
CHAPTER 3

Characterizations of Cayley Digraphs of Completely Simple

Semigroups

In this chapter, we shall characterize digraphs which are Cayley digraphs of com-

pletely simple semigroups. We also describe the structure of Cayley digraphs of Rees

matrix semigroup with a one-element connection set. Moreover, we introduce the condi-

tions for which they are isomorphic and connected.

3.1 Characterizations of Cayley Digraphs of Completely Simple semi-

groups

In this section, we shall describe Cayley digraphs of completely simple semigroups.

By definition of a completely simple semigroup, we have the following lemma.

Lemma 3.1.1. Let G be a group, S = M(G, I,Λ, P ) a completely simple semigroup,

A ⊆ S, and let (g1, i1, λ1), (g2, i2, λ2) ∈ S. Then ((g1, i1, λ1), (g2, i2, λ2)) is an arc in

Cay(S,A) if and only if there exists a = (g, l, λ2) ∈ A such that g2 = g1pλ1lg and i1 = i2.

Proof. (⇒) Let (g1, i1, λ1), (g2, i2, λ2) ∈ S and let ((g1, i1, λ1), (g2, i2, λ2))

be an arc in Cay(S,A). Then there exists a = (g, l, µ) ∈ A such that (g2, i2, λ2) =

(g1, i1, λ1)(g, l, µ) = (g1pλ1lg, i1, µ). Hence g2 = g1pλ1lg, i1 = i2, and thus λ2 = µ.

(⇐) Let (g1, i1, λ1), (g2, i2, λ2) ∈ S, and suppose that there exists a = (g, l, λ2) ∈ A

such that g2 = g1pλ1lg and i1 = i2. Then (g2, i2, λ2) = (g1pλ1lg, i2, λ2) = (g1pλ1lg, i1,

λ2) = (g1, i1, λ1)(g, l, λ2). Hence ((g1, i1, λ1), (g2, i2, λ2)) is an arc in Cay(S,A). �

In view of Lemma 3.2 in [15], we know that a completely simple semigroup S =

M(G, I,Λ, P ) is right group if and only if |I| = 1. In [1] Cayley digraphs which represent

right groups are characterized. Then we obtain the following proposition.

Proposition 3.1.2. Let G be a group, S =M(G, {i},Λ, P ). Take a = (g, i, β) ∈ S. Then

(1) the Cayley digraph Cay(S, {a}) contains a strong group subdigraph Cay(G, {pβig});

(2) ((g1, i, λ1), (g2, i, λ2)) is an arc in Cay(S, {a}) if and only if g2 = g1pλ1ig and λ2 = β.
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Proof. (1) Let (V,E) be an strong group subdigraph of Cay(S, {a}) where V =

G × {i} × {β}. We will show that (V,E) ∼= Cay(G, {pβi}g). Define f : V → G by

f(x, i, β) = x for all x ∈ G. It is clear that f is a well defined bijection. We will show

that f and f−1 are digraph homomorphisms.

Let (x, i, β), (y, i, β) ∈ V and ((x, i, β), (y, i, β)) is an arc in (V,E). It is also an arc

in Cay(S, {a}). Then (y, i, β) = (x, i, β)(g, i, β) and hence y = xpβig. Since x, y ∈ G,

(x,y) is an arc in Cay(G, {pβig}). This shows that f is a digraph homomorphism.

Let (x, y) is an arc in Cay(G, {pβig}). We have that y = xpβig. Consider now

(y, i, β) = (xpβig, i, β) = (x, i, β)(g, i, β) it follows that ((x, i, β), (y, i, β)) is an arc in

Cay(S, {a}). Since (x, i, β), (y, i, β) ∈ V , ((x, i, β), (y, i, β)) is an arc in (V,E). This shows

that f−1 is also a digraph homomorphism.

(2) If ((g1, i, λ1), (g2, i, λ2)) is an arc in Cay(S, {a}), then (g2, i, λ2) = (g1, i, λ1)

(g, i, β) = (g1pλ1ig, i, β). It is easy to see that g2 = g1pλ1ig and λ2 = β. Conversely,

consider (g2, i, λ2) = (g1pλ1ig, i, β) = (g1, i, λ1)(g, i, β) and also ((g1, i, λ1), (g2, i, λ2)) is an

arc in Cay(S, {a}). �

In the next theorem, we characterize a Cayley digraph of a completely simple semi-

group.

Theorem 3.1.3. A digraph (V,E) is a Cayley digraph of a completely simple semigroup

if and only if the following conditions hold:

(1) (V,E) is the disjoint union of n isomorphic subdigraphs (V1, E1), (V2, E2), ..., (Vn, En)

for some n ∈ N;

(2) (Vi, Ei) has n subdigraphs (Vi1, Ei1), (Vi2, Ei2), ..., (Vin, Ein) such that (Vi, Ei) =

⊕n
j=1(Vij , Eij) with Vi = Vij for every j ∈ {1, 2, .., n};

(3) (Vij , Eij) contains m disjoint strong subdigraphs (V 1
ij , E

1
ij), (V

2
ij , E

2
ij), ..., (V

m
ij , E

m
ij )

such that Vij = ∪mα=1V
α
ij ;

(4) there exist a group G and a family of digraph isomorphisms {fα
ij}mα=1 such

that fα
ij : (V α

ij , E
α
ij) → Cay(G, aαijA

α
ij) for some aαij ∈ G, Aα

ij ⊆ G with Aα
kj = Aα

tj,

aαkj = aαtj for all k, t ∈ {1, 2, ..., n};

(5) for each u ∈ V α
ij , v ∈ V β

ij , (u, v) ∈ E if and only if fβ
ij(v) = fα

ij(u)a
α
ija for some

a ∈ Aβ
ij.

18



Proof. (⇒) Let (V,E) be a Cayley digraph of a completely simple semigroup.

Then there exists a completely simple semigroup S =M(G, I,Λ, P ) where G is a group,

I = {1, 2, ..., n}, Λ = {1, 2, ...,m}, and P is a Λ × I matrix over a group G, such that

(V,E) ∼= Cay(S,A) for some A ⊆ S. Hence we will prove that (1), (2), (3), (4) and (5) are

true for Cay(S,A).

(1) For each i ∈ I, set Vi = G × {i} × Λ, and Ei = E(Cay(S,A)) ∩ (Vi × Vi).

Hence (Vi, Ei) is a strong subdigraph of Cay(S,A) and Cay(S,A) = ∪ni=1(Vi, Ei). We

show that (V1, E1), (V2, E2), ..., (Vn, En) are isomorphic. Let p, q ∈ I, p ̸= q, define a map

ϕ from (Vp, Ep) to (Vq, Eq) by ϕ((g, p, r)) = (g, q, r). Since |Vp| = |Vq|, ϕ is a well defined

bijection. To prove that ϕ and ϕ−1 are digraph homomorphisms. For (g, p, r), (g′, p, r′)

∈ Vp, take ((g, p, r), (g′, p, r′)) ∈ Ep. Since Ep ⊆ E(Cay(S,A)), ((g, p, r), (g′, p, r′)) is an

arc in Cay(S,A). By Lemma 3.1.1, there exists (a, l, r′′) ∈ A such that g′ = gprla, r
′ = r′′,

and thus (g′, q, r′) = (gprla, q, r
′′) = (g, q, r) (a, l, r′′). Then ((g, q, r), (g′, q, r′)) is an arc in

Cay(S,A). It follows that ((g, q, r), (g′, q, r′)) ∈ Eq. This shows that ϕ is a digraph homo-

morphism. Similarly, ϕ−1 is a digraph homomorphism. Hence ϕ is a digraph isomorphism.

