CHAPTER 3

Main results

Let X4, Xo, ..., X,, be discrete random variables with joint distribution function H
and marginal distribution functions F}, F, ..., F},.

By Sklar’s theorem, there always exists a copula C' satisfying

H (1’1,.’]32, ,l’n) —=(" (Fl (331) ,FQ (CL'Q) g eeey Fn (.CEn)) (31)

n
for all z1,x9, ...,z € [—00,00]. Moreover, C' is uniquely determined on [[ Ran (F}), i.e.,
i=1
n
if there is another copula C’ satisfying Equation (3.1), then C’ = C on [[ Ran (F;). It
i=1
n

follows that there exists a unique subcopula S : [[ Ran (F;) — I such that
i=1

H (xl,fbg, ,a;n) =rS (F1 (1‘1) ,FQ (afg) yorey Fn (xn)) ‘ (32)

The fact that any subcopula S can be extended to a copula was guaranteed by Sklar [1].

n
Indeed, since C' is uniquely determined on [[ Ran (F;), the unique subcopula S is defined
i=1

on ﬁ Ran (F;) by S = C for any copula C satisfying Equation (3.1).
Z:1Our main result is to figure out all copulas satisfying Equation (3.1), equivalently,
all copulas extending the unique subcopula S satisfying Equation (3.2).
Since all X; are discrete, it follows that all Ran (F;) are discrete subsets of I
containing 0 and 1. For the reason of convenience, denote A; := Ran (F;) and ¢ :=

inf{be A; | b>c} for all c € A;.
n 24
Denote also T := II [ai,cﬁ] and f- = Vg (Tg) for every a = (a1, a2, ...,a,) €

7
i=1

n o —
[T Ai. Recall that a < b if and only if a; < b; for all 1.
i=1
The main result can be stated using all these notations.
Theorem 3.1. Let X, Xo,..., X, be discrete random variables with joint distribution
function H and marginal distribution functions Fy, Fs, ..., F,. Then C is an n-copula sat-
isfying (3.1) if and only if C' can be expressed in the form

=\ l‘l—kjl .CUn—k‘n
o(F) =X 80 (FL? <sz - k1> b (k;: - kn>> (3-3)

N
N

k<a
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—\ n —
for every a € [JA;, v = (x1,29,...,2,) € T, and the summation is taken over all
1=1

k € HA Here, C'A are copulas and F' e [—00, 00] — I are one-dimensional distribution

functzons with support on I satisfying

1
v at — aZﬁEFi,; (z) (3.4)

b

for all i € {1,2,. n} a € A;, and all x € I, where the summation is taken over all

b = (b1,b2,...,b,) € HA such that b; = a.
i=1

With this result, we are able to obtain the main result of [2] in the discrete case as

a corollary.

Corollary 3.2. Let H be a bivariate discrete distribution function in [—oo, oo]2 , with given
marginal F' and G and S : Ran (F') x Ran (G) — I be its associated bivariate subcopula.
Then, C'is a bivariate copula satisfying C (F (x),G (y)) = H (x,y) for all z,y € R if and

only if C can be expressed in the form

xr1 — ay T2 — a2
C (:Cla 33‘2) =S (ala a2) + B(al,GQ)C(al,G/Q) (Fl,(al,ag) <+> 7F2,(a1,a2) < ¥ >>

xr9 xr1 —al
+ Z B(kl,a2)F27(k17a2) (a+ T. > Z Bahkz Fy J(a1,k2) < . )
ki1<ai 2 2 ka<as 1 1
(3.5)

Jor all (x1,x2) € [a1,a] ] x [az,a3 | with (a1,a2) € Ran (F) x Ran (G) . Here, Cy, i, are
copulas, Fy (1, k) and Fy (i, ,) are distribution functions satisfying Equation (3.4) for all
(k1,k2) € Ran (F) x Ran (G).

