x oo Za3z -+ La12

* * 23,3 Z312 | >
* * * e 21212

4

~Ng};PT1 — Ngi;TTP +2aP + Y Qr — 0.9¢ "' Ry
r=1

—0.9e7202 Ry — 72%98) + kSy — QF) — ©.J; — ALy,
—e 208, 4+ CTP,

—NgTTy,

BTP,

OF,

0J, + ATP,

AL,

~Ng;T3 P,

6_2aT1R1,

e 202 Ry,

—Ngj;T5 P+ D"P,

727 (Q1 + S1),

-TC,

7'12R1 + 7'22R2 + 772R3 + 028 — T,

BTT

)
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Z33
Moreover, the

Proof :

_ ATTT,

= —Ngila 1",

= —Ngi 31"+ DTTT,
= (1= m)e > mQs,

= —0-@Qs,

= -0,

= kS3— A,

_ _(1 - N1)672QT2Q4 . efZaTzRg - 672047'2R37
— —6_20”—2R3,

¥, _e—2OéT2R3’

= —e 29T (Qy+ Ry) — e 2272 Ry,

= —e22(Ry + R3 + Q3),

1 i
_ _( kHZ)eQO‘kSQ,

1—
824 _( kﬂ2)€—2aks3’

= 1= Zoua=Zdos = Zog = Loy =Zog=ZLag

= oo = Zo11 = Lojo =235 = 2437 = 239 = 24310
= Z311 = Zas = Lo = Za7 = Zag = Z49 = 2410

= Zy11=Za2=Zsg=ZLsr=2sg = Zs59= 24510
= Zsi1 = Zs12 = Zeq = Zes = 269 = Z6,10 = £6,11
= Zs12 =218 = Zr9=Zr10= Zr11 = Z7,12 = 2311

= Zgj2 = Zo10 = Z911 = Z9,12 = L1011 = Z10,12 = £11,12,

4
w —Ng}ijl i Ngiljr1TP + 2aP + Z Qr — e 20T R — e 202 R,
r=1

—e 298 4 kSy — QF, — OJ; — ALy — 2¢P,

= T12R1 + T22R2 +772R3 —|—0'251 =T 2T
memoryless feedback control is K = —P~'Y.

Choose Lyapunov-Krasovskii functional as in candidate to be

V(a(t) =) Viz(1)), (4.40)

=1
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where

Y
—~
8
—
o~
~—
~—
I
E%

t()(U®P) a(t),

Va(x(t)) = t 02T () (U @ Qu)a(s)ds

[ 226057 (5)(U © Quyr)a(s)ds

5
/ 20(-057(5)(U ® Qa)a(s)ds
e
nf

o 2 0g(2T () (U © Qs)g((s))ds,

Vs(z(t)) = / 2(0=13T(9)(U @ Ry)i(0) dods
+72 /_ ; 2051 (9)(U @ Ry)i(6) dbds,

Vi(z(t)) = /_ﬁ/ T(0)(U ® Rs)i:(0) dfds,

Via(t) = o '[tﬂ_ “O-047(0)(U © 5,)i(6) dBds,
Ve(z(t)) = / /+ 20001 T (0)(U  Sy)z(0) dods

+ / / OO RT (2(0))(U @ S3)h(x(0)) dids.
—k(t) Jt+s
It easy to check that
Allz(0)])? < V(z(t)), Vt>0. (4.41)

where A; is defined in (4.4).
Case I: for U;(t) = Kxzi(t), nw <t < nw -+ J, by taking the derivative of V' (z(t))
along the trajectories of system (4.1). We may proof this by using a similar argument as

in the proof of Theorem 4.2.1. Thus, we have
V(z(t) +2aV(x(t) < 0, for nw<t<nw+d. (4.42)
So, by the above differential inequality (4.42), we obtain
V(z(t) < V(z(nw)e 22Em) - for nw <t < nw+ 0. (4.43)

Case II: for U;(t) =0, nw+d <t < (n+1)w, by taking the derivative of V (z(t))
along the trajectories of system (4.1). We are able to do similar estimation as we did in

the Theorem 4.2.1, and addition 25V(:E(t)) —2eVi(z(t)). So, we obtain:

