CHAPTER 2

Preliminaries

In this chapter, we will introduce the basic concepts, notations and mathematical
definitions of uncertain linear systems, linear parameter dependent systems, linear systems
with nonlinear perturbation. Finally, we give some general concepts of stability, important

definitions, lemma, propositions and results which will be used in later chapters..

2.1 Notations

The following notations will be used throughout this thesis:
RT denotes the set of all non-negative real numbers;
R™ denotes the n-dimensional Euclidean space;
Matrix M is positive definite (M > 0) if 27 Mz > 0 for all z € R, x # 0;
Matrix M is semi-positive definite (M > 0) if 27 Ma > 0 for all z € R™;
Matrix M is negative definite (M < 0) if 27 Mz < 0 for all x € R"™, x # 0;
Matrix M is semi-negative definite (M < 0) if 27 Mz < 0 for all z € R™;
M >0 (M > 0) denotes the square symmetric positive (semi-) definite matrix;
M <0 (M < 0) denotes the square symmetric negative (semi-) definite matrix;
M > N (M > N) means that the matrix M — N is square symmetric positive (semi-)
definite matrix;
M < N (M < N) means that the matrix M — N is square symmetric negative (semi-)
definite matrix;
M"™ ™ denotes the space of all (n x m) matrices;
AT denotes the transpose of the vector/matrix A;
A~! denotes the inverse of a non-singular matrix A;
A is symmetric if A = AT,
I denotes the identity matrix;
A(A) denotes the set of all eigenvalues of A;
Amaz(A) = max {Re A : A € A\(A)},
Amin(A) = min {Re A : A € A(4)};

(x,y) or x Ty represent the scalar product of two vector z,y ;



|lz|| denotes the Euclidean vector norm of x;
Il = sup {llz(+0O), (£ + )}

—h<6<0
L2([0,t], R™) denotes the set of all R™-valued square integrable functions on [0, t];
C([0,t],R™) denotes the set of all R"-valued continuous functions on [0, t];
BM™(—h,00) denotes the set of all symmetric semi-positive definite matrix functions
bounded on [0, 00);
BMU™ (a,0) denotes the set of all symmetric uniformly positive definite matrix functions
bounded on [a, c0);
||z||. denotes the continuous norm arg?gb llp(€)] for ¢ € C([0,t],R™);
zi={a(t+5) s € [“h O]}, Jal = sup [t +s)].

s€[—h,0]

2.2 Examples of dynamical systems with time-varying delay

2.2.1 Uncertain linear systems with time-varying delay
We consider a linear system with interval time-varying delays of the form
#(t) = (A+ AA())x(t) + (D + AD(t))x(t — h(t)) + (B + AB(t))u(t),
x(t) - (b(t)?t € [_h270]7

where z(t) € R"™ is the state; u(t) € R™ is the control; A, D, B are given matrices of
appropriate dimensions and ¢(t) € C([—he, 0], R™) is the initial function with the norm

| & [|= subsei_p,.q) || #(s) [I; the uncertainties satisfy the following condition:
AA(t) = EyFi(t)Hy, AD(t) = EsFy(t)Hy, AB(t) = E3F5(t)Hs,

where E;, H;, i =1,2,3 are given constant matrices with appropriate dimensions, F;(t),

1 =1,2,3 are unknown real matrices with Lebesgue measurable elements satisfying

FEr®F(t) <I, i=1,2,3, Vt>0.

7

The time-varying delay functions h(t) satisfies

0 < hy < h(t) < hy.