Now we prove that Cay(S,A) is the disjoint union of (V1, E1), (V2, E2), . . . , (Vn, En).

By definition of Vi, S = ∪̇Vi. Since Ei ⊆ E
(
Cay(S,A)

)
, ∪̇Ei ⊆ E

(
Cay(S,A)

)
. Let(

(g, j, r), (ǵ, k, ŕ)
)
∈ E(Cay(S,A). By Lemma 3.1.1, j = k, and thus

(
(g, j, r), (ǵ, k, ŕ)

)
∈

Ek. Then
(
(g, j, r), (ǵ, k, ŕ)

)
∈ ∪̇Ei. Hence E

(
Cay(S,A)

)
⊆ ∪̇Ei, and so E

(
Cay(S,A)

)
=

∪̇Ei. Therefore Cay(S,A) = ∪̇(Vi, Ei).

(2) Let Sij =M(G, {i},Λ, Pj) where i, j ∈ {1, 2, .., n},

Pj =



p1j

p2j

.

.

.

pmj


,

and Pj is the jth column of P , and let Aij = {(g, i, β)|(g, j, β) ∈ A}. Take (Vij , Eij) =

Cay(Sij , Aij). Hence Vij =M(G, {i},Λ, Pj) = Vi. To prove that (Vi, Ei) = ⊕n
j=1(Vij ,

Eij). Let ((g, i, α), (g′, i, β)) ∈ Ei. Therefore ((g, i, α), (g′, i, β)) is an arc in Cay(S,A).

By Lemma 3.1.1, there exists (g′′, l, γ) ∈ A such that γ = β and g′ = gpαlg
′′. Since

(g′′, l, β) ∈ A, (g′′, i, β) ∈ Ail. Thus ((g, i, α), (g′, i, β)) is an arc in Cay(Sil, Ail)

as (g, i, α)(g′′, i, β) = (gpαlg
′′, i, β) = (g′, i, β). Therefore ((g, i, α) , (g′, i, β)) ∈ Eil ⊆

∪nj=1Eij , and so Ei ⊆ ∪nj=1Eij . Let ((g, i, α), (g′, i, β)) ∈ ∪nj=1Eij . Therefore
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((g, i, α), (g′, i, β)) ∈ Eil for some l ∈ {1, 2, .., n}. It follows that ((g, i, α), (g′,

i, β)) is an arc in Cay(Sil, Ail). Then there exists (g′′, i, γ) ∈ Ail such that γ = β

and g′ = gpαlg
′′ by Lemma 3.1.1. Hence (g′′, l, β) ∈ A because (g′′, i, β) ∈ Ail. Then

(g′, i, β) = (gpαlg
′′, i, β) = (g, i, α)(g′′, l, β), ((g, i, α), (g′, i, β)) is an arc in Cay(S,A).

Therefore ((g, i, α), (g′, i, β)) ∈ Ei, and thus ∪nj=1Eij ⊆ Ei. Hence Ei = ∪nj=1Eij .

This show that (Vi, Ei) = ⊕n
j=1(Vij , Eij).

(3) Set V α
ij =M(G, {i}, {α}, Pα

j ), E
α
ij = E(Cay(Sij , Aij))∩ (V α

ij × V α
ij ) where Pα

j =

[pαj ]. Therefore V α
ij ⊆ Vij , and thus (V α

ij , E
α
ij) is a strong subdigraph of (Vij , Eij). Let

α, β ∈ Λ and α ̸= β. To prove that (V α
ij , E

α
ij) and (V β

ij , E
β
ij) are disjoint. Since V

α
ij ∩V

β
ij = ∅,

by the definition of Eα
ij and Eβ

ij , E
α
ij ∩ Eβ

ij = ∅. Therefore (V α
ij , E

α
ij) and (V β

ij , E
β
ij) are

disjoint subdigraphs of (Vij , Eij). Hence ∪mα=1V
α
ij = ∪mα=1 M(G, {i}, {α}, [pαj ]) =

M(G, {i},Λ, Pj) = Vi.

(4) Let Aα
ij = {g|(g, i, α) ∈ Aij}. To prove that (V α

ij , E
α
ij)
∼= Cay(G, aαijA

α
ij)

where aαij = pαj . Let fα
ij : (V α

ij , E
α
ij) → Cay(G, pαjA

α
ij) be the projection of V α

ij

on to its first coordinate, i.e. fα
ij = p1. We first show that fα

ij and fα
ij
−1 are digraph

homomorphisms. For (g, i, α), (g′, i, α) ∈ V α
ij , take ((g, i, α), (g′, i, α)) ∈ Eα

ij . By the

definition of Eα
ij , ((g, i, α), (g′, i, α)) is an arc in Cay(Sij , Aij). Then there exists

(g′′, i, γ) ∈ Aij such that g′ = gpαjg
′′ and α = γ by Lemma 3.1.1. Thus there is g′′ ∈ Aα

ij .

It follows that (fα
ij(g, i, α), f

α
ij(g

′, i, α)) = (g, g′) is an arc in Cay(G, pαjA
α
ij). Hence fα

ij is a

digraph homomorphism. For g, g′ ∈ G, let (g, g′) be an arc in Cay(G, pαjA
α
ij). Therefore

g′ = gpαjg
′′ for some g′′ ∈ Aα

ij . By the definition of Aα
ij , there is (g′′, i, α) ∈ Aij and

so (g′, i, α) = (gpαjg
′′, i, α) = (g, i, α)(g′′, i, α). Therefore ((g, i, α), (g′, i, α)) is an arc in

Cay(Sij , Aij). This shows that f
α
ij
−1 is a digraph homomorphism. Let k, t ∈ {1, 2, ..., n}.

We show that Aα
kj = Aα

tj . Take g ∈ Aα
kj . Then (g, k, α) ∈ Akj and (g, j, α) ∈ A. By the

definition of Atj , (g, t, α) ∈ Atj , and thus g ∈ Aα
tj . This shows that Aα

kj ⊆ Aα
tj . Similarly

Aα
tj ⊆ Aα

kj . Thus Aα
kj = Aα

tj for all k, t ∈ {1, 2, ..., n}. Since aαkj = pαj and aαtj = pαj ,

aαkj = aαtj for all k, t ∈ {1, 2, ..., n}.

(5) For each u = (g, i, α) ∈ V α
ij , and v = (g′, i, β) ∈ V β

ij . We prove that ((g, i, α),

(g′, i, β)) ∈ E if and only if fβ
ij(v) = fα

ij(u)a
α
ija for some a ∈ Aβ

ij .

