
CHAPTER 4

Isomorphism Conditions for Cayley Digraphs of

Rectangular Groups

In this chapter, we give some equivalent conditions for Cayley digraphs of a rect-

angular group to be isomorphic to each other. In order to contribute to these objectives,

the isomorphism conditions for Cayley digraphs of a right group and for Cayley digraphs

of a rectangular band have been presented in this chapter.

4.1 Isomorphism Conditions for Cayley Digraphs of Rectangular Bands

We consider an isomorphism of Cayley digraphs of a given rectangular band in

this section. First, we will introduce the conditions for Cayley digraphs of a right zero

semigroup to be isomorphic to each other. By the definition of a right zero semigroup, we

get the following lemma.

Lemma 4.1.1. Let A ⊆ Rn, and let v be a vertex in Cay(Rn, A). Then

(1)
−→
d (v) = |Rn| if and only if v ∈ A;

(2)
−→
d (v) = 0 if and only if v ̸∈ A.

proof. (1) Let
−→
d (v) = |Rn|. Then there is an arc from each vertex in Rn to v. It

follows that there exists w ∈ A such that v = uw for u ∈ Rn. Since uw = w, v = w ∈ A.

Conversely, we assume that v ∈ A. Let u ∈ Rn. Since uv = v, there is an arc from u to

v. It follows that there is an arc from every vertices in Rn to v. Hence
−→
d (v) = |Rn|.

(2) Let
−→
d (v) = 0 and u ∈ Rn. We assume that v ∈ A. Since uv = v, (u, v) is an

arc in Cay(Rn, A), and thus
−→
d (v) ̸= 0. There is a contradiction, so v ̸∈ A. Conversely,

we assume that
−→
d (v) ̸= 0. There is w ∈ A such that v = uw for some u ∈ Rn. Since

uw = w, v = w ∈ A. There is a contradiction, therefore
−→
d (v) = 0. �

By Lemma 4.1.1, we have the following theorem which introduces the isomorphism

condition for the Cayley digraphs of a given right zero semigroup.
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Theorem 4.1.2. Let A,B ⊆ Rn. Then Cay(Rn, A) ∼= Cay(Rn, B) if and only if |A| =

|B|.

proof. (⇒) Let Cay(Rn, A) ∼= Cay(Rn, B). Then the number of vertices with

indegree |Rn| of Cay(Rn, A) and Cay(Rn, B) are equal. By Lemma 4.1.1(1), we get

|A| = |B|.

(⇐) Let |A| = |B| = l. We assume that A = {a1, a2, . . . , al} and B = {b1, b2, . . . ,

bl}. Suppose that Rn\A = {a′1, a′2, . . . , a′t} and Rn\B = {b′1, b′2, . . . , b′t}. We define a

mapping f : Rn → Rn by

f(a) =

 bi if a = ai for i ∈ {1, 2, . . . , l};

b′i if a = a′i for i ∈ {1, 2, . . . , t}.

Clearly, f is well defined and bijective. We will show that f and f−1 are digraph

homomorphisms. Assume that (x, y) is an arc in Cay(Rn, A). By Lemma 4.1.1(1), we

have y ∈ A, and thus f(y) ∈ B. By Lemma 4.1.1(1) again, there exists an arc from every

vertices to f(y) in Cay(Rn, B). Then (f(x), f(y)) is an arc in Cay(Rn, B). Therefore f is

a digraph homomorphism. Similarly, we can show that f−1 is a digraph homomorphism.

Hence Cay(Rn, A) ∼= Cay(Rn, B). �

The following lemma shows that the Cayley digraph of a rectangular band is the

union of Cayley digraphs of right zero semigroups.

Lemma 4.1.3. Let S = Lm × Rn be a rectangular band and A ⊆ S. Then Cay(S,A) is

the disjoint union of m isomorphic strong subdigraphs Cay({li} × Rn, {li} × p2(A)) for

i ∈ {1, 2, . . . ,m}.

proof. Let p, q ∈ {1, 2, . . . ,m}. Since ({lp}×Rn)∩ ({lq}×Rn) = ∅ for all p ̸= q, we

get that Cay({lp} × Rn, {lp} × p2(A)) and Cay({lq} × Rn, {lq} × p2(A)) are disjoint. To

show that Cay({lp} ×Rn, {lp} × p2(A)) ∼= Cay({lq} ×Rn, {lq} × p2(A)) and Cay(S,A) =

∪̇mi=1Cay({li} × Rn, {li} × p2(A)). We define a mapping f : {lp} × Rn → {lq} × Rn by

f((lp, r)) = (lq, r) for every (lp, r) ∈ {lp}×Rn. Clearly, f is well defined and is a bijection.

We will show that f and f−1 are digraph homomorphisms.