2.2.2 Linear uncertain time-varying system with time-varying delay

We propose to study the linear uncertain time-varying systems with time-varying

delays system of the form

i(t) = A(t)z(t) + A1()z(t — k() + Bt)u(t) + Bi(t)w(t), t € RT,

2(t) = C(t)x(t) + Cr(t)a(t — h(t)) + D(t)u(t), xo(t) = ¢(t),t € [=h, 0]
where x € R" is the state; xg = ¢ € C is an initial state; u € R™ is the control; w € RP
is the uncertain input, z € RY is the observation output; A(t), A1(t), C(t), Ci(t), D(t) are
given continuous and bounded matrix functions on R*,;0 < h(t) < h, h(t) <d < 1. In

the sequel, we say that the control u(t) is admissible if u(t) € L2([0,t), R™) for every
t > 0, and the uncertainty w(-) is admissible if w(-) € L5([0, +00), RP).

2.2.3 Linear systems with time-varying delay and nonlinear perturbations

We consider the following linear system with constant and interval time-varying

delays and nonlinear perturbations

z(t) = (A+ AA@R))x(t) + (D + AD(t))x(t — h(t)) + (B + AB(t))u(t) + Byw(t),

z(t) = Ca(t) + Cax(t — h(t)) + Dyu(t) + Dyw(t),

z(t) = ¢(t),t € [—ho, 0],
where z(t) € R"™ is the state; u(t) € R™ is the control input, z(¢) € R? is the controlled
output and w(t) € RP is a disturbance input belonging to £2[0,00); A, D, B, By, C, Dy, Dy,
are given matrices of appropriate dimensions and ¢(¢) € C([—hg,0],R") is the initial

function with the norm || ¢ [|= supse(_p, g | #(s) [I; the uncertainties satisfy the following

condition:
AA(t) = EyFi(t)Hy, AD(t) = ExFy(t)Hy, AB(t) = EsFs(t)Hs, (2.1)

where E;, H;, i =1,2,3 are given constant matrices with appropriate dimensions, F;(t),

i =1,2,3 are unknown real matrices with Lebesgue measurable elements satisfying

Fr®F(t) <I, i=1,2,3, Vt>0.
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The time-varying delay function h(t) satisfies

0 < hy < h(t) < hy (2.2)



The objective of this study is to design a memoryless Hy, state feedback controller
u(t) = Kux(t) (2.3)

such that, for all admissible uncertainties satisfying (2.3) and any time-varying delay h(t)
satisfying (2.4)

2.2.4 Nonlinear systems with time-varying delays

Consider the following system with time-varying delays and control input:

i(t) =Az(t) + Dx(t — (1)) + Bu(t) + Cw(t)
+ f(t,2(t), 2(t = 7(1)), u(t), w(t)),
2(t) =B (t) + Gzt — (1)) + Fu(t)
+ g(t, (1), 2(t — 7(8)), u(t)),

z(to +0) = ¢(0),0 € [-7,0], (to,¢) € RT x C([~7,0], R"™),

where x(t) € R" is the state; u(t) € R™ is the control input, w(t) € L2([0,00],R") is a
disturbance input and z(t) € R® is the observation output.

The delay, 7(t) is time-varying continuous function that satisfies
0<7 <7(t) <72, 1 < 7(t) < po.

Let 27 = z(t — 7(t)), the nonlinear functions f(¢,,z7,u,w) : Rt x R"™ x R™ x
R™ x R" — R™, g(t,x,x",u) : RT x R" x R"™ x R™ — R satisfy the following growth

condition:

Jda,b,c,d > 0: ||f(t,x, 2", u, w)||

< allz]l + bl + cllull + dlwll, (2, 27, u, w)

Elal,bl,C1 >0: Hg(t,:z:,zT,u)HQ

< arllzl® + buflaT|* + eal|ull?, V(z, 27, w).
2.3 Preliminary results

Consider a dynamical system described by

o(t) = f(t,x(t)) (2.4)



where z € R™ and f is a vector having components f;(t,z1,...,25), i = 1,2,....,n. We
shall assume that the f; are continuous and satisfy standard conditions, such as having
continuous first partial derivatives so that the solution of (2.4) exists and is unique for
the given initial conditions. If f; do not depend explicitly on ¢, (2.4) is called autonomous
(otherwise, nonautonomous). If f(t,c) = 0 for all ¢, where ¢ is some constant vector, then
it follows at once from (2.4) that if z(tp) = ¢ then z(t) = ¢ for all t > ¢y3. Thus solutions
starting at ¢ remain there, and c¢ is said to be an equilibrium or critical point. Clearly,
by introducing new variables #; = x; — ¢; we can arrange for the equilibrium point to
be transferred to the origin; we shall assume that this has been done for any equilibrium
point under consideration (there may well be several for a given system (2.4) so that we

then have f(¢,0) =0, t > to.