Proof. Let (a1,a2) € Ran (F) x Ran (G), and (21, 22) € [a1,a]] x [a2, a3 ] . By Theorem

3.1, C is a bivariate copula extending S if and only if C' can be expressed in the form

kq x2 — ko
C(x1,29) = Z B(k1:k2)c(kl7k2) <F17(k1,k‘2) (/{Jr k1> ’F27(k1,k2) (H>)

(k1,k2)<(a1,a2)

x1 — k1 9 — ko
= > Bk Clinia <F1,(k1,k2> (k+ — ,ﬂ) s B2 (11 o) <k+ k2>>
1

k‘l <a1,k2<a2

r1 — aq T2 — a2
+ Blar,a2)Clar,a2) (Fl,(al,ag) (a+_a1> 1 F5 (a1,a0) (M))
1 2

x1 —kp T2 — a2
5 i (i () R (22
1 2

k1<ai
17 o €ro — k‘Q
+ a Cla Fl L) By,
k;Qﬁ( 1,k2) "~ (a1,k2) < 1,(a1,k2) (air _a1> 2,(a1,k2) (kJr k’2>>
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xi—k;

EF—k;

for all x1,22 € T(4, 4,). Since Fj g, i) ( ) = 1 whenever k; < a; and Cyy, 1,) are

copulas, it follows that

C (:Ela 552) - Z B(khlﬁ)c(kl,kz) (17 1)

k1 <ai ,kg <a2

Tr1 — aql o — a9
+ﬁ(a1,a2)c(a1,a2) <F1,(a1,a2) < T ) 7F2,(a1,a2) < T ))

ay —ay Gy — G2

Ty — ag
+ Z Bk1,a2)Clhr jaz) (LFZ,(kl,ag) <a+ >>

—a
ki<ai 2 2

Tr1 — aq
+ Z /6((11,]{?2)0((11,]62) <F1,(a1,k2) <+) 71)

a; —a
k2<a2 1 1

= Z Bk ko)

ki1<ai,k2<az

xr1 — ay T2 — a2
+ B(m,ag)C(al,ag) (Fl,(al,ag) <+> aFQ,(a1,a2) <+>>

To — a9 xr1p —al
+ D Bsan) Fo,(hr.a2) ( T > + D Blarka) Fr(anke) < T ) :
ay — a2 ay —ai
k1<a1 k2<a2

Since > Bk = Vs ([0,a1] x [0,az]) = S (a1, az2), it follows that

ki1<ai,ke2<as

C(z1,72) =S (a1, az)

r1 — aq T2 — a2
+ ﬁ(ahaz)c(al,tm) (FL(GLGZ) ((ZJF — a1> s B2 (a1,a0) (aJr 71 a2>)
1 2

To — Qg
+ Z 5(k1,a2)F2,(k17a2) <a+>
2

— a
ki<ai 2
r1 — aq
R Z B(ath)FL(al,]Q) < ¥ )
ko<as

as desired.

O

The proof of Theorem 3.1 is divided into two parts: the necessary part and suffi-

ciency part. The necessary part is divided into several lemmas given follow.

Lemma 3.3. Let S be an n-subcopula and a = (a1,a2,...,an),b = (b1,b2,...,by) €I"

be such that a < b. Then
VS([ahbl] XKoo X [aiayi] X X [a‘nabn])
—Vs([al,bl] X+ X [ai,xi] X -+ X [an,bn])
=Vs ([a1,b1] x - -+ X [@4,95] X -+ X [an, by]),

whenever 0 < a; <x; <y; <1 foralli=1,2,....,n.
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Proof. For each i and vy € {a,br} such that k # i, we have N (vi,...,a;...,0,) =

N (vi,...,biy...,vy) + 1. Thus,

Vs([al,bl] X X [ai,bi] X X [an,bn})

= Y [N gy

up€{ag,by },Yk#i

(=) N itin) G g un)]

= Z {(—1)N(u1""’bi """ un) S (ul, ¥. . ,bi, T

up€{ar,by },Vk#i

(=Nt g (g ,un)} :
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Since N (ug, ..., Tiy ... un) = N (uty...,Yi,...,up), it follows that

Vs ([a1,b1] x - X [ag, yi] X -+ X [an, by])

— Vs([al,bl] X o+ X [ai,xi] X o+ X [an,bn])