For (lp, r1), (lp, r2) ∈ {lp}×Rn, let ((lp, r1), (lp, r2)) be an arc in Cay({lp}×Rn, {lp}×

p2(A)). There exists (lp, r) ∈ {lp}×p2(A) such that (lp, r2) = (lp, r1)(lp, r) = (lp, r). There-

fore r = r2, we get that r2 ∈ p2(A). Hence (lq, r2) ∈ {lq}×p2(A) and thus (lq, r1)(lq, r2) =

(lq, r2). This means that ((lq, r1), (lq, r2)) is an arc in Cay({lq}×Rn, {lq}×p2(A)). We have

shown that f is a digraph homomorphism. Similarly, we can show that f−1 is a digraph

homomorphism. Hence Cay({lp} ×Rn, {lp} × p2(A)) ∼= Cay({lq} ×Rn, {lq} × p2(A)).
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We will show that Cay(S,A) = ∪̇mi=1Cay({li} × Rn, {li} × p2(A)). Let D =

∪̇mi=1Cay({li}×Rn, {li}×p2(A)). Since Lm×Rn = ∪̇mi=1({li}×Rn), then S = ∪̇mi=1({li}×

Rn) = V (D). We will show that E(Cay(S,A)) = E(D). For (li, r), (lj , r
′) ∈ S, let

((li, r), (lj , r
′)) be an arc in Cay(S,A). There exists (lk, r

′′) ∈ A such that (lj , r
′) =

(li, r)(lk, r
′′) = (li, r

′′), we get li = lj and r′ = r′′. Since (lk, r
′′) ∈ A, (lj , r

′′) ∈ {lj} ×

p2(A). Consider (lj , r
′) = (lj , r

′′) = (lj , r)(lj , r
′′), we have that ((lj , r), (lj , r

′)) = ((li, r),

(lj , r
′)) is an arc in Cay({lj} × Rn, {lj} × p2(A)). Hence ((li, r), (lj , r

′)) is an arc in D.

Therefore E(Cay(S,A)) ⊆ E(D). Conversely, let ((lj , r), (lj , r
′)) ∈ E(D). This means

that it is an arc in Cay({lj} × Rn, {lj} × p2(A)) for some j ∈ {1, 2, . . . ,m}. There

exists (lj , r
′′) ∈ {lj} × p2(A) such that (lj , r

′) = (lj , r)(lj , r
′′) = (lj , r

′′) and we get that

r′ = r′′. Also since (lj , r
′′) ∈ {lj} × p2(A), we have (l, r′′) ∈ A for some l ∈ Lm. Consider

(lj , r
′) = (lj , r

′′) = (lj , r)(l, r
′′), it follows that ((lj , r), (lj , r

′)) is an arc in Cay(S,A).

Hence E(D) ⊆ E(Cay(S,A)). Therefore Cay(S,A) = D. �

Theorem 4.1.4. Let S = Lm×Rn be a rectangular band and A,B ⊆ S. Then Cay(S,A) ∼=

Cay(S,B) if and only if |p2(A)| = |p2(B)|.

proof. (⇒) Let Cay(S,A) ∼= Cay(S,B). By Lemma 4.1.3, we get ∪̇mi=1Cay({li} ×

Rn, {li}×p2(A)) ∼= ∪̇mi=1Cay({li}×Rn, {li}×p2(B)). Then Cay({li}×Rn, {li}×p2(A)) ∼=

Cay({li} × Rn, {li} × p2(B)) and thus Cay(Rn, p2(A)) ∼= Cay(Rn, p2(B)). By Theorem

4.1.2, we get |p2(A)| = |p2(B)|.

(⇐) Let |p2(A)| = |p2(B)|. By Theorem 4.1.2, we get Cay(Rn, p2(A)) ∼= Cay(Rn,

p2(B)). Then ∪̇mi=1Cay({li} × Rn, {li} × p2(A)) ∼= ∪̇mi=1Cay({li} × Rn, {li} × p2(B)). By

Lemma 4.1.3, we get Cay(S,A) ∼= Cay(S,B). �

bbbb

bbbb

b b b b

l1r1 l1r2 l1r3 l1r4

l2r4l2r3l2r2l2r1

l3r1 l3r2 l3r3 l3r4

Figure 4.1: Cayley digraph Cay(L3 ×R4, {(l1, r2), (l3, r4)}).
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b b b b
l1r1 l1r2 l1r3 l1r4

b b b b
l2r1 l2r2 l2r3 l2r4

l3r4l3r3l3r2l3r1

bbbb

Figure 4.2: Cayley digraph Cay(L3 ×R4, {(l2, r1), (l3, r1), (l3, r3), (l1, r3)}).

Example 4.1.5. Let S = L3 × R4 be a rectangular band, and let A = {(l1, r2), (l3, r4)},

B = {(l2, r1), (l3, r1), (l3, r3), (l1, r3)} be subsets of S. It is easily seen that Cay(S,A) ∼=

Cay(S,B) (see Figures. 4.1 and 4.2) , and |p2(A)| = |p2(B)| = 2.