2.3.1 Autonomous systems

Consider the autonomous system

i= f(z) (2.5)

where f : D — R" is locally Lipschitz map from a domain D C R™ into R". We shall
always assume that f(z) satisfies f(0) = 0, and study stability of the origin z = 0.

Definition 2.3.1. [21] The equilibrium point = = 0 of (2.5) is
(i) stable if for each € > 0, there is § = d(e) > 0 such that

|lz(0)]| <d=|z|| <e Vt>0,

(ii) unstable if it is not stable, that is, there exists € > 0 such that for every ¢ > 0
there exist an x(0) with ||z(0)|| < d so that ||z(¢1)|| > € for some t; > 0. If this

holds for every z(0) in ||z(0)|| < d the equilibrium is completely unstable.

(iii) asymptotically stable if it is stable and ¢ can be chosen such that

J#(0)]] < 6 = lim a(t) = 0.

Definition 2.3.2. [21] A function V(-) : R" — R is said to be Lyapunov function if it
satisfies the following:

are continuous.

1. V(z) and all its partial derivatives
Ly
2. V(x) is positive definite, i.e. V(0) = 0 and V(z) > 0 for x # 0 in some

neighbourhood || z ||< & of the origin.
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3. The derivative of V with respect to (2.5), namely

Vo Yy Vo PV
T 0z YT omy 2T ox, "
ov oV ov
= D ey I 9.
8x1f1+8x2f2+ +8xnf (2:6)

is negative semidefinite i.e. V/(0) = 0, and for all z satisfy ||z|| < k, V(z) < 0.

Theorem 2.3.1. [21] Let x = 0 be an equilibrium point for (2.5) and D C R™ be a
domain containing x = 0. Let V(z) : D — R be a continuously differentiable function,

such that

V(0)=0 and V(z)>0 in D-—{0},

V(z)<0 in D.

Then, x = 0 is stable. Moreover, if

V(z) <0 in D —{0},
then x = 0 is asymptotically stable.

Theorem 2.3.2. [21] Let x = 0 be an equilibrium point for (2.5). Let V(x) : R™ — R be

a continuously differentiable function, such that

V(0)=0 and V(x)>0, Vr#0,
lz|| = o0 = V(z) — oo,

V(m) <0, Vz#D0,
then x = 0 is globally asymptotically stable.

Theorem 2.3.3. [21] Let x = 0 be an equilibrium point for (2.5) and f : D — R™ is

continuously differentiable and D is a neighborhood of the origin. Let

a=9

@) lao

Then,
1. The origin is asymptotically stable if Re(\;) < 0 for all eigenvalues of A.

2. The origin is unstable if Re(\;) > 0 for one or more of the eigenvalues of A.

11



2.3.2 Nonautonomous systems

Consider the nonautonomous system

(t) = f(t,z(t)), =x(to) =z0, TER", tERT, (2.7)

where f: Rt x D — R"™ is piecewise continuous in ¢ and locally Lipschitz in 2 on R x R"

and D C 'R" is domain that contains the origin x = 0. The origin is an equilibrium point

for (2.