Let ((g, i, α), (g′, i, β)) ∈ E. Then ((g, i, α), (g′, i, β)) is an arc in Cay(S,A). Hence

there exists (a, j, ξ) ∈ A such that (g′, i, β) = (g, i, α)(a, j, ξ) = (gpαja, i, ξ). Therefore

g′ = gpαja and β = ξ. Then we have that (a, j, β) = (a, j, ξ) ∈ A. By the definition of Aij ,

there exists (a, i, β) ∈ Aij , and hence a ∈ Aβ
ij . Therefore fβ

ij(v) = g′ = gpαja = fα
ij(u)a

α
ija

where aαij = pαj .

Conversely, let fβ
ij(v) = fα

ij(u)a
α
ija for some a ∈ Aβ

ij . Therefore g′ = fβ
ij(v) =
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fα
ij(u)a

α
ija = gaαija and there exists (a, i, β) ∈ Aij . By the definition of Aij , there is

(a, j, β) ∈ A. Since aαij = pαj , (g
′, i, β) = (gaαija, i, β) = (gpαja, i, β) = (g, i, α)(a, j, β),

and thus ((g, i, α), (g′, i, β)) is an arc in Cay(S,A).

(⇐) Choose k ∈ {1, 2, ..., n}, by (1), (2), and (3), we get V = ∪ni=1 ∪mα=1 V
α
ik is

the disjoint union. Let S =M(G, I,Λ, P ) where I = {1, 2, ..., n}, Λ = {1, 2, ...,m},

P =


a1k1 a1k2 · · · a1kn

a2k1 a2k2 · · · a2kn

. . . . . . . . . . . . . . . . . .

amk1 amk2 · · · amkn

 ,

and letA = ∪mα=1∪nj=1(A
α
jk×{k}×{α}). We show that (V,E) ∼= Cay(S,A). Define a map f

from (V,E) to Cay(S,A) by f(v) = (fα
ik(v), i, α) for any v ∈ V α

ik , i ∈ {1, 2, ..., n}, and α ∈

{1, 2, ...,m}. Let u, v ∈ V and u = v. Then u = v ∈ V β
ik for some i ∈ {1, 2, ..., n} and β ∈

{1, 2, ...,m}. Hence fβ
ik(u) = fβ

ik(v) and (fβ
ik(u), i, β) = (fβ

ik(v), i, β). Therefore f is well

defined. Let u, v ∈ V and f(u) = f(v). Then u ∈ V β
lk and v ∈ V δ

tk for some l, t ∈ {1, 2, ..., n}

and β, δ ∈ {1, 2, ...,m}, and so (fβ
lk(u), l, β) = f(u) = f(v) = (f δ

tk(v), t, δ). Hence fβ
lk(u) =

f δ
tk(v), l = t, and β = δ. Then u, v ∈ V β

lk and fβ
lk(u) = fβ

lk(v). Since f
β
lk is an isomorphism,

u = v. This shows that f is an injection. By (4), |G × {i} × {α}| = |G| = |V α
ik | for all

i ∈ {1, 2, ..., n} and α ∈ {1, 2, ...,m}. Thus |S =M(G, I,Λ, P )| = | ∪ni=1 ∪mα=1(G × {i} ×

{α})| = | ∪ni=1 ∪mα=1V
α
ik | = |V |. Hence f is a surjection. Now we must prove that f and

f−1 are digraph homomorphisms. Let u, v ∈ V and (u, v) ∈ E. By (1), u, v ∈ Vt for some

t ∈ {1, 2, ..., n}. Then u ∈ V β
tk and v ∈ V δ

tk for some β, δ ∈ {1, 2, ...,m}. From (5), f δ
tk(v) =

fβ
tk(u)a

β
tka for some a ∈ Aδ

tk. By (4), Aδ
tk = Aδ

ik and aβtk = aβik. Hence a ∈ Aδ
ik, and thus

(a, k, δ) ∈ (Aδ
ik×{k}×{δ}) ⊆ A. Since aβtk is the entry in the βth row and kth column of P ,

aβik = aβkk = pβk. Therefore f(v) = (f δ
tk(v), t, δ) = (fβ

tk(u)a
β
tka, t, δ) = (fβ

tk(u)a
β
ika, t, δ) =

(fβ
tk(u)pβka, t, δ) = (fβ

tk(u), t, β)(a, k, δ) = f(u)(a, k, δ). Then we get that (f(u), f(v)) is

an arc in Cay(G × Ln × Rm, A). This shows that f is a digraph homomorphism. Let

g, g′ ∈ G, j, t ∈ {1, 2, ..., n}, β, δ ∈ {1, 2, ...,m}, and let ((g, j, β), (g′, t, δ)) be an arc in

Cay(S,A). Then there exists (a, k, ξ) ∈ A such that g′ = gpβka, t = j, and δ = ξ. By

(4) and g, g′ ∈ G, there exists u ∈ V β
jk and v ∈ V δ

jk such that fβ
jk(u) = g and f δ

jk(v) = g′.

Therefore f δ
jk(v) = fβ

jk(u)pβka. By the definition of P and (4), pβk = aβkk = aβjk. Hence

(f−1(g, lj , rβ), f
−1(g′, lt, rδ)) = (f−1(fβ

jk(u), j, β), f
−1(f δ

jk(v), j, δ)) = (u, v) ∈ E by (5).

Thus f−1 is a digraph homomorphism. �
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Figure 3.1: Cayley digraph Cay(M(Z3, {1, 2}, {1, 2}, P ), {(0̄, 1, 1)}).
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Figure 3.2: Cayley digraph Cay(M(Z3, {1, 2}, {1, 2}, P ), {(1̄, 2, 1)}).
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Figure 3.3: Cayley digraph Cay(M(Z3, {1, 2}, {1, 2}, P ), {(0̄, 2, 2)}).

Example 3.1.4. Consider the completely simple semigroup S = M(Z3, I,Λ, P ),Z3 =

{0̄, 1̄, 2̄} with I = {1, 2}, Λ = {1, 2},

P =

 0̄ 0̄

0̄ 1̄

 , and thus P1 =

 0̄

0̄

 , P2 =

 0̄

1̄

 ,

and let a1 = (0̄, 1, 1), a2 = (1̄, 2, 1), a3 = (0̄, 2, 2). Then we give the Cayley digraphs

Cay(S,A) for all the three different one-element connection sets A, as indicated in Figures

3.1-3.3.

So we have

Cay(S, {a1}) = Cay(M(Z3, {1},Λ, P1), {(0̄, 1, 1)}) ∪ Cay(M(Z3, {2},Λ, P1), {(0̄, 2, 1)}),

Cay(S, {a2}) = Cay(M(Z3, {1},Λ, P2), {(1̄, 1, 1)}) ∪ Cay(M(Z3, {2},Λ, P2), {(1̄, 2, 1)}),

Cay(S, {a3}) = Cay(M(Z3, {1},Λ, P2), {(0̄, 1, 2)}) ∪ Cay(M(Z3, {2},Λ, P2), {(0̄, 2, 2)}).