4.2 Isomorphism Conditions for Cayley Digraphs of Right Groups

In this section, we present the conditions for Cayley digraphs of a given right group

to be isomorphic to each other. By the definition of a right group, we get the following

lemma.

Lemma 4.2.1. Let S = G × Rn be a right group, A a nonempty subset of S, g, g′ ∈ G,

and r, r′ ∈ Rn. Then the following statements are equivalent:

(1) ((g, r), (g′, r′)) is an arc in Cay(S,A);

(2) there exists (a, r′) ∈ A such that g′ = ga;

(3) ((g, r′), (g′, r′)) is an arc in Cay(S,A).

Proof. (1)→(2) Let ((g, r), (g′, r′)) be an arc in Cay(S,A). There exists (a, r′′) ∈ A

such that (g′, r′) = (g, r)(a, r′′) = (ga, r′′). Hence g′ = ga and r′ = r′′, therefore (a, r′) ∈ A.

(2)→(3) Assume that there exists (a, r′) ∈ A such that g′ = ga. Since (g′, r′) =

(ga, r′) = (g, r)(a, r′), we get ((g, r)(g′, r′)) is an arc in Cay(S,A).

(3)→(1) Let ((g, r′)(g′, r′)) be an arc in Cay(S,A). There exists (a, r′′) ∈ A such

that (g′, r′) = (g, r′)(a, r′′) = (ga, r′′). Hence g′ = ga and r′ = r′′. Since (g′, r′) =

(ga, r′′) = (g, r)(a, r′′), we get that ((g, r), (g′, r′)) is an arc in Cay(S,A). �

The next result gives some description for Cayley digraphs of right groups.
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Lemma 4.2.2. Let S = G×Rn be a right group, A a nonempty subset of S, G/⟨p1(A)⟩ =

{g1⟨p1(A)⟩, g2⟨p1(A)⟩, . . . , gw⟨p1(A)⟩}, and (gi⟨p1(A)⟩× p2(A), Ei) a strong subdigraph of

Cay(S,A) for i = 1, 2, ..., w. Then (gj⟨p1(A)⟩ × p2(A), Ej) and (gk⟨p1(A)⟩ × p2(A), Ek)

are disjoint strong subdigraphs of Cay(S,A) for all j ̸= k.

proof. Let u = (gjg, r) ∈ gj⟨p1(A)⟩ × p2(A) and v ∈ gk⟨p1(A)⟩ × p2(A). Since

gj⟨p1(A)⟩ and gk⟨p1(A)⟩ are distinct left cosets of ⟨p1(A)⟩ in G, v ̸∈ gj⟨p1(A)⟩ × p2(A).

Assume that (u, v) is an arc from gj⟨p1(A)⟩ × p2(A) to gk⟨p1(A)⟩ × p2(A). There exists

a = (h, λ) ∈ A such that v = ua = (gjg, r)(h, λ) = (gjgh, λ) ∈ gj⟨p1(A)⟩× p2(A). There is

a contradiction because v ̸∈ gj⟨p1(A)⟩ × p2(A). This means that there is no arc between

(gj⟨p1(A)⟩ × p2(A) , Ej) and (gk⟨p1(A)⟩ × p2(A) , Ek). �

Theorem 4.2.3. Let S = G×Rn be a right group, A a nonempty subset of S, G/⟨p1(A)⟩ =

{g1⟨p1(A)⟩, g2⟨p1(A)⟩, . . . , gw⟨p1(A)⟩}, and (gi⟨p1(A)⟩× p2(A), Ei) a strong subdigraph of

Cay(S,A). Then Cay(S,A) = ∪̇wi=1 (gi⟨p1(A)⟩×p2(A), Ei)
∪
∪̇wi=1(gi⟨p1(A)⟩×Rn, E

′
i),

where E′
i = {((s, t), (u, v)) | t ̸∈ p2(A), ((s, v), (u, v)) ∈ Ei}.

proof. Let D = ∪̇wi=1(gi⟨p1(A)⟩ × p2(A), Ei)
∪
∪̇wi=1(gi⟨p1(A)⟩ × Rn, E

′
i). It is clear

that S = ∪̇wi=1(gi⟨p1(A)⟩ × p2(A))
∪
∪̇wi=1(gi⟨p1(A)⟩ × Rn) = V (D). We will prove that

E(Cay(S,A)) = E(D). Let ((g, r), (g′, r′)) be an arc in Cay(S,A). By Lemma 4.2.1,

there exists (a, r′) ∈ A and g′ = ga. Hence g′ ∈ gk1⟨p1(A)⟩ and g ∈ gk2⟨p1(A)⟩ for some

k1, k2 ∈ {1, 2, . . . , w}. We have the following cases.