7) it

f(t,0) =0, V=t

Definition 2.3.3. [21] The equilibrium point z = 0 of the system (2.7) is

(i)

(i)

(vi)

stable if, for each € > 0, there is 6 = d(€,tp) > 0 such that

lz(to)ll < 6 = ||z(t)]| <€, VE>to>0,

uniformly stable if, for each € > 0, there is 6 = d(e) > 0, independent of ¢y, such
that (2.14) is satisfied,

unstable if not stable,

asymptotically stable if it is stable and there is ¢ = ¢(¢g) > 0 such that x(¢t) — 0

as t — oo, for all ||z(to)| < ¢,

uniformly asymptotically stable if it is uniformly stable and there is ¢ > 0,
independent of ¢g, such that for all ||z(to)|| < ¢, z(t) — 0 as t — oo, uniformly in to,

for each € > 0, there is T'= T'(¢) > 0 such that

[zl <€Vt =>to+T(e), V(o) <c,

globally uniformly asymptotically stable if it is uniformly stable and, for each

pair of positive numbers € and ¢, there is T' = T'(¢,¢) > 0 such that

lz(@®)|| <€, Vt>to+T(e,c0), V|x(to)] <ec.

Definition 2.3.4. [31] The equilibrium point z = 0 of the system (2.7) is exponentially

stable if there exist three positive real constants e, K and A such that

lz()]| < Kllzolle ), V||zo|| <€, ¢ > to;

The largest constant A which may be utilized in above inequality is called the rate of

convergence.
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Definition 2.3.5. [21] A continuous function « : [0,a) — [0, 00] is said to belong to class
K if it is strictly increasing and «(0) = 0. It is said to belong class K if a = oo and

a(r) — oo as r — oo.

Example 2.3.4. [21] We give some example for class K and class K, :

1. a(r) = tan~!r is strictly increasing since o/(r) = H% > 0. It belong to class K,

. : 7r
but not to class Ko since lim a(r) = - < oc.
r—00 2

2. a(r) = r¢, for any positive real number c, is strictly increasing since o/ (r) = er¢=* >

0. Moreover, lim «(r) = oo, thus, it belong to class Ko.
r—00

Definition 2.3.6. [21] A continuous function 3 : [0,a) x [0, c0] — [0, 0] is said to belong
to class KL if, for each fixed s, the mapping 5(r, s) belong to class K with respect to r
and, for each fixed r, the mapping 5(r, s) is decreasing with respect to s and B(r,s) — 0

as s — o0.

Example 2.3.5. [21] We give some example for class KL :

1. B(r,s) = ﬁﬂ, for any positive real number k, is strictly increasing in r since

op 1

hafad PN 0

or  (ks+1)2 -
and strictly decreasing in s since

o )

o Y 2

ds  (ks+1)?

Moreover, 3(r,s) — 0 as s — oo. Hence, it belong to class KL.

Lemma 2.3.6. [21] The equilibrium point x = 0 of (2.7) is

(1) uniformly stable if and only if there exist a class K function o(.) and a positive

constant ¢, independent of to, such that

lz@)]l < allz@o)l), Yt =10 >0, Viz(t)] < (2.8)

(2) uniformly asymptotically stable if and only if there exist a class KL function

B(.,.) and a positive constant c, independent of ty, such that

(@)l < B(lx(to)ll, t —to), VE =10 =0, V]az(t)] <c, (2.9)

(3) globally uniformly asymptotically stable if and only if inequality (2.9) is sat-
isfied for any initial state x(tg).

13



Definition 2.3.7. [21] The equilibrium point x = 0 of (2.7) is exponentially stable if
inequality (2.9) is satisfied with

B(r,s) =kre 7, k>0, v>0
and is globally exponentially stable if this condition is satisfied for any initial state.

Definition 2.3.8. [27] The function W (z) is said to be positive (negative) definite if
W(z) > 0(=W(z) > 0) and W(z) = 0 if and only if z = 0. The function W (x) is said to
be positive (negative) semi-definite if W (z) > 0(—=W (z) > 0).

Definition 2.3.9. [27] The function W (z) is said to be radially unbounded, positive

definite if W (x) is positive definite and W (z) — oo as ||z|| — oo.
Let B, be a ball of size € around the origin,
Be={z e R": ||z| < €}.