22



Therefore Cay(S, {a1, a2, a3}) =[
Cay(M(Z3, {1},Λ, P1), {(0̄, 1, 1)})⊕ Cay(M(Z3, {1},Λ, P2), {(1̄, 1, 1), (0̄, 1, 2)})

]
∪
[
Cay(M(Z3, {2},Λ, P1), {(0̄, 2, 1)})⊕ Cay(M(Z3, {2},Λ, P2), {(1̄, 2, 1), (0̄, 2, 2)})

]
.

We see that Cay(S, {a1, a2, a3}) = (V1, E1) ∪ (V2, E2) where

(V1, E1) =
[
Cay(M(Z3, {1},Λ, P1), {(0̄, 1, 1)})

⊕Cay(M(Z3, {1},Λ, P2) , {(1̄, 1, 1), (0̄, 1, 2)})
]
and

(V2, E2) =
[
Cay(M(Z3, {2},Λ, P1), {(0̄, 2, 1)})

⊕Cay(M(Z3, {2},Λ, P2) , {(1̄, 2, 1), (0̄, 2, 2)})
]
.

Let (V11, E11) = Cay(M(Z3, {1},Λ, P1), {(0̄, 1, 1)}),

(V12, E12) = Cay(M(Z3, {1},Λ, P2), {(1̄, 1, 1), (0̄, 1, 2)}),

(V21, E21) = Cay(M(Z3, {2},Λ, P1), {(0̄, 2, 1)}), and

(V22, E22) = Cay(M(Z3, {2},Λ, P2), {(1̄, 2, 1), (0̄, 2, 2)}).

Then we get that (Vi, Ei) = ⊕2
j=1(Vij , Eij) for every i ∈ {1, 2}.

3.2 The Structure of Cayley Digraphs of Completely Simple Semigroups

with one-element Connection Sets

In the following results, we describe the structure of Cayley digraphs of a completely

simple semigroup with a one-element connection set. By the proof of Theorem 3.1.3(1-2)

we have the following lemma.

Lemma 3.2.1. Let S =M(G, I,Λ, P ) be a completely simple semigroup, I = {1, 2 . . . , n},

Λ = {1, 2 . . . ,m}, a = (g, j, β) ∈ S, Pi the ith column of P. Then Cay(S, {a}) is the

disjoint union of n isomorphic strong subdigraphs Cay(S1, {(g, 1, β)}), Cay(S2, {(g, 2, β)}),

. . . , Cay(Sn, {(g, n, β)}) where Si =M(G, {i},Λ, Pj).

Lemma 3.2.2. Let S =M(G, I,Λ, P ) be a completely simple semigroup, I = {1, 2 . . . , n},

Λ = {1, 2 . . . ,m}, a = (g, j, β) ∈ S, G/⟨pβjg⟩ = {g1⟨pβjg⟩, g2⟨pβjg⟩, . . . , gt⟨pβjg⟩} and let

Mik =
(
gk⟨pβjg⟩×{i}×{β}

)∪ (
∪α̸=β(gk⟨pβjg⟩ g−1p−1

αj×{i}×{α})
)
, where k ∈ {1, 2, . . . , t}

and i ∈ I. Then Mi1,Mi2, . . . ,Mit are disjoint.

Proof. Since {g1⟨pβjg⟩ g2⟨pβjg⟩, . . . , gt⟨pβjg⟩} is the set of all distinct left cosets of

⟨pβjg⟩ in G, we get that Mi1,Mi2, . . . ,Mit are disjoint. �

Lemma 3.2.3. Let S =M(G, I,Λ, P ) be a completely simple semigroup, I = {1, 2 . . . , n},

Λ = {1, 2 . . . ,m}, a = (g, j, β) ∈ S, (Mik, Eik) a strong subdigraph of Cay(S, {a}). Then

(Mik1 , Eik1)
∼= (Mik2 , Eik2) for all k1, k2 ∈ {1, 2, . . . , t}.
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Proof. We define f : (Mik1 , Eik1)→ (Mik2 , Eik2) by(
gk1(pβjg)

r, i, β
)
7→

(
gk2(pβjg)

r, i, β
)

(
gk1(pβjg)

rg−1p−1
αj , i, α

)
7→

(
gk2(pβjg)

rg−1p−1
αj , i, α

)
for α ̸= β.

Since, for all k ∈ {1, 2, . . . , t}, gk⟨pβjg⟩ = {gk(pβjg), gk(pβjg)
2, . . . , gk(pβjg)

|⟨pβjg⟩|}, f

is a well defined bijection.

We must prove that f and f−1 are homomorphisms. For x, y ∈ Mik1 , let (x, y) ∈

Eik1 . Then (x, y) is an arc in Cay(S, {a}), so y = xa. By Proposition 3.1.2(2), p3(y) = β.

Therefore y ∈ (gk1⟨pβjg⟩×{i}×{β}), and so y =
(
gk1(pβjg)

d, i, β
)
for some d ∈ {1, 2, . . . ,

|⟨pβjg⟩|}. We consider the following two cases.

(case1) If x =
(
gk1(pβjg)

h, i, β
)
for some h ∈ {1, 2, . . . , |⟨pβjg⟩|}, then(

gk1(pβjg)
d, i, β

)
=

(
gk1(pβjg)

h, i, β
)
(g, j, β)

=
(
gk1(pβjg)

hpβjg, i, β
)
.

Thus (pβjg)
d = (pβjg)

hpβjg, so

f(y) = f
(
gk1(pβjg)

d, i, β
)

=
(
gk2(pβjg)

d, i, β
)

=
(
gk2(pβjg)

hpβjg, i, β
)

=
(
gk2(pβjg)

h, i, β
)
(g, j, β)

= f
(
gk1(pβjg)

h, i, β
)
a = f(x)a.

Therefore
(
f(x), f(y)

)
is an arc in (Mik2 , Eik2).

(case2) If x =
(
gk1(pβjg)

h
′
g−1p−1

αj , i, α
)
for some α ̸= β, and h

′ ∈ {1, 2, . . . , |⟨pβjg⟩|},

then (
gk1(pβjg)

d, i, β
)

=
(
gk1(pβjg)

h
′
g−1p−1

αj , i, α
)
(g, j, β)

=
(
gk1(pβjg)

h
′
g−1p−1

αj pαjg, i, β
)

=
(
gk1(pβjg)

h
′
, i, β

)
.

Hence (pβjg)
d = (pβjg)

h
′
, and so

f(y) = f
(
gk1(pβjg)

d, i, β
)

=
(
gk2(pβjg)

dg−1p−1
αj pαjg, i, β

)
=

(
gk2(pβjg)

h
′
g−1p−1

αj , i, α
)
(g, j, β)

= f
(
gk1(pβjg)

h
′
g−1p−1

αj , i, α
)
a = f(x)a.
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Therefore
(
f(x), f(y)

)
is an arc in (Mik2 , Eik2).

This means that f is a digraph homomorphism. Similarly, f−1 is a digraph homo-

morphism. Hence (Mik1 , Eik1)
∼= (Mik2 , Eik2). �

Lemma 3.2.4. Let S =M(G, I,Λ, P ) be a completely simple semigroup, I = {1, 2 . . . , n},

Λ = {1, 2 . . . ,m}, a = (g, j, β) ∈ S. Then Cay(Si, {(g, i, β)}) = ∪̇tk=1(Mik, Eik).