(case1) If r ∈ p2(A), then (g, r), (g′, r′) ∈ ∪̇wi=1(gi⟨p1(A)⟩ × p2(A)). Since ∪̇wi=1

(gi⟨p1(A)⟩ × p2(A), Ei) is a strong subdigraph of Cay(S,A), ((g, r), (g′, r′)) is

an arc in ∪̇wi=1 (gi⟨p1(A)⟩ × p2(A), Ei). Therefore ((g, r), (g′, r′)) is an arc in

D.

(case2) If r ̸∈ p2(A), then ((g, r′), (g′, r′)) is also an arc in Cay(S,A) by Lemma 4.2.1

and ((g, r), (g′, r′)) is an arc in Cay(S,A). This implies that ((g, r′), (g′, r′)) ∈

Ei. Then ((g, r), (g′, r′)) ∈ E′
i. Hence ((g, r), (g′, r′)) is an arc in D.

Therefore E(Cay(S,A)) ⊆ E(D). To show that E(D) ⊆ E(Cay(S,A)). Let ((g, r), (g′, r′))

be an arc in D. We consider two cases.

(case1) If ((g, r), (g′, r′)) is an arc in ∪̇wi=1(gi⟨p1(A)⟩ × p2(A), Ei), then it is an arc

in Cay(S,A) because ∪̇wi=1(gi⟨p1(A)⟩ × p2(A), Ei) is a strong subdigraph of

Cay(S,A).
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(case2) If ((g, r), (g′, r′)) is an arc in ∪̇wi=1(gi⟨p1(A)⟩ × Rn, E
′
i), then it is an arc in E′

k

for some k. We get that ((g, r′), (g′, r′)) ∈ Ek and this implies that ((g, r′),

(g′, r′)) is an arc in Cay(S,A). By Lemma 4.2.1, we have ((g, r), (g′, r′)) is also

an arc in Cay(S,A).

Then E(D) ⊆ E(Cay(S,A)). Hence we prove that Cay(S,A) = D. �

By the definition of E′
j in Theorem 4.2.3 we have the next corollary.

Corollary 4.2.4. Let S = G × Rn be a right group, A a nonempty subset of S, and

(gi⟨p1(A)⟩ × p2(A), Ei) a strong subdigraph of Cay(S,A). For all r′ ∈ Rn \ p2(A), if

((u, r), (v, r)) is an arc in ∪̇j∈I(gj⟨p1(A)⟩ × p2(A), Ej), then ((u, r′), (v, r)) ∈ E′
j where

E′
j = {((s, t), (u, v)) | t ̸∈ p2(A), ((s, v), (u, v)) ∈ Ej}.

Theorem 4.2.5. Let S = G×Rn be a right group, A a nonempty subset of S, G/⟨p1(A)⟩ =

{g1⟨p1(A)⟩, g2⟨p1(A)⟩, . . . , gw⟨p1(A)⟩}, and (gi⟨p1(A)⟩ × p2(A), Ei) a strong subdigraph of

Cay(S,A). Then (gi⟨p1(A)⟩ × p2(A), Ei) ∼= Cay(⟨A⟩, A) for i = 1, 2, ..., w.

proof. We define f : (gi⟨p1(A)⟩ × p2(A), Ei)→ Cay(⟨A⟩, A) by (gia, r) 7→ (a, r) for

all a ∈ ⟨p1(A)⟩ and r ∈ p2(A). Clearly, f is a bijection. We will prove that f and f−1 are

digraph homomorphisms.

For (gia, r), (gia
′, r′) ∈ gi⟨p1(A)⟩ × p2(A), let ((gia, r), (gia

′, r′)) be an arc in

(gi⟨p1(A)⟩×p2(A), Ei). Since (gi⟨p1(A)⟩×p2(A), Ei) is a strong subdigraph of Cay(S,A),

we get that ((gia, r
′), (gia

′, r′)) is an arc in Cay(S,A). There exists (a′′, r′) ∈ A such

that gia
′ = giaa

′′ so a′ = aa′′. Since f(gia
′, r′) = (a′, r′) = (aa′′, r′) = (a, r)(a′′, r′) =

f(gia, r)(a
′′, r′), we have (f(gia, r), f(gia

′, r′)) is an arc in Cay(⟨A⟩, A). Therefore f is a

digraph homomorphism.