Definition 2.3.10. [29] A function V() : RT x R™ — R is said to be Lyapunov function
if it satisfies the following;:
ov ov
(i) V(t,z) and all its partial derivatives Bt B e continuous for all 7 = 1,2, 3, ..., n.
i
(ii) V(¢,x) is positive definite function, i.e., V(0) = 0 and V (t,z) > 0, x # 0, Vx € B..

(iii) The derivative of V (¢,x) with respect to system (2.7), namely

Vit,z) = CUMNCUPR A - )
e LI Vet L T L, e
v oV G\% G\%
= e g 2.1
ot "o ottt (2.10)

V (t,x) is negative semi-definite i.e., V(t,0) = 0 and Yz € B, V(t,z) < 0.

Theorem 2.3.7. [21] Let © = 0 be an equilibrium point for (2.7) and D C R™ be a

domain containing x = 0. Let V : RT x D — R be a continuously differentiable function,

such that
Wi(x) < V(t,x) < Wa(x), (2.11)
ov oV
_ < _ )
5 + 5 (t,z) < —Ws(x) (2.12)

YVt > tg > 0, Vo € D where Wi(x), Wa(z) and W3(x) are continuous positive definite

functions on D. Then, x = 0 s uniformly asymptotically stable.

14



Corollary 2.3.8. [21] Suppose that all the assumptions of Theorem 2.3.7 are satisfied
globally (for all x € R™) and Wi(z) is radially unbounded. Then, x = 0 is globally

uniformly asymptotically stable.
Corollary 2.3.9. [21] Suppose all the assumptions of Theorem 2.3.7 are satisfied with
Wi(x) = ki [[z]|, Wa(z) < ko=l Ws(z) = ksl

for some positive constants k1, ko, k3 and c. Then, x = 0 is exponentially stable. Moreover,

if the assumptions hold globally, then, x = 0 s globally exponentially stable.

Theorem 2.3.10. [21] Let x =0 be an equilibrium point for the nonlinear system
i(t) = f(t,2)

where f :[0,00) x D — R™ is continuously differentiable, D = {x € R"|||z||2 < r}, and

Jacobian matrix [%] s bounded and Lipschitz on D, uniformly in t. Let

At) = g‘i(t,xﬂx:o.

Then, the origin is an exponentially stable equilibrium point for nonlinear system if and

only if it is an exponentially stable equilibrium point for linear system

Theorem 2.3.11. [21] Let = =0 be an equilibrium point for the nonlinear system
i(t) = f(t,x)

where f : [0,00) x D — R" is continuously differentiable, D = {x € R"|||z| < r}, and
Jacobian matrix [%] is bounded and Lipschitz on D, uniformly in t. Let 5(.,.) be a class
KL function and ro be a positive constant such that B(rg,0) < r. Let Dy = {x € R"|||z| <

ro}. Assume that the trajectory of the system satisfied
(&)l < B(lz(to)ll, t —to), Vax(to) € Do, Vt=to > 0.

Then, there is a continuously differentiable function V : [0,00) x Dy — R that satisfies

the inequalities

a(llol) < Vita) < as(lal),
ov. oV
<
e+ i) < —as(lal)
ov
| <
IS0 < aslal),

where aq(.), as(.), as(.) and as(.) are class K function defined on [0,19]. If the system is

autonomous, V can be chosen independent of t.

15



2.3.3 Nonautonomous systems with time delay

We consider the nonautonomous system with time-delay of the form [10]

B(t) = flta(t—h), VE=0,
2(to+0) = &(0), 9 € [~h, 0], (2.13)

where z(t) € R™ is the state variable, h € RT is the delay and f : Rt x C(C([—h,0],
R™)) — R"™. ¢(t) is a continuous vector-valued initial condition. We assume f(¢,0) =0
so that system (2.13) admits the trivial solution. We also assume that system (2.13) has

an existence and uniqueness solution.