V<37(t)) —2(e—a)V(z(t) < Z ng = B)®sij + BPeij|Gij (1), (4.44)

1<i<j<N
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where ®5;; and ®Pg;; are defined in (4.37), (4.38), respectively.
By (1 — B)®545 + BPsi; < 0 holds if and only if ®5;; < 0 and ®g;; < 0. Thus, it
follows from (4.37)-(4.38) and (4.44), we obtain

V(z(t) -2 —a)V(z(t) <0, nw+d<t<(n+lw. (4.45)
From the above differential inequality (4.45), we have
V(x(t) < V(z(nw + 6))e2EEmw=0) 4§ <t < (n+ 1)w. (4.46)
Therefore, by (4.43), (4.46) and conditions (4.32), we obtain

V(z((n+1)w)) Vi(z(nw + 5)) (e—a)(w—9)

IN

—20 2(5 o) (w—9)

IN
<

z(nw))e

—200+2(e—a)(w—0)

I
<

T (n _ 1)w + 5)) 2(e— a)(w76)872a6+2(57a)(w75)

IN
<

T ( )w)) —2a0+2(e—a)(w—0) —2a5+2(5 @) (w—3)

IN
<

(o
(o
(o(nw))e
(o
(o
V(((n — 1)w))edl 25 +2e=aed)

< V(x(o))e(—2a6+2(a—a)(w—6))(n+1)_ (4.47)

For any t > 0, there is a ng > 0, such that now <t < (ng + 1)w.

For now + § <t < (ng + 1)w, using condition (4.39), we have

IN

V(:I)(t)) Vi(x(now + 5))@2(5_0)@_(”0&2-‘1-5))

IN
b,

z(now))e 200 g2(e) (t=(now+9))

(—2a0+2(e—a) (w— 5))710 —2ad 2(6 ) (t—(now+9))

(VAN
<

x(0))e

—206+2(e—a) (w— 5))no€ 200 2(5 a)((no+1)w—(now+9))

IN
<

e

I
<

(—2a6+2(e— a)(w §))(ng+1)w

I
<

x(0

Cb

(—2ad6+2(e—a)(w—9))t

e m : (4.48)

(a(
(x(
((0))

(2(0))e!
(z(0))e(~200+2(e—a)(w=0))(no+1)
((0))

((0))

<

-

z(0

For now <t < now + 4, using condition (4.39), we have

V() < V(w(now))e 27"
< V(x(0))e( 208 +2(e=a)(w=8))no o ~2a(t—now)
< V(x(0))el-20dt2(Ea)(w=d))no
= V(2(0))e (F200+2ema)(w=0)) (~20a8+2(e—a)(w=9))(no+1)
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(—2aé+2(e—a)(w=9))(ng+1)w
)e w

_ V(m(o))e—(—2a5+2(s—a) (w—9)

< V(l‘(O))6_(_2a6+2(s_a)(w_6))6 (_2a5+2(6;a)(w_6))t . (449)

Let £ = e~ (7200+2(e=0)(@=09)) By (4.48) and (4.49), we obtain

(—2a64+2(e—a)(w—0))t
w

V(z(t) < €V(x(0)e V> 0. (4.50)

On the other hand, using the condition (4.41), we have obtained the following:

A€ (cadt(e—a)w=at A€ (cabt(e—a)w=8)t
i (t) — ;)] < 4/ g E 1ol + 4/ 2 © lell, Vt=>0.

This completes the proof. O

Remark 4.3.2. In this Theorem 4.3.1, it is worth pointing out that there were no exponen-
tial synchronization for hybrid coupled NNs with intermittent feedback control. Through a

numerical example is given to illustrate the effectiveness of our theoretical results.
The next example demonstrate the benefits of the method described above.