Proof. We first show that Si = ∪̇tk=1Mik. Since Mik ⊆ Si for all k ∈ {1, 2, ..., t},

∪̇tk=1Mik ⊆ Si. We will show that Si ⊆ ∪̇tk=1Mik. Let x = (g
′
, i, λ) ∈ Si, we get g

′ ∈ G =

∪tk=1gk⟨pβjg⟩, and thus g
′
= gw(pβjg)

v for some v ∈ N and w ∈ {1, 2, . . . , t}. We need to

consider the following two cases.

(case1) If λ = β, then x =
(
gw(pβjg)

v, i, β
)
∈
(
gw⟨pβjg⟩×{i}×{β}

)
⊆Miw ⊆ ∪̇tk=1Mik.

(case2) If λ ̸= β, then xa =
(
gw(pβjg)

v, i, λ
)
(g, j, β) =

(
gw(pβjg)

v pλjg, i, β
)
. Since

gw(pβjg)
vpλjg ∈ G = ∪tk=1gk⟨pβjg⟩, gw(pβjg)vpλjg ∈ gu⟨pβjg⟩ for some u ∈

{1, 2, . . . , t}, we get that gw(pβjg)
vpλjg = gu(pβjg)

v
′
for some v́ ∈ N, and thus

gw(pβjg)
v = gu(pβjg)

v
′
g−1p−1

λj . Therefore x =
(
gw(pβjg)

v, i, λ
)
=

(
gu(pβjg)

v
′

g−1p−1
λj , i, λ

)
∈
(
gu⟨pβjg⟩g−1p−1

λj × {i} × {λ}
)
⊆Miu ⊆ ∪̇tk=1Mik.

Hence Si ⊆ ∪̇tk=1Mik. Then we conclude that Si = ∪̇tk=1Mik.

Since (Mi1, Ei1), (Mi2, Ei2), . . . , (Mit, Eit) are strong subdigraphs of Cay(Si, {(g,

i, β)}), E
(
∪̇tk=1(Mik, Eik)

)
⊆ E

(
Cay(Si, {(g, i, β)})

)
. Let x = (u1, i, λ1), y = (u2, i, λ2) ∈

Si and (x, y) be an arc in Cay(Si, {(g, i, β)}). Therefore u2 = u1pλ1jg and λ2 = β by Propo-

sition 3.1.2(2). Since Si = ∪̇tk=1Mik, x ∈Mib1 and y ∈Mib2 for some b1, b2 ∈ {1, 2, . . . , t}.

Hence y ∈
(
gb2⟨pβjg⟩× {i}× {β}

)
, and thus y = (gb2(pβjg)

d
′
, i, β) for some d

′ ∈ {1, 2, . . . ,

|⟨pβjg⟩|}. Then u2 = gb2(pβjg)
d
′
. We consider the following two cases.

(case1) If λ1 ̸= β, then x ∈
(
gb1⟨pβjg⟩g−1p−1

λ1j
× {i} × {λ1}

)
. Hence x =

(
gb1(pβjg)

cg−1

p−1
λ1j

, i, λ1

)
for some c ∈ {1, 2, ..., |⟨pβjg⟩|}, and thus u1 = gb1(pβjg)

cg−1p−1
λ1j

.

Since u2 = u1pλ1jg,

gb2(pβjg)
d
′

= gb1(pβjg)
cg−1p−1

λ1j
pλ1jg

= gb1(pβjg)
c.

Then b1 = b2, and thus x, y ∈ Mib1 . Hence (x, y) ∈ Eib1 . We get that (x, y) is

an arc in ∪̇tk=1(Mik, Eik).
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(case2) If λ1 = β, then x ∈
(
gb1⟨pβjg⟩ × {i} × {β}

)
. Hence x =

(
gb1(pβjg)

c
′
, i, β

)
for

some c
′ ∈ {1, 2, ..., |⟨pβjg⟩|}, and so u1 = gb1(pβjg)

c
′
. Since u2 = u1pλ1jg,

gb2(pβjg)
d
′

= gb1(pβjg)
c
′
pλ1jg

= gb1(pβjg)
c
′
pβjg

= gb1(pβjg)
c
′
+1.

Therefore b1 = b2 and thus x, y ∈Mib1 . Hence (x, y) ∈ Eib1 . We get that (x, y)

is an arc in ∪̇tk=1(Mik, Eik).

Hence E
(
∪̇tk=1(Mik, Eik)

)
= E(Cay(Si, {(g, i, β)})). We conclude that Cay(Si,

{(g, i, β)}) = ∪̇tk=1(Mik, Eik). �

Lemma 3.2.5. Let S =M(G, I,Λ, P ) be a completely simple semigroup, I = {1, 2, . . . , n},

Λ = {1, 2 . . . ,m}, a = (g, j, β) ∈ S. Then (Mik, Eik) ∼= Cay
(
⟨pβjg⟩ × Rm, {(pβjg, rβ)}

)
where Rm = {r1, r2, . . . , rm} is a right zero semigroup.

Proof. We define f : (Mik, Eik)→ Cay
(
⟨pβjg⟩ ×Rm, {(pβjg, rβ)}

)
by(

gk(pβjg)
q, i, β

)
7→

(
gk(pβjg)

q, rβ
)

(
gk(pβjg)

qg−1p−1
αj , i, α

)
7→

(
gk(pβjg)

q−1, rα
)
forα ̸= β.

Clearly, f is well defined. We will show that f is a bijection. Let x, y ∈ Mik, so

x =
(
gk(pβjg)

t1 , i, β
)
or x =

(
gk(pβjg)

t
′
1g−1p−1

αj , i, α
)
for some α ̸= β and t1, t

′
1 ∈

{1, 2, ..., |⟨pβjg⟩|}, and y =
(
gk(pβjg)

t2 , i, β
)
or y =

(
gk(pβjg)

t
′
2g−1p−1

γj , i, γ
)
for some

γ ̸= β and t2, t
′
2 ∈ {1, 2, ..., |⟨pβjg⟩|}. Let f(x) = f(y). Then p2(f(x)) = p2(f(y)). By the

definition of f , we get p3(x) = p3(y). We consider the following two cases.

(case1) For x =
(
gk(pβjg)

t1 , i, β
)
and y =

(
gk(pβjg)

t2 , i, β
)
. Since f(x) = f(y),(

gk(pβjg)
t1 , rβ

)
=

(
gk(pβjg)

t2 , rβ
)
. We get that gk(pβjg)

t1 = gk(pβjg)
t2 . Hence

x = y.

(case2) For x =
(
gk(pβjg)

t
′
1g−1p−1

αj , i, α
)
and y =

(
gk(pβjg)

t
′
2g−1p−1

γj , i, γ
)
for some

α, γ ̸= β. Since f(x) = f(y),
(
gk(pβjg)

t
′
1−1, rα

)
=

(
gk(pβjg)

t
′
2−1, rγ

)
. Hence

gk(pβjg)
t
′
1−1 = gk(pβjg)

t
′
2−1 and rα = rγ . Therefore α = γ and gk(pβjg)

t
′
1 =

gk(pβjg)
t
′
2 . This means that x = y.