Definition 2.3.11. For the system described by (2.13), the trivial solution z(¢) = 0 is
said to be

(i) stable if for any {9 € R and any € > 0, there exists a § = d(to, €) > 0 such that

[2to]le < 0= llz(t)| <€Vt =>to,

(ii) uniformly stable if it is stable and (o, €) can be chosen independently of ¢y,

(iii) asymptotically stable if it is stable, and for any ¢y € R and any € > 0 there exists
a 0, = dq(to, €) > 0 such that

||$t0||c < 5a = tll)rélo =0,

(iv) uniformly asymptotically stable if it is uniformly stable and there exists a 4, > 0

such that for any n > 0, there exists a ' = T'(d4,7), such that

[2tolle < da = [l <n, Yt >to+T.

Suppose that u,v,w : R™ — RT are continuous nondecreasing functions, where
additionally u(s) and v(s) are positive for s > 0, and «(0) = v(0) = 0. If there exist a

continuous differentiable functional V : Rt x C — R such that
u(lle(0)[)) < V(E, z(t) < v(llol),
the equilibrium point 2* = 0 of system (2.13) is

(i) uniformly stable if
V(t,2(t) < —w(l|(0)]),
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(ii) uniformly asymptotically stable if

V(t,2(t)) < —w(([¢(0)]),
where w(s) > 0 for s > 0,

(iii) globally uniformly asymptotically stable if

Vi(t,z(t)) < —w(ll¢O)]),
and u(s) is radially unbounded.

Definition 2.3.12. [22] A functional V : RT x C — RT is called a Lyapunov-Krasovskii
functional for the system (2.13) if it has the following properties. There exist A1, A2, Az > 0
such that

0) Mllz@)l? < V(E, ) < ol
(i) V(t,ze) < =Aslla(t)]®.

Definition 2.3.13. [5] System [A(t), B(t)] is globally null controllable (GNC) in a finite

time 7' > 0 if for every initial state zg, there is an admissible control u(t) such that
T
U(T,0)zo + / U(T,7)B(r)u(r)dr = 0.
0

Lemma 2.3.12. [10] Consider the non autonomous time-delay system (2.13). If there
exist a Lyapunov function V(t,xy) and A1, Aa > 0 such that for every solution x(t) of the

system, the following conditions hold,
(i) Mllz®)]* < V(t, @) < Noflae]f?,
(i) V(t,z) <0,

then the solution of the system is bounded, i.e., there exists N > 0 such that |z(t, ¢)| <
Nll¢l, vt > 0.

Lemma 2.3.13. [22] Consider the autonomous time-delay system (2.13). If there exist a
Lyapunov-Krasovskii function V(xy) and A, Ao, A3 > 0 such that for every solution x(t)

of the system, the following conditions hold,
(i) Mlz®)]* < V(we) < Xolze]|?,
(ii) V(ze) < =Xsllz(8)]%,

17



then the solution of the system (2.13) is exponentially stable.

Proposition 2.3.14. Assume that the matriz function A(t), B(t) are analytic on RT.
The system [A(t), B(t)] is GNC in some finite time if there exists to > 0 such that

mnk‘[Ml (to), Mg(tg), ceey Mn(tg)] =n, (214)
where

Mi(t) = B(t), Mu(t) = —A(#) + %Mk_l(t), k=2 n—1

Consider the following linear time-varying control system, briefly denoted by [A(¢), B(t)]
i(t) = A@t)z(t) + Bt)u(t), teRT. (2.15)
Associated with the control system 2.15, we consider the following RDE:
P(t) + AT(t)P(t) + P(t)A(t) — P(t)B(t) BT (t)P(t) + Q(t) = 0. (2.16)

Proposition 2.3.15. [5] If system [A(t), B(t)] is globally null controllable in some fi-
nite time, then for any matriz Q € BM™(0,00), the RDE (2.16) has a solution P €
BM*(0,0)