D D [ A R (TRR VS

up€{a,by},Vk#i

()N @etitn) G g ,un)}

- Y [Vt S

up€{ay,b},Vk#i

+ (—1)N(”1"“’ai"“’“”) 3 (T8 - Biofod - ,un)}

= Y (N gy

Uk e{ak ,bk},kal

- Y (pNerese) gy g,

vp€{ak by}, VE#i

= 3 ()N gy g,

up€{ay,by},Vk#i

+ Y (Y ()Nt gy

Uk E{ak ,bk},VkJ#i

= Y (pNEeseet) gy

up€{ay,by},Vk#i

T D - TC R

Vg E{ak 7bk}7Vk:¢Z

= Z [(—1)N(u1”"’yi""’u") S(ury ..oy Yiy---

up E{ay,by},Vh#i

+ (_1)N(u17m’zi7m’un)+1 S (ula sy Ly een 7un):|

D D (G A R T TR

Uk e{ak 7bk}=Vk7/£l

()Nl S ()]
=Vs ([a1,b1] x -+ X [z4, 5] X -+ X [an, by)])

as desired.

Lemma 3.4. Let C' be an n-copula, [CT, b] be an n-box in I" and B = V¢ <

If H: 1" — 1 is defined by

, Unp)

(-l

g

for all 7 = (21,22, ...,x5) € I, then H is n-increasing.
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Proof. Let [?,g] be an n-box in I". Consider

vir ([73])
NSNS H

:ASl...AiZ:i [H (tl,tg, ceybn—1, Sn) —H (tl,tQ, R ,tn_l,Tn)}

n—1
Ve < H [ai7 (b’L - ai) ti + ai] X [ana (bn - an) Sp + an})
Sm—1 =1

= ASLL A :

T1 Tn

Ve <nH1 [ai, (b; — a;) ti + a;] X [an, (b, — an)rn + an]>

B i=1
B
B n—1
Ve < I1 [ai, (bi = ai) ti + ai] X [(bn = an) tn + an, (by — an) sn + an]>
s S i=1
—AS A .
- n—2 n
Ve ( 1 [ai, (bi —ai)ti +a] < [T [(bi —ai) i +ai, (b — a;) s; + az‘})
s Sp— 1=2 i=n—1
— A3 NS 7

Ve ([GL (b1 —a1)t1 + a1] x

n

[(bi — a;) s + ai, (b — a;) s; + ai])
B

N

— NA\S1
S

Ve ( ; [(bi — ai) ri + ai, (b — a;) si + a¢]>
=1
B

>0.

Therefore, H is n-increasing. O

Lemma 3.5. The function H : 1" — 1 as defined in Lemma 3.4 is a joint distribution

function.

Proof. All that left is to show that H is grounded and continuous from the right. Let
2 € I" such that x; = 0 for some 4. Since z; = 0, we have (b; — a;) x; + a; = a;.
Hence,

C(vl,...,ai,...,vn):C(vl,...,(bi—ai)wi—i—ai,...,vn)
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where vy, € {ag, (b — a) xp + ag} for all k # i. Since N (v1, ..., a4, ...,0) = N (v1,...,(b; — a;) z; + a;, .
1, it follows that

H [CLZ‘, (bl - ai) T+ al]>

i=1

S
N

|
adl/

Il
<l sl
M iMiM i
T
)
=
eb ) )
+
)
—
S
N—
+
]
ik
e
74
&
Q
N\
SJ)
N—

sl

2|

&
I
o

|
©

Hence,

S
N\

—3

E}

=

\

£

i

+

8
N

=
—
8
~——
Il
M
=

Ve (:1 [a;, bi])

g

= 1.

Since C' is continuous, we must have H is continuous which implies that H is
continuous from the right.

Therefore, H is a joint distribution function. O
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Lemma 3.6. Let C be an n-copula and 53 = Vo <T2> # 0, where a € ITA;. Let
i=1
H_ : 1" — T be defined by

for all T € T~ If F, ~ : R — T are marginal distribution functions of H, then F, ~ are

distribution functions with support lying in 1 satisfying Equation (3.4).