Let (f(gia, r), f(gia
′, r′)) be an arc in Cay(⟨A⟩, A). Then there exists (a′′, r′′) ∈ A

such that f(gia
′, r′) = f(gia, r)(a

′′, r′′). Therefore (a′, r′) = (a, r)(a′′, r′′) = (aa′′, r′′),

a′ = aa′′, and r′ = r′′.Hence (gia
′, r′) = (giaa

′′, r′′) = (gia, r) (a
′′, r′′), so ((gia, r), (gia

′, r′))

is an arc in Cay(S,A). Since (gia, r), (gia
′, r′) ∈ gi⟨p1(A)⟩ × p2(A) and (gi⟨p1(A)⟩ ×

p2(A), Ei) is a strong subdigraph of Cay(S,A), we thus get ((gia, r), (gia
′, r′)) is an arc

in (gi⟨p1(A)⟩ × p2(A), Ei). Therefore f−1 is a digraph homomorphism. This means that

(gi⟨p1(A)⟩ × p2(A), Ei) ∼= Cay(⟨A⟩, A). �

The two following lemmas will be used in the proof of Lemma 4.2.8.
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Lemma 4.2.6. Let S = G×Rn be a right group, A a nonempty subset of S, G/⟨p1(A)⟩ =

{g1⟨p1(A)⟩, g2⟨p1(A)⟩, . . . , gw⟨p1(A)⟩}, and (gi⟨p1(A)⟩ × p2(A), Ei) a strong subdigraph of

Cay(S,A). Then for all v ∈ V (Cay(S,A)),
−→
d (v) ̸= 0 if and only if v ∈ ∪̇wi=1

(
gi⟨p1(A)⟩

)
×

p2(A).

proof. (⇒) Let v = (h1, r1) ∈ S and
−→
d (v) ̸= 0. Then there exists u = (h2, r2) ∈ S

such that (u, v) is an arc in Cay(S,A). Hence there exists a = (g′, r′) ∈ A such that v = ua.

Therefore (h1, r1) = (h2, r2)(g
′, r′) = (h2g

′, r′), which implies that r1 = r′ ∈ p2(A). Since

h1 ∈ G = ∪̇wi=1

(
gi⟨p1(A)⟩

)
, we have v = (h1, r1) ∈ ∪̇wi=1

(
gi⟨p1(A)⟩

)
× p2(A).

(⇐) Let v = (h1, r) ∈ ∪̇wi=1

(
gi⟨p1(A)⟩

)
× p2(A). We get that h1 ∈ G and r ∈ p2(A).

We consider the two cases.

(case1) If v ∈ A, there exists (e, r) ∈ S, where e is the identity ofG. Since (e, r)(h1, r) =

(eh1, r) = (h1, r) = v, there is an arc from (e, r) to v. Therefore
−→
d (v) ̸= 0.

(case2) If v ̸∈ A, then there exists (h2, r) ∈ A for some h2 ∈ G. Because G is a group

and h1, h2 ∈ G, this implies that h−1
2 ∈ G and h1h

−1
2 ∈ G. Then we have

(h1h
−1
2 , r) ∈ S. Since (h1h

−1
2 , r)(h2, r) = (h1h

−1
2 h2, r) = (h1, r) = v, there

exists an arc from (h1h
−1
2 , r) to v. Therefore

−→
d (v) ̸= 0.

�

Lemma 4.2.7. Let S = G×Rn be a right group, A a nonempty subset of S, G/⟨p1(A)⟩ =

{g1⟨p1(A)⟩, g2⟨p1(A)⟩, . . . , gw⟨p1(A)⟩}, and (gi⟨p1(A)⟩ × p2(A), Ei) a strong subdigraph of

Cay(S,A). Then for any i ∈ {1, 2, . . . , w}, (gi⟨p1(A)⟩ × p2(A), Ei) is connected.

proof. Let (gix, β), (giy, γ) ∈
(
gi⟨p1(A)⟩ × p2(A)

)
. Then (x, β), (y, γ) ∈ ⟨p1(A)⟩ ×

p2(A) = ⟨A⟩. There are a1, a2, . . . , aq ∈ A such that (y, γ) = (x, β)a1a2 . . . aq for some

q ≤
∣∣A∣∣. Hence (giy, γ) = (gix, β)a1a2 . . . aq. This means that there is an arc from

(gix, β)a1a2 . . . aq−1 to (giy, γ). Since
(
(gix, β), (gix, β)a1

)
,
(
(gix, β)a1, (gix, β)a1a2

)
, . . . ,(

(gix, β)a1a2 . . . aq−2, (gix, β)a1a2 . . . aq−1

)
are arcs in Cay(S,A), there is a path (gix, β),

(gix, β)a1, (gix, β)a1a2, . . . , (gix, β)a1a2 . . . aq−1, (giy, γ) in Cay(S,A). We conclude

that (gi⟨p1(A)⟩ × p2(A), Ei) is connected. �

Since a strong subdigraph (gi⟨p1(A)⟩×p2(A), Ei) is connected, we have (gi⟨p1(A)⟩×

p2(A), Ei) ∪ (gi⟨p1(A)⟩ × Rn, E
′
i) is also connected for any i ∈ {1, 2, . . . , w}, where E′ is

defined as in Theorem 4.2.3.
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Lemma 4.2.8. Let S = G × Rn be a right group, A and B be nonempty subsets of