Then f is an injection . Let z ∈ ⟨pβjg⟩ × Rm, so z =
(
gk(pβjg)

q, rβ
)
for some q ∈

{1, 2, ..., |⟨pβjg⟩|} or z =
(
gk(pβjg)

q
′
, rα

)
for some α ̸= β and q

′ ∈ {1, 2, ..., |⟨pβjg⟩|}. We

need to consider the following two cases.
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(case1) If z =
(
gk(pβjg)

q, rβ
)
, there exists x =

(
gk(pβjg)

q, i, β
)
∈Mik such that f(x) =

f
(
gk(pβjg)

q, i, β
)
=

(
gk(pβjg)

q, rβ
)
= z.

(case2) If z =
(
gk(pβjg)

q
′
, rα

)
, there exists x =

(
gk(pβjg)

q
′
+1g−1p−1

αj , i, α
)
∈Mik such

that f(x) = f
(
gk(pβjg)

q
′
+1g−1p−1

αj , i, α
)
=

(
gk(pβjg)

q
′
, rα

)
= z.

This means that f is a surjection.

We will show that f and f−1 are digraph homomorphisms. For x, y ∈ Mik, let

(x, y) ∈ Eik. Then (x, y) is an arc in Cay(S, {a}), and thus y = xa. By Proposition

3.1.2(2), p3(y) = β. Hence y ∈ (gk⟨pβjg⟩×{i}×{β}), and so y = (gk(pβjg)
c, i, β) for some

c ∈ {1, 2, . . . , |⟨pβjg⟩|}. We need only consider two cases.

(case1) If x ∈ (gk⟨pβjg⟩ × {i} × {β}), then x =
(
gk(pβjg)

d, i, β
)
for some d ∈ {1, 2, . . . ,

|⟨pβjg⟩|}. Since y = xa,
(
gk(pβjg)

c, i, β
)
=

(
gk(pβjg)

d, i, β
)
(g, j, β) =

(
gk(pβjg)

d

pβjg, i, β
)
. Thus gk(pβjg)

c = gk(pβjg)
dpβjg, and so

f(y) = f
(
gk(pβjg)

c, i, β
)

=
(
gk(pβjg)

c, rβ
)

=
(
gk(pβjg)

dpβjg, rβ
)

=
(
gk(pβjg)

d, rβ
)(
pβjg, rβ

)
= f(x)(pβjg, rβ).

Therefore
(
f(x), f(y)

)
is an arc in Cay

(
⟨pβjg⟩ ×Rm, {(pβjg, rβ)}

)
.

(case2) If x ∈
(
∪α ̸=β (gk⟨pβjg⟩g−1p−1

αj × {i} × {α})
)
, then x = (gk(pβjg)

d
′
g−1p−1

αj , i, α
)

for some α ̸= β and d
′ ∈ {1, 2, . . . , |⟨pβjg⟩|}. Since y = xa,(

gk(pβjg)
c, i, β

)
=

(
gk(pβjg)

d
′
g−1p−1

αj , i, α
)
(g, j, β)

=
(
gk(pβjg)

d
′
g−1p−1

αj pαjg, i, β
)

=
(
gk(pβjg)

d
′
, i, β

)
.

Thus gk(pβjg)
c = gk(pβjg)

d
′
, and so

f(y) =
(
gk(pβjg)

c, rβ
)

=
(
gk(pβjg)

d
′
, rβ

)
=

(
gk(pβjg)

d
′−1pβjg, rβ

)
=

(
gk(pβjg)

d
′−1, rα

)
(pβjg, rβ)

= f(x)(pβjg, rβ).

Therefore
(
f(x), fy)

)
is an arc in Cay

(
⟨pβjg⟩ ×Rm, {(pβjg, rβ)}

)
.
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This means that f is a digraph homomorphism.

For x, y ∈ Mik, let
(
f(x), f(y)

)
be an arc in Cay

(
⟨pβjg⟩ × Rm, {(pβjg, rβ)}

)
,

then f(y) = f(x)(pβjg, rβ). By the definition of right group, p2(f(y)) = rβ, and so

p3(y) = β. Hence y ∈ (gk⟨pβjg⟩ × {i} × {β}), and thus y = (gk(pβjg)
c, i, β) for some

c ∈ {1, 2, . . . , |⟨pβjg⟩|}. We consider the following two cases.

(case1) If x ∈ (gk⟨pβjg⟩ × {i} × {β}), then x =
(
gk(pβjg)

d, i, β
)
for some d ∈ {1, 2, . . . ,

|⟨pβjg⟩|}. Since f(y) = f(x)(pβjg, rβ),(
gk(pβjg)

c, rβ
)

=
(
gk(pβjg)

d, rβ
)
(pβjg, rβ)

=
(
gk(pβjg)

dpβjg, rβ
)
.

Thus gk(pβjg)
c = gk(pβjg)

dpβjg. Hence

y =
(
gk(pβjg)

c, i, β
)

=
(
gk(pβjg)

dpβjg, i, β
)

=
(
gk(pβjg)

d, i, β
)
(g, j, β)

= xa.

Therefore (x, y) is an arc in (Mik, Eik).

(case2) If x ∈
(
∪α ̸=β (gk⟨pβjg⟩g−1p−1

αj × {i} × {α})
)
, then x = (gk(pβjg)

d
′
g−1p−1

αj , i, α
)

for some α ̸= β and d
′ ∈ {1, 2, . . . , |⟨pβjg⟩|}. Since f(y) = f(x)(pβjg, rβ),

(
gk(pβjg)

c, rβ
)

=
(
gk(pβjg)

d
′−1, rα

)
(pβjg, rβ)

=
(
gk(pβjg)

d
′
, rβ

)
.

Thus gk(pβjg)
c = gk(pβjg)

d
′
. Hence

y =
(
gk(pβjg)

c, i, β
)

=
(
gk(pβjg)

d
′
, i, β

)
=

(
gk(pβjg)

d
′
g−1p−1

αj pαjg, i, β
)

=
(
gk(pβjg)

d
′
g−1p−1

αj , i, α
)
(g, j, β)

= xa,

and so (x, y) is an arc in (Mik, Eik).

This means that f−1 is a digraph homomorphism. Hence (Mik, Eik) ∼= Cay
(
⟨pβjg⟩ ×

Rm, {(pβjg, rβ)}
)
. �
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Example 3.2.6. Consider the completely simple semigroup S =M(Z2×Z2, I,Λ, P ),Z2×

Z2 = {0̄0̄, 0̄1̄, 1̄0̄, 1̄1̄} with I = {1, 2}, Λ = {1, 2},

P =

 0̄0̄ 1̄0̄

0̄1̄ 1̄1̄

 , and thus P1 =

 0̄0̄

0̄1̄

 , P2 =

 1̄0̄

1̄1̄

 .