Proof. All that left is to show that F, — satisfies Equation (3.4). Fixi € {1,2,...,n}. Since

(B tl) et << (o]

B Y
_ES
a

N
i,a

it follows that

i—1

3| TRy | ¥ (00| | ¢ i, (0 — @) 2+ ai]

bjEAj bnEA, j=1
1< <n—1,j£i

n—1

< TI [bj,bj] X [bn, bit]

j=i+1

i—1 n—1

:+1 4 Z Vo [b],bﬂ x[ai,(aj—ai):z:—i—ai]x H [b],bﬂ x I

bjeA; J=1 Jj=i+1
1< <n—1,j#i

=

71—

:+1 ‘ Z Z Vo [bj,bj} x[ai,(aj'—ai)l‘-i-a,}

a. —a .
g bjeAj bn_1€AL_1 Jj=1
1<j<n—2,j#i

n—2

<\ TI [es] | % [oor.bi] <
j=i+1

= Vo (]Iif1 X [ai, (a;' — ai) T+ ai] X ]I"ii)

=— (c(1,1,...,(af —ai)z+a;....1,1) = C(1,1,...,a,...,1,1))

_ +

fa;_ T ((CLZ — ai) T+ a; — CLZ‘>

=z

which completes the proof. O
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n

Theorem 3.7. Let S : [[A; — T be an n-subcopula. If C' is an n-copula extending S,
i=1

then C' can be expressed as in Equation (3.3).

Proof. Let H—,F,—~ be defined as in Lemma 3.6. Let z = (z1, 22, ..., 7,) € T and

ok

r = (xf,25,...,2}) € I" where
0 if z; < k;,
v = g ik <m <K
1 if x; > k;.

Then we obtain F;(xf) = F; (%) for all ©+ = 1,2,...,n. Since these F — are
7, 1, s i ,

marginal distribution functions of H;, there exists a copula C; such that

1 —kp = kn, - * *
Cz (FL; (kxf‘ 3 k»l> ’“.’anz (M)) —C; (FLE\ (l’l) y ...,Fn’; ('ITL)>

=H-- (a7, .. 1)

P vy Ty
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by Sklar’s Theorem. Therefore,

kl l’n—kn
E INGIN e F'o—
5 ( <k+ k1>7 7 nk <k7—"l_ _kn>>

_ Z y Ve ((ﬁ ks, (k7 — k) :U;k+ki]> X [k, (K — k) m;+kn})

ki<a; kn<an 1=1
1<i<n—1
> VC<(H i (K — k) 2} +k]> [0 :):n]>
ki<a; =1
1<i<n—1

e vC(m (k¢ k) o +1]

ki<a; kn—1<an—1
1<i<n—2

X [knfla (k’:;l - knfl) x:;_l + knfl] X [O,I'n])

- Z Vc<ﬁ[ki,(k:. — ki) @} + ki x f[ on>

k,‘éai =1 i=n—1
1<i<n—2

v ([f)
(s

as desired. ]

v |

We have already proved the necessary part of the main theorem, that is, if C' is an

n-copula satisfying (3.1), then C' can be expressed in the form

o(@) = Lo (i (B2n) -rz (522)

k<a

—\ n —
for every a € [[Ai;, © = (x1,29,...,2,) € T, and the summation is taken over all
=1

RN

ke HA Here, CA are copulas and F' L [—00, 00] — I are one-dimensional distribution
i=1
functions with support on I satisfying

v= Y BF (@)

at —a b i,b
b
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for all i € {1,2 n} a € A;, and all € I where the summation is taken over all
b = (by,ba,...,b ) IS HA such that b; = a.

Next, we prove the sufficiency part.
Lemma 3.8. The function C' defined by Equation (3.3) is well-defined.

Proof. The only place that need to be checked is when b € T'>N1T"; for some a ce H A;.
=1
Without loss of generality, we may assume that ¢; = a; except for a fixed j € {1, 2 ,n}

where ¢; = aj instead. Then b; = ¢; = a . Consider,

bl k’l bn_kn
NN A fE s "
ZB < <k+ /ﬁ) nk <k?f—kn>)

k<c
b1 — k1 by — kn
— I{eN. o M =
Zﬁ ( (k* k1>’ ok (kﬁ—k))
k<a
by — a1 al —af (bn—an>
+Ldad F L | LRI L L \.. K -
/Bc c ( 1, ¢ (GT—CLl) J,c (a;ﬁ-aj n,c a;{—an
by — kq bp — kn
! LU . ., Fi-
Zﬂ < <1€+ /ﬁ)’ ok (H—%))
k<a

b1 — al bn_an
+62C3 (FL? (czfr - a1> o g 0 g (a:{ —ay,

b1 — k1 bp — kn
_ O N :
ZB ( (/€+ k1> i (k‘?{—kn)>

k<a

Therefore, C' is well-defined. ]
Lemma 3.9. Let C be defined as in Equation (3.3), then C' is n-increasing.
Proof. Let a € [[A; and B := H [ci, d;], where [¢;,d;] C T for all 4. Let [cig,di 2} =