S, G/⟨p1(A)⟩ = {g1⟨p1(A)⟩, g2⟨p1(A)⟩, . . . , gw⟨p1(A)⟩}, and G/⟨p1(B)⟩ = {h1⟨p1(B)⟩,

h2⟨p1(B)⟩, . . . , hz⟨p1(B)⟩}. If ∪̇wi=1(gi⟨p1(A)⟩×p2(A), Ei)
∪
∪̇wi=1 (gi⟨p1(A)⟩×Rn, E

′
i)
∼=

∪̇zj=1(hj⟨p1(B)⟩×p2(B), Ej)
∪
∪̇zj=1(hj⟨p1(B)⟩×Rn, E′

j), then w = z and (gi⟨p1(A)⟩×

p2(A), Ei) ∼= (hj⟨p1(B)⟩ × p2(B), Ej) for all i, j.

proof. Let ∪̇wi=1(gi⟨p1(A)⟩ × p2(A), Ei)
∪
∪̇wi=1(gi⟨p1(A)⟩ × Rn, E

′
i)
∼= ∪̇zj=1

(hj⟨p1(B)⟩ × p2(B), Ej)
∪
∪̇zj=1(hj⟨p1(B)⟩ × Rn, E

′
j). Then there exists an isomorphism

f : ∪̇wi=1(gi⟨p1(A)⟩ × p2(A))
∪
∪̇wi=1(gi⟨p1(A)⟩ ×Rn) → ∪̇zj=1 (hj⟨p1(B)⟩ × p2(B))

∪
∪̇zj=1

(hj⟨p1(B)⟩ × Rn). By Lemma 4.2.6, we get that |∪̇wi=1

(
gi⟨p1(A)⟩

)
× p2(A)| = |∪̇zj=1(

hj⟨p1(B)⟩
)
×p2(B)| and we have f(∪̇wi=1

(
gi⟨p1(A)⟩

)
×p2(A)) = ∪̇zj=1

(
hj⟨p1(B)⟩

)
×p2(B).

Since f is an isomorphism, we thus get the restriction of f to ∪̇wi=1

(
gi⟨p1(A)⟩

)
×p2(A) is a

digraph isomorphism from ∪̇wi=1 (gi⟨p1(A)⟩ × p2(A), Ei) to ∪̇zj=1(hj⟨p1(B)⟩ × p2(B), Ej).

Therefore ∪̇wi=1 (gi⟨p1(A)⟩×p2(A), Ei) ∼= ∪̇zj=1(hj⟨p1(B)⟩×p2(B), Ej). In view of Theorem

4.2.5 and Lemma 4.2.7, we get that w = z and (gi⟨p1(A)⟩ × p2(A), Ei) ∼= (hj⟨p1(B)⟩ ×

p2(B), Ej). �

Lemma 4.2.9. Let S = G × Rn be a right group, A and B nonempty subsets of S. If

Cay(S,A) ∼= Cay(S,B), then
∣∣p2(A)

∣∣ = ∣∣p2(B)
∣∣.

proof. Let G/⟨p1(A)⟩ = {g1⟨p1(A)⟩, g2⟨p1(A)⟩, . . . , gw⟨p1(A)⟩} and G/⟨p1(B)⟩ =

{h1⟨p1(B)⟩, h2⟨p1(B)⟩, . . . , hz⟨p1(B)⟩}. Assume that Cay(S, A) ∼= Cay(S,B). By Theo-

rem 4.2.3 and Lemma 4.2.8, we get that
∣∣∪̇wi=1 gi⟨p1(A)⟩×p2(A)

∣∣ = ∣∣∪̇wj=1hj⟨p1(B)⟩×p2(B)
∣∣

for all gi, hj ∈ G. Since ∪̇wi=1gi⟨p1(A)⟩ = G = ∪̇wj=1hj⟨p1(B)⟩, we have
∣∣G × p2(A)

∣∣ =∣∣G× p2(B)
∣∣. Therefore ∣∣G∣∣× ∣∣p2(A)

∣∣ = ∣∣G∣∣× ∣∣p2(B)
∣∣. Hence

∣∣p2(A)
∣∣ = ∣∣p2(B)

∣∣. �

Lemma 4.2.10. Let S = G×Rn be a right group, A a nonempty subset of S, G/⟨p1(A)⟩ =

{g1⟨p1(A)⟩, g2⟨p1(A)⟩, . . . , gw⟨p1(A)⟩}, and (gi⟨p1(A)⟩ × p2(A), Ei) a strong subdigraph of

Cay(S,A). Then for every i ∈ {1, 2, . . . , w}, ∪̇wi=1(gi⟨p1(A)⟩×p2(A), Ei)
∪
∪̇wi=1(gi⟨p1(A)⟩×

Rn, E
′
i) = ∪̇

w
i=1

(
(gi⟨p1(A)⟩ × p2(A), Ei) ∪ (gi⟨p1(A)⟩ ×Rn, E

′
i)
)
, where E′ is defined as in

Theorem 4.2.3.