Proposition 2.3.16. [5] For any matriz function A(t) bounded on R, there exists Q €
BM™(0,00) such that Q(t) — A(t) > 0

a b
Proposition 2.3.17. [5] The matric A = , where a > 0 or ¢ > 0, is positive
d
definite if b*> < ac

Proposition 2.3.18. (Cauchy inequality) For any symmetric positive definite matriz

N € M™" and x,y € R™ we have
+22Ty < 2T Nz +yT N1y

Proposition 2.3.19. [10] For any symmetric positive definite matriz M > 0, scalar~y > 0
and vector function w : [0,7] — R™ such that the integrations concerned are well defined,

the following inequality holds
T
</07w(s) ds) M(/OV w(s) ds) < ’y</07 wl'(s)Mw(s) ds>.
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Lemma 2.3.20. [10] (Schur complement lemma). Given constant symmetric matri-
ces X,Y,Z with appropriate dimensions satisfying X = X7, Y = YT > 0. Then X +
ZTY =17 < 0 if and only if

X zT -Y Z
<0 or < 0.
Z -Y VANED ¢

Lemma 2.3.21. [59] Given matrices Q = QT, H, E and R = RT > 0 with appropriate
dimensions. Then

Q+HFE+ETFTHT <o,

for all F satisfying FTF < R, if and only if there exists an € > 0 such that
Q+eHH" + ¢ 'ETRE < 0.

Lemma 2.3.22. [62] For any constant symmetric matriz M € R™", M = M > 0,
0 < hy < h(t) < hpy, t >0, and any differentiable vector function z(t) € R"™, we have

t T t t
(a) [ / a’:(s)ds} M[ / j:(s)ds] < / T () Mi(s)ds,
t t t

%] N i
)] /t:?: b(s)ds| M| /t ::; i(s)ds| < (h(t) — h) / T T () Ma(s)ds

t—h(t)

t—hm
< o) [T Mi(s)ds,
t—h(t)

Lemma 2.3.23. [Completing the Square, [34] | Let Q,S be matrices of appropriate di-

mensions, and S > 0 be symmetric. Then

2(Qy.x) — (Sy,y) < (QS7'QTx,z),  V(z,y).

Lemma 2.3.24. [}6] For a given matrix R > 0, the following inequality holds for any

continuously differentiable function w : [a,b] — R"
b
/ @' (u)Ridu > 7 (T RT'y + 313 RTs) (2.17)

where
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Before the novel integral inequalities are established, we denote

t—7(t)
vi(t) := TQ_IT(t)/ y(s)ds

—T9

t—71
va(t) == T(t)ln/t y(s)ds
t
v3(t) = Tll/ y(s)ds
t

—T1

(2.18)

Lemma 2.3.25. [53] For a given scalar 71 > 0 and any n X n real matrices Y1 > 0 and

Y> > 0 and a vector § : [—11,0] = R™ such that the integration concerned below is well

defined, the following inequality holds for any vector-valued function m(t) : [0,00) — RF

/ kxk k . . Ml Nl

and matrices My € R¥** and N1 € R**™ satisfying
N v

o1 = / (71 — t + 8)7 (3)Y5(s)ds

—T1

> —gwlT(t)Mlm (t) — 2mim] Nafy(t) — vs(t)]

P2 1= /t (11— t+ 5)%9" (s)Yay(s)ds

-7

> 7ly(t) — v3 ()] Yaly(t) — va(t)]
where v3(t) being defined in (2.18)

Lemma 2.3.26. [54] Let 7(t) be a continuous function satisfying 0 < 7 < 7(t) < 1o. For
any n X n real matriz Ry > 0 and a vector y : [—72,0] — R™ such that the integration
concerned below is well defined, the following inequality holds for any ¢;1 € RY and real
: L Zi F

matrices Z; € R1*9, F; € RT*™ satisfying
FT R,

% / " (ry — t 4 )57 (5) Ru(s)ds

—To

<2(m— 706 Ziom + 2 — ()6 Fions
45l =)~ (2~ 7(0)16h Zoom

+ 205, Fa[(m2 — 7(t)) 22 + (7(t) — 1) 23]
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where

p12 =yt —7(t)) — 11 (t)
P =yt — 1) —x(t —7(1))

P23 :=y(t — 1) — v2(?)
with v;(t)(i = 2,3) being defined in (2.18).