’VZ

[ciydi] N [az, a; ] C [a,, a; ] Then, [] [Ci,E’di,ﬁ} C T-. Next, we show that

=1
d _~—an
n,a
a,,tfan C
a

c ——an
n, a
a,j;—an

el

dlgxfal

, a

d~ d_ -~ d - Pl R o
AL AT ’aAcn’iC_ﬁAA £ /N

N eee c _N — c —~—aj
1,a n—1,a n,a a Fo_ 1,a F
1,a a'l"_al 1,

el
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by induction. For the basis, we have
4w
Acn7i (tl>- . -atn—l)

=C <t17t27-~-7tn—17dn73> -C (t17t27---7tn—1acn7;>

o k1 tn—1 — kn—1 dn,g — kn
_Zf P\ <k+ /ﬁ) i s ke ) Tk =

k<a

- ZB C F tl_kl F tn—l_kn—l F Cn,E_kn
A~k k k+ Ky a1,k ki,l—kn—l ok \ kB —ky,
k<a

tl—al tﬁl—afl
=pC | Fio (o— ), F_ | 22— | F | 22—
a a ,a al — a1 n—1,a B n, k

_pc-F t1 —aq r th—1— Gp-1 r Cha —an
a a 1,a a+_a 7 T n—1,a e e 2 . ¥
1 1 an_l anfl ’ an an
d _~—an
o na "
_/B A n, k af —an C F t1 —aq i th-1— Gp_1
“Ma F e " a 1,a a;__al " T n—1,a +
n, k aéfan
For the inductive step, let r < n. Assume that
dr+1 E\ dn ?
Ac ’_\...AC BN (tl,...,tr)
r+1,a n,a

PN i P i
B A r+1l,a ++1 ariq A n,a al —an 8. F t1—ay Ia t, — a,
=p- ol Ca (P (o ) Ba () )
Ia 1; r+1 a an\ R, 8 1 1 T T
r+1, a a ’

:—+ —Qpri]

7 ,a n,a r,a r+1,a n, a ra
dr+1 a Tor+l F dn,?ian
r+1,a a'r+1 ariq n,a ap —an t]_ . a]_ dn; _ a?"
:5é c —~—a A c ~—an C 1 T+ ) 7F - T+

a 21 34 P A(nf ) a ,a al —ap ra a’ — a,

r+1,a a;‘"+1 —apy1 n,a ay —an

dr-‘rl ?7‘17‘4—1 F dn :7&"’
r+1,a Gpq — 041 n,z\ a;t—an t]_ —al CT E\ — Qp
B\ e e o SO o Q.
a r41,a Tt P A( n.a ) @ @ \a; —ap na N\ ay — ap
— +
r+1, a +1_ar+1 n,a ap —an
d - d — d -
F T, a o r+1,a Ar+1 F n,a an
T + r+1,a n,a +_ —
) a —ar + ap 417 0r41 ’ ap —an 1 aq
:54‘A ¢ s—ap ¢ a—a o ¢ —~—ap o Fl 9

@ FA<L) o r+1,a "+t Fé(n,a ) a 4 \ay —ar

T, a a.,;ffa»p r+1,a a:—+1_ar+l n,a ap —an

t = —ap—
Ia r—1,a r—1
T r—1,a +

Qp_1 — Qp—1
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Therefore, C is n-increasing. O

Lemma 3.10. Let S : [[A; — I be an n-subcopula and C be defined by Equation (3.3),

=1
then C'is a copula extending S.

Proof. The proof is divided into two parts. The first one is to show that C' extends S and
the last one is to show that C is a copula.
(1.) The function C extends S.