proof. Let D = ∪̇wi=1(gi⟨p1(A)⟩ × p2(A), Ei)
∪
∪̇wi=1(gi⟨p1(A)⟩ × Rn, E

′
i), and H =

∪̇wi=1

(
(gi⟨p1(A)⟩×p2(A), Ei)∪ (gi⟨p1(A)⟩×Rn, E

′
i)
)
. Note that G = ∪̇wi=1(gi⟨p1(A)⟩), then

∪̇wi=1

(
gi⟨p1(A)⟩ × p2(A)

)∪
∪̇wi=1

(
gi⟨p1(A)⟩ ×Rn

)
= G×Rn = ∪̇wi=1

(
(gi⟨p1(A)⟩ × p2(A)) ∪

(gi⟨p1(A)⟩ ×Rn)
)
. Therefore V (D) = V (H). We will show that E(D) = E(H).

Let u, v ∈ V (D) and (u, v) ∈ E(D). We consider two cases.
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(case1) If (u, v) is an arc in ∪̇wi=1(gi⟨p1(A)⟩ × p2(A), Ei), then (u, v) is an arc in

(gk⟨p1(A)⟩ × p2(A), Ek) for some k ∈ {1, 2, . . . , w}. It follows that (u, v) is an

arc in
(
(gk⟨p1(A)⟩ × p2(A), Ek) ∪ (gk⟨p1(A)⟩ × Rn, E

′
k)
)
and so it is an arc in

H.

(case2) If (u, v) is an arc in ∪̇wi=1(gi⟨p1(A)⟩×Rn, E
′
i), then (u, v) is an arc in (gk⟨p1(A)⟩×

Rn, E
′
k) for some k ∈ {1, 2, . . . , w}. Thus (u, v) is an arc in

(
(gk⟨p1(A)⟩ ×

p2(A), Ek) ∪ (gk⟨p1(A)⟩ ×Rn, E
′
k)
)
. It follows that (u, v) ∈ E(H).

We have E(D) ⊆ E(H). Let (u, v) ∈ E(H). Therefore it is an arc in (gj⟨p1(A)⟩ ×

p2(A), Ej) ∪ (gk⟨p1(A)⟩ ×Rn, E
′
k) for some j, k ∈ {1, 2, . . . , w}. We consider two cases.

(case1) If (u, v) is an arc in (gj⟨p1(A)⟩×p2(A), Ej), then it is an arc in ∪̇wi=1 (gi⟨p1(A)⟩×

p2(A), Ei). It follows that (u, v) ∈ E(D).

(case2) If (u, v) is an arc in (gk⟨p1(A)⟩×Rn, E
′
k), it is an arc in ∪̇wi=1(gi⟨p1(A)⟩×Rn, E

′
i).

It follows that (u, v) ∈ E(D).

Therefore E(H) ⊆ E(D). Then E(H) = E(D). We conclude that D = H. �

It is know that a right group S = G × Rn is a special case of a completely simple

semigroupM(G, I,Λ, P ), where |I| = 1, |Λ| = n and P is an identity matrix. By Theorem

3.2.7, we have the following corollary.

Corollary 4.2.11. Let S = G×Rn be right group, and let (g, λ), (h, β) ∈ S, where g, h ∈ G

and λ, β ∈ Rn. Then Cay(S, {(g, λ)}) ∼= Cay(S, {(h, β)}) if and only if |⟨g⟩| = |⟨h⟩|.

Theorem 4.2.12. Let S = G × Rn be a right group, A and B nonempty subsets of S.

Let Ar = ⟨p1(A)⟩ × {r}, Âr = A∩Ar and Â = {Âr

∣∣r ∈ p2(A)}. Br, B̂r and B̂ are defined

similarly. If Cay(⟨A⟩, A) ∼= Cay(⟨B⟩, B), then
∣∣Â∣∣ = ∣∣B̂∣∣ and ∣∣⟨p1(A)⟩

∣∣ = ∣∣⟨p1(B)⟩
∣∣.

proof. Let Cay(⟨A⟩, A) ∼= Cay(⟨B⟩, B). By Lemma 4.2.9,
∣∣p2(A)

∣∣ = ∣∣p2(B)
∣∣ and

then
∣∣Â∣∣ = ∣∣B̂∣∣. Since Cay(⟨A⟩, A) ∼= Cay(⟨B⟩, B), we get that

∣∣⟨A⟩∣∣ = ∣∣⟨B⟩∣∣. By Lemma

2.2.2,

∣∣⟨p1(A)⟩ × p2(A)
∣∣ =

∣∣⟨p1(B)⟩ × p2(B)
∣∣;∣∣⟨p1(A)⟩∣∣× ∣∣p2(A)

∣∣ =
∣∣⟨p1(B)⟩

∣∣× ∣∣p2(B)
∣∣;∣∣⟨p1(A)⟩

∣∣ =
∣∣⟨p1(B)⟩

∣∣.
�

43



Theorem 4.2.13. Let S = G × Rn be a right group, A and B nonempty subsets of S.