Then we give the Cayley digraph Cay
(
M(Z2 × Z2, I,Λ, P ), {(1̄0̄, 1, 2)}

)
in Figure 3.4.

b

b

0̄0̄11 0̄0̄12

b

b

b

b b

b

b

b b

b

b

b b

b

0̄1̄120̄1̄11

1̄0̄121̄0̄11

1̄1̄11 1̄1̄12

0̄0̄220̄0̄21

0̄1̄220̄1̄21

1̄0̄221̄0̄21

1̄1̄21 1̄1̄22

Figure 3.4: Cayley digraph Cay(M(Z2 × Z2, {1, 2}, {1, 2}, P ), {(1̄0̄, 1, 2)}).

In Figure 3.4, we see that Cay
(
S, {(1̄0̄, 1, 2)}

)
= ∪̇2i=1Cay(Si, {(g, i, β)}) where S1 =

M(Z2×Z2, {1},Λ, P1), S2 =M(Z2×Z2, {2},Λ, P2), (g, 1, β) = {(1̄0̄, 1, 2)} and (g, 2, β) =

{(1̄0̄, 2, 2)}. Then it is the union of right group digraphs.

We have ⟨p211̄0̄⟩ = {1̄1̄, 0̄0̄},Z2 × Z2/⟨p211̄0̄⟩ = {g1⟨p211̄0̄⟩, g2⟨p211̄0̄⟩} where g1 =

0̄0̄,g2 = 0̄1̄. Hence

M11 = {(1̄1̄, 1, 2), (0̄0̄, 1, 2), (0̄1̄, 1, 1), (1̄0̄, 1, 1)},

M12 = {(1̄0̄, 1, 2), (0̄1̄, 1, 2), (0̄0̄, 1, 1), (1̄1̄, 1, 1)},

M21 = {(1̄1̄, 2, 2), (0̄0̄, 2, 2), (0̄1̄, 2, 1), (1̄0̄, 2, 1)},

M22 = {(0̄1̄, 2, 2), (1̄0̄, 2, 2), (0̄0̄, 2, 1), (1̄1̄, 2, 1)}.

We see that (M11, E11) ∼= (M12, E12) ∼= (M21, E21) ∼= (M22, E22) ∼= Cay
(
⟨p211̄0̄⟩ ×

R2, {(p211̄0̄, r2)}
)
and Cay

(
S, {a}

)
= ∪̇2i=1∪̇

2
k=1(Mik, Eik) where R2 = {r1, r2} is a right

zero semigroup.
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By Lemma 3.2.1-3.2.5, we get that a Cayley digraph of a completely simple semi-

group M(G, I,Λ, P ) with a one-element connection set {(g, j, β)}, is the disjoint union

of |I|t copies of Cay
(
⟨pβjg⟩ × R|Λ|, {(pβjg, rβ)}

)
where t = |G/⟨pβjg⟩|. Then |I|t is the

number of connected components of Cay(S, {a}). In Example 3.2.6, we have |I| = 2, t = 2

and Cay(S, {1̄0̄, 1, 2}) has 4 connected components.

Next, we introduce the conditions for Cayley digraphs of a completely simple semi-

group with a one-element connection set to be isomorphic and connected. The following

theorem gives the conditions for two Cayley digraphs of completely simple semigroups

Cay(S, {a}) and Cay(S, {b}) being isomorphic.

Theorem 3.2.7. Let S =M(G, I,Λ, P ) be a completely simple semigroup, I = {1, 2 . . . ,

n}, Λ = {1, 2 . . . ,m},a = (g, j, β), b = (g
′
, i, λ) ∈ S. Then Cay(S, {a}) ∼= Cay(S, {b}) if

and only if |⟨pβjg⟩| = |⟨pλig
′⟩|.

Proof. (⇒) Suppose that Cay(S, {a}) ∼= Cay(S, {b}). By Lemma 3.2.5, we get that

Cay
(
⟨pβjg⟩ × R|Λ|, {(pβjg, rβ)}

) ∼= Cay
(
⟨pλig

′⟩ × R|Λ|, {(pλig
′
, rλ)}

)
. Therefore |⟨pβjg⟩ ×

R|Λ|| = |⟨pλig
′⟩ ×R|Λ||. Hence |⟨pβjg⟩| = |⟨pλig

′⟩|.

(⇐) Assume that |⟨pβjg⟩| = |⟨pλig
′⟩| = l. By Lemma 3.2.1-3.2.5, we only need

to show that Cay
(
⟨pβjg⟩ × Rm, {(pβjg, rβ)}

) ∼= Cay
(
⟨pλig

′⟩ × Rm, {(pλig
′
, rλ)}

)
where

Rm = {r1, r2, . . . , rm} is a right zero semigroup. We define

f : Cay
(
⟨pβjg⟩ ×Rm, {(pβjg, rβ)}

)
→ Cay

(
⟨pλig

′⟩ ×Rm, {(pλig
′
, rλ)}

)

by f
(
(pβjg)

r, rµ
)
=


(
(pλig

′
)r, rλ

)
if µ = β;(

(pλig
′
)r, rβ

)
if µ = λ;(

(pλig
′
)r, rα

)
otherwise.

Clearly, f is well defined. Since |⟨pβjg⟩| = |⟨pλig
′⟩|, f is a bijection. To show

that f and f−1 are homomorphisms. Let x, y ∈ ⟨pβjg⟩ × Rm and let (x, y) be an arc

in Cay
(
⟨pβjg⟩ × Rm, {(pβjg, rβ)}

)
. Hence x =

(
(pβjg)

t1 , rk1
)
, y =

(
(pβjg)

t2 , rk2
)
for some

t1, t2 ∈ {1, 2, ..., |⟨pβjg⟩|}, and so
(
(pβjg)

t2 , rk2
)
=

(
(pβjg)

t1 , rk1
)
(pβjg, rβ) =

(
(pβjg)

t1+1,

rβ
)
. Hence t2 ≡ t1 + 1 (mod l) and k2 = β. We will show that

(
f(x), f(y)

)
is an arc in

Cay
(
⟨pλig

′⟩ ×Rm, {(pλig
′
, rλ)}

)
. Consider three cases:
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(case1) If k1 = β, then

f(y) = f
(
(pβjg)

t2 , rβ
)

=
(
(pλig

′
)t2 , rλ

)
=

(
(pλig

′
)t1pλig

′
, rλ

)
=

(
(pλig

′
)t1 , rλ

)
(pλig

′
, rλ)

= f(x)(pλig
′
, rλ).

(case2) If k1 = λ, then

f(y) =
(
(pλig

′
)t2 , rλ

)
=

(
(pλig

′
)t1pλig

′
, rλ

)
=

(
(pλig

′
)t1 , rβ

)
(pλig

′
, rλ)

= f
(
(pβjg)

t1 , rλ
)
(pλig

′
, rλ)

= f(x)(pλig
′
, rλ).

(case3) If k1 = α where α ̸= β, λ, then

f(y) =
(
(pλig

′
)t2 , rλ

)
=

(
(pλig

′
)t1pλig

′
, rλ

)
=

(
(pλig

′
)t1 , rα

)
(pλig

′
, rλ)

= f
(
(pβjg)

t1 , rα
)
(pλig

′
, rλ)

= f(x)(pλig
′
, rλ).