Example 4.3.3. Consider a dynamical system (4.1) consisting of five linearly coupled
identical models under the controller (4.32) with a hybrid coupling. The state equations

of the entire array are

;

#i(t) = =Cwi(t — o) + Af (zi(t)) + By (wi(t — 7(1)))

+D [/ M@i(s)) ds + EU(t) + ilgiljrlxj(t) (4.51)
-

5 5
+ Zl g2t — 7(t)) + Zl G503 [y P(wi(s))ds,
J= j=

where ;(t) = (z41(t), x2(t))T,i = 1,2,3,4,5 are the state vector of the ith network, and

the other parameters are as follows:

4 0 0.8 —0.2 0.5 ga0z5
C = ’A = 7_B =
0 3 0.2 —-0.5 0.2 0.2
0.1 0 1 0 02 0
D = ) E = 7F1 - ’
0 0.1 0 1 0 0.2
0.1 0 0.1 0
F2 - 7F3 - )
0 0.1 0 0.1
1 = 02, =10, k=1, ¢=0.02, pu; =0.3, p=0.2,

a = 02, §=05, ¢=0.3, w=1.0.
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The outer-coupling matrix G = (ggj)

It is easy to see

By applying the MATLAB LMI Toolbox, Theorem 4.3.1 can be solved to yield the fol-

NxN’
2 1 0 0 1| |
1 -3 1 1 0
0 1 -2 1 0|, ¢*=
0 1 1 -3 1
1 0 0 1 -2

filza(t)) = 0.5(lza(t) +1] -
fa(zia(t)) =
gi(zii(t)) =
92(wia(t)) = 0.5(|zi2(t) + 1] —
hi(zi1(s)) = tanh(—1.2z(s)),
ho(xi2(s)) = tanh(—0.8z;2(s)).
_ B J Y
Fy = , Iy =
I 0 —-0.25 |
I —-0.25 O ]
Jl = ) J2
L 0 _1 .
[ 0 0
L1 = y 2 —
I 0 0

lowing feasible solutions:

P

Q2

Q4

3.3815
—0.4108

0.7608
—0.2542

2.4981
—0.4650

—0.4108

) Ql -
3.6823
—0.2542
) QS -
0.7411
—0.4650
Qs =
2.5341
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-4 1 1
1 -4 1
1 1 —4
1 1 1
1 1 1
i (t) — 1)),

|[zi2(t) — 11),

0.0551
—0.0061

1.5097
—0.4644

(g =1,2,3) are defined as:

—_ = =

0.25(|z2(t) + 1| — |zaa(t) — 1)),

0.25(|zi1(t) + 1] — |za (t) — 1),

—0.0061
0.0603

—0.4644
1.5188

8.3809 0.4855
0.4855 2.1210




» 3.3124 0.5747 0.0018 —0.0014
1 2 =
0.5747 4.4357 —0.0014  0.0032
0.0040  —0.0042 19.5547  —0.3603
Ry ; S1=
—0.0042  0.0088 —0.3603 15.0032
0.8871 —0.1703 1.06749 —0.0700
S2 9 S3 —
—0.1703  0.8924 —0.0701  1.4542
0.3787 —0.0117 0.0438 —0.0163
T ' Ja—
—0.0914 0.5761 —0.0163  0.0559
3.3612 0 11.2175 0
Q = 5 @ e
0 4.1875 0 3.4441
3.2877 0
A = .
0 4.5159
Then, the controller gain is
—0.0126  0.0030
K= . (4.52)
0.0030 —0.0149

Therefore, it follows from Theorem 4.3.1 that the system (4.51) under controller gain
(4.52) with given parameters is exponentially synchronized, which is further verified by
the simulation result of the synchronization error given in Figure 4.2. The figures show that
the synchronization errors trajectories e;1(t) = x;(t) — z1(t), (1 = 2,3,4,5) of the system
(4.51) with initial values of the state are z1(0) = [1, —1]7,22(0) = [~1.5,1.2]7, 23(0) =
[2, —1.6]7, 24(0) = [0.7,1.1]7, 25(0) = [~1.2, —1.8]T. The numerical simulations are carried
out using the explicit Runge-Kutta-like method (dde45), interpolation and extrapolation
by spline of the third order.
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Figure 4.2: Synchronization

errors trajectories, e;1(t) = x;(t) — x1(t), i = 2,3,4,5.
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