N n
Let a € J]A;. The proof of this part is divided into two cases.
i=1

Case 1. If a; = 0 for some i, then F' : (%) =0 for all k. Since CE are copulas and
7, i i
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S is a subcopula,

— - CLl—kl ai—k:i an—k:n
C(CL) = ZB;C; (Fl,; <k‘ii_—k;1>,m7Fi,; <k+—kl>77Fn,; <k;—kn

Case 2. 1If a; # 0 for all i = 1,2,..,n. Without loss of generality, one can assume that
= b, where b; := sup {c € Ajlc < a;} for all i.

Since S is defined on H A; and ﬁf =Vy (H {kl, k:ﬂ) , it follows that S (E) =
i=1 =1

Wy <ﬁ[ [0, b+]> ;%5;.

For any k < b we have k; < k7 < bf = q; for all i, then it follows that
kjr ks > 1 which implies that F <;> =1 for ¢. Thus,

i kM —k
]{21 Ay — kn
¢ (a) =2 5% (FL? <k+ k1> R (kﬁ - k))

k<b

=350 (£ 0 F )
k<b

e
k<b

Therefore, C' extends S.

(2) C'is a copula.
It is obvious that the domain of C' is [". By Lemma 3.9, we already have that C is
n-increasing. It remains to prove that C' is grounded and it has uniform marginals.

Letz € I" with x; = 0 for some 7. Since C’; are copulas,

— kl O—ki l‘n—k
C<> 2.5 A( (k* k1>""’%<ki+—ki)"“’Fn (k* k:))

—kil :cn—kn
=Y p-C- - 0, F
% ( Lk (krf—/ﬂ) n,k (kf{—kn»

=0.

Therefore, C' is grounded.
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Let z € I" be such that xj=1forall j #iwheni=1,2,..,
N n}andl

7 Ty e

where a = {11_,12_,...

1—k1 $i_ki 1-—
(5) =2 (i () o m () s (e

k<a

n fixed. Then = € T
=sup{be A;|b <1}. Now,

)

x; — k;
— (- |
-3 0 (1 () )
k<a
—k;
o Zﬁk ik < k;)
k<a
— k;
:Z Z %E ( kz)
asa; k<a Jki=a
a Ti — a5
\ZZ mma (G0 )] 2 oama ()
¥5% \ k<3 ki=a k <a ki=as
= Z AZ ﬁ; + Z Bk’lk<ai—ai>
) kgg,ki:a k<a Jki=a;
S| S| X w (e ) ) | () -
a<a; LY j=1 a; = &
k<a.,ki=a
i—1 n
= Z Z Vs H [k:i,kl} [a a+] X H [kz,k:r] + (2 — a;)
a<ai \ 2k _q j=1 j=i+1
i—1 n
=Y Vs 0,1] x [a,a™] x ] [0,1] | + (i — a:)
a<a; j=1 j=i+1
= (Z (S04, 1 3G M 1S 6 1), S)A ,1,1))) + (@ — a;)
a<a;
18 (Z (a™ —a)> + (@ — a;)
a<a;
= (a; = 0) + (i — @)
= Z;.
Therefore, C' has uniform marginals, which completes the proof. ]
Example 3.11. If Ran (F) = { ,2,1} Ran (G) = { ,2,1} and Ran (H) = { ,2,1} and

the subcopula S : Ran (F') x Ran (G) x Ran (H

o1

) — I defined by S (a, b, ¢)

=min{a,b,c}.



Then, a copula C' extending S has the form

— — — — — — —

" T e e T A A Y T |

— — — — — — —

" T T T T N |

— — — — — — —

— | — — | — | —| — — —
S Ha S S S A N A

B T T T T O |

~— ~— ~—  ~—

—~
—
_
N
(o]
&=
_
D
(o]
—~ —
R _
(o]
-~ —~ N _ 8
> N I P 2\
(o] [a\] (o] (o] —
g > 08 &8 &
N N N N
~ ~ ~ ~ —
— [a\] "] <t
o O O O +
N =N =N [N ) > N e
I
~~
N
D
8
~—
O

where C, Cy, C3, C4, and C5 are any copulas.
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