This means that f is a digraph homomorphism. Similarly, f−1 is a digraph homo-

morphism. Hence

Cay
(
⟨pβjg⟩ ×Rm, {(pβjg, rβ)}

) ∼= Cay
(
⟨pλig

′⟩ ×Rm, {(pλig
′
, rλ)}

)
.

By Lemma 3.2.5, we get that Cay(S, {a}) ∼= Cay(S, {b}). �

Example 3.2.8. Consider Cay
(
M(Z2 × Z2, I,Λ, P ), {(1̄0̄, 1, 2)}

)
in Example 3.2.6, and

Cay
(
M(Z2 × Z2, I,Λ, P ), {(0̄1̄, 2, 2)}

)
(see Figure 3.5).

We see that |⟨p211̄0̄⟩| = |⟨p220̄1̄⟩| = 2 and Cay
(
M(Z2 × Z2, I,Λ, P ), {(1̄0̄, 1, 2)}

) ∼=
Cay

(
M(Z2 × Z2, I,Λ, P ), {(0̄1̄, 2, 2)}

)
.

31



b

b
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0̄1̄120̄1̄11

1̄0̄121̄0̄11

1̄1̄11 1̄1̄12

0̄0̄220̄0̄21

0̄1̄220̄1̄21

1̄0̄221̄0̄21

1̄1̄21 1̄1̄22

Figure 3.5: Cayley digraph Cay(M(Z2 × Z2, {1, 2}, {1, 2}, P ), {(0̄1̄, 2, 2)}).

Note that a rectangular group S = G × Lm × Rn is a special case of a completely

simple semigroup M(G, I,Λ, P ), where |I| = m, |Λ| = n and P is an identity matrix.

The following corollary gives the conditions for two Cayley digraphs of rectangular groups

with a one-element connection set Cay(S, {a}) and Cay(S, {b}) to be isomorphic.

Corollary 3.2.9. Let S = G × Lm × Rn be a rectangular group, a = (g1, l1, r1), b =

(g2, l2, r2) ∈ S. Then Cay(S, {a}) ∼= Cay(S, {b}) if and only if |⟨g1⟩| = |⟨g2⟩|.

Now we give the conditions for a Cayley digraph of a completely simple semigroup

with a one-element connection set to be connected.

Theorem 3.2.10. Let S =M(G, I,Λ, P ) be a completely simple semigroup, a = (g, j, β) ∈

S. Then Cay(S, {a}) is connected if and only if G = ⟨pβjg⟩ and |I| = 1, in particular this

means that S is a right group.

Proof. (⇒) Let Cay(S, {a}) be connected. By Lemma 3.2.1, we get |I| = 1 and

G = ⟨pβjg⟩.

(⇐) Assume that G = ⟨pβjg⟩ and |I| = 1. We will prove that Cay(S, {a}) is con-

nected. Let (g1, i, λ1), (g2, i, λ2) ∈ S. Hence g1, g2 ∈ ⟨pβjg⟩. Therefore g1 = (pβjg)
r and

g2 = (pβjg)
q for some r, q ∈ {1, 2, ..., |⟨pβjg⟩|}. Then r ≤ q or r > q. We consider four

cases.
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(case1) For λ1 = λ2 = β. If r ≤ q, then q = r + t for some t ∈ N ∪ {0}. Then we get

(g1, i, λ1) =
(
(pβjg)

r, i, β
)
,
(
(pβjg)

r+1, i, β
)
, . . . ,

(
(pβjg)

r+t, i, β
)
= (g2, i, λ2) is

a path from (g1, i, λ1) to (g2, i, λ2) in Cay(S, {a}). Similarly, if r > q, there is

a path from (g2, i, λ2) to (g1, i, λ1) in Cay(S, {a}).

(case2) For λ1 = β, λ2 ̸= β. Then (g2, i, λ2)(g, j, β) = (g2pλ2jg, i, β), and thus(
(g2, i, λ2), (g2pλ2jg, i, β)

)
is an arc in Cay(S, {a}). Since G = ⟨pβjg⟩ and

g2pλ2jg ∈ G, g2pλ2jg = (pβjg)
u for some u ∈ {1, 2, ..., |⟨pβjg⟩|}. By case 1, there

is a path from (g1, i, λ1) to (g2pλ2jg, i, β) or from (g2pλ2jg, i, β) to (g1, i, λ1).

Therefore we have a semipath between (g1, i, λ1) and (g2, i, λ2).

(case3) For λ1 ̸= β, λ2 = β. Then (g1, i, λ1)(g, j, β) = (g1pλ1jg, i, β), and so
(
(g1, i, λ1),

(g1pλ1jg, i, β)
)
is an arc in Cay(S, {a}). Since G = ⟨pβjg⟩ and g1pλ1jg ∈ G,

g1pλ1jg = (pβjg)
v for some v ∈ {1, 2, ..., |⟨pβjg⟩|}. By case 1, there is a path

from (g2, i, λ2) to (g1pλ1jg, i, β) or from (g1pλ1jg, i, β) to (g2, i, λ2). Therefore

we have a semipath between (g1, i, λ1) and (g2, i, λ2).

(case4) For λ1 ̸= β, λ2 ̸= β. Then (g1, i, λ1)(g, j, β) = (g1pλ1jg, i, β) and (g2, i, λ2)

(g, j, β) = (g2pλ2jg, i, β). Thus
(
(g1, i, λ1), (g1pλ1jg, i, β)

)
and

(
(g2, i, λ2),

(g2pλ2jg, i, β)
)
are arcs in Cay(S, {a}). Since g1pλ1jg, g2pλ2jg ∈ G = ⟨pβjg⟩,

g1pλ1jg = (pβjg)
w and g2pλ2jg = (pβjg)

z for some w, z ∈ {1, 2, ..., |pβjg|}. By

case 1, there is a path from (g1pλ1jg, i, β) to (g2pλ2jg, i, β) or from (g2pλ2jg, i, β)

to (g1pλ1jg, i, β). Therefore we have a semipath between (g1, i, λ1) and (g2, i, λ2).

By the above four cases we conclude that Cay(S, {a}) is connected. �

Example 3.2.11. Consider the completely simple semigroup S =M(G, I,Λ, P ), where

G = {0̄0̄, 1̄2̄, 2̄1̄} is a subgroup of Z3 × Z3, I = {1}, Λ = {1, 2} and

P =

 0̄0̄

2̄1̄

 .

Let a = (2̄1̄, 1, 2). We see that ⟨pβjg⟩ = ⟨2̄1̄ · 2̄1̄⟩ = ⟨1̄2̄⟩ = {1̄2̄, 2̄1̄, 0̄0̄} = G, |I| = 1,

and Cayley digraph Cay(S, {a}) is connected (see Figure 3.6).
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0̄0̄12 0̄0̄11

2̄1̄112̄1̄12
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Figure 3.6: Cayley digraph Cay(M({0̄0̄, 1̄2̄, 2̄1̄}, {1}, {1, 2}, P ), {(2̄1̄, 1, 2)}).
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