Lemma 2.3.27. [53] Let 7(t) be a continuous function satisfying 0 < 7y < 7(t) < 1. For
any n X n real matriz Ry > 0 and a vector y : [—72,0] — R™ such that the integration

concerned below is well defined, the following inequality holds for any 2n x 2n real matrix

L Ry S
S1 satisfying . >0,
ST Ry

(g Tl)/t_ﬁ T (s)Rug(s)ds

—To

< 208, 191 — T Rivpry — b Ruvbon

where Ry := diag{ R1,3R1}; and

O B G O RS
|yt —7(1) +y(t —72) —21(t) |
| M) =)
|yt =)+t = (2) = 20 (t)

Remark 2.3.28. :In Lemma(2.3.27), when 71 = 0, the inequality reduces to similar one
in [46]. It contains slack matriz variable S; with dimension 2n X 2n comparing to slack

matric variable with dimension 2n x bn introduced in [24).

Lemma 2.3.29. [53] Let xo, x1 and x2 be mxm real symmetric matrices and a continuous
function T satisfy 71 < 7 < 719, where 71 and Ty are constants satisfying 0 < 7 < 9. If

xo > 0, then

2 x0 + Tx1 + X2 < 0(<0),Vr € [11, 0]

& hx0 +Tix1 +x2 < 0(<0), (i = 1,2)
or

72)(0 +7x1+ x2 > 0(>0),VY7 € 11, 72]

& A0+ Tix1 +x2 > 0(>0), (i =1,2)
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2.3.4 H,, control problem

Consider a linear system observation control system described by

#(t) = Az(t) + Bu(t) + Biw(t)
z(t) = Cz(t).

where w(t) € W is uncertain/perturbation variable and z(t) is observation output. Huo
control problem for the system has s solution if for given v > 0, find feedback control u(t)
such that

i) the system is stabilizability for all perturbation w(t) € W

ii) supy(20 | T [l2w< 7,

where||T'||_z, w in Lo-reduced normed of transformation w — z:

Wl [
17|20 = ol Mzlley = [2(t) |7t < 400
Lo 0

Definition 2.3.14. [23] A system is said to be exponentially stable with an H, norm
bound # if the following conditions hold:

(1) For the system with w(¢) = 0, the trivial solution (equilibrium point) is globally
exponentially stable if lim;_, o, 2(¢) = 0; and

(2) Under the assumption of zero initial condition, the controlled output z(t) satisfies
1 2(8) ll2< vy [ w(®) [l2

for any nonzero w(t) € L2[0,00).

2.3.5 Numerical analysis

Fourth-Order Runge-Kutta Method

In order to solve an initial-value problem

d
=2 = f(t,@),  alto) = a0,
where © = [x1,29,...,2,|" and f = [f1, f2, ..., fu]T.

The best known Runge-Kutta method of the first stage and fourth order is given by

1
Xiy1=X; + 6(k1 + 2ko + 2k3 + ky)
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where

ki = hf(ti,X;),

h k1
ks = hf(ti+ =, Xi+ =),
2 fltit+ 5. X+ )
h ko
ks = hf(ti+ =, Xi+-2),
3 i+ 5. X+ 5)

ky = hf(tl +h, X; + k‘3),

where X; is an approximation of z(t;) when X; = [Xi1, Xjo,..., Xin]T, t; = to +ih, h is
step size and kz — [ki].a kig, sy k}in]T, Vi = 1, | VB ,4.
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