Let Ar = ⟨p1(A)⟩ × {r}, Âr = A∩Ar and Â = {Âr

∣∣r ∈ p2(A)}. Br, B̂r and B̂ are defined

similarly. Then Cay(⟨A⟩, A) ∼= Cay(⟨B⟩, B) if the following conditions hold:

(1)
∣∣Â∣∣ = ∣∣B̂∣∣ and ∣∣⟨p1(A)⟩∣∣ = ∣∣⟨p1(B)⟩

∣∣;
(2) There exists a bijection f : Â→ B̂ such that

∣∣Âr

∣∣ = ∣∣f(Âr)
∣∣ for all Âr ∈ Â;

(3) For each Âr ∈ Â, there exists a bijection φr : Âr → f(Âr) such that |⟨p1(a)⟩| =

|⟨p1(φr(a))⟩| for all a ∈ Âr.

proof. By (1),
∣∣⟨A⟩∣∣ = ∣∣⟨B⟩∣∣. By Corollary 4.2.11 and (3), we get that Cay(⟨A⟩,

{a}) ∼= Cay(⟨B⟩, {φr(a)}) for all a ∈ Âr. Then Cay(⟨A⟩, Âr) = ⊕a∈Âr
Cay(⟨A⟩, {a}) ∼=

⊕a∈Âr
Cay(⟨B⟩, {φr(a)}) = Cay(⟨B⟩, φr(Âr)).

By (2), Cay(⟨A⟩, Âr) ∼= Cay(⟨B⟩, f(Âr)) for all Âr ∈ Â. Then

⊕Âr∈ÂCay
(
⟨A⟩, Âr

) ∼= ⊕Âr∈ÂCay
(
⟨B⟩, f(Âr)

)
;

Cay
(
⟨A⟩,∪Âr∈ÂÂr

) ∼= Cay
(
⟨B⟩,∪Âr∈Âf(Âr)

)
;

Cay
(
⟨A⟩, A

) ∼= Cay
(
⟨B⟩, B

)
.

�

Example 4.2.14. Let S = S3 × R3 be a right group, where S3 = {(1), σ, σ2, τ, τσ2,

τσ} is the symmetric group with (1) an identity, σ = (123), σ2 = (132), τ = (12), τσ2 =

(13), τσ = (23). Let A = {((1), r1), (τ, r1), (τ, r2)} and B = {(τσ, r1), ((1), r2), (τσ, r2)}.

It is easily seen that Cay(⟨A⟩, A) ∼= Cay(⟨B⟩, B) (see Figures 4.3 and 4.4).

We have Âr1 = {((1), r1), (τ, r1)}, Âr2 = {(τ, r2)}, B̂r1 = {(τσ, r1)}, and B̂r2 =

{((1), r2), (τσ, r2)}. Therefore Â = {Âr1 , Âr2}, B̂ = {B̂r1 , B̂r2}, and thus |Â| = |B̂|. Since

⟨p1(A)⟩ = {(1), τ} and ⟨p1(B)⟩ = {(1), τσ}, then |⟨p1(A)⟩| = |⟨p1(B)⟩|.

We thus get |Âr1 | = 2 = |B̂r2 | and |Âr2 | = 1 = |B̂r1 |. There exists a bijective

function f from Â to B̂ such that f(Âr1) = B̂r2 and f(Âr2) = B̂r1 .

Moreover, there are bijective functions

φr1 : Âr1 → B̂r2 such that φr1((1), r1) = ((1), r2)

φr1(τ, r1) = (τσ, r2)

φr2 : Âr2 → B̂r1 such that φr2(τ, r2) = (τσ, r1)

and |⟨p1(a)⟩| = |⟨p1(φr1(a))⟩| and |⟨p1(b)⟩| = |⟨p1(φr2(b))⟩| for all a ∈ Âr1 and b ∈ Âr2 .

According to Theorem 4.2.13, Cay(⟨A⟩, A) ∼= Cay(⟨B⟩, B).
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b

b

b

b

((1), r2) (τ, r2)

((1), r1) (τ, r1)

Figure 4.3: Cayley digraph Cay(⟨A⟩, A).

(τσ, r2)((1), r2)

(τσ, r1)((1), r1) b

b

b

b

Figure 4.4: Cayley digraph Cay(⟨B⟩, B).

Theorem 4.2.15. Let S = G×Rn be a right group, A and B be nonempty subsets of S.

Then Cay(S,A) ∼= Cay(S,B) if and only if Cay(⟨A⟩, A) ∼= Cay(⟨B⟩, B).

proof. Let G/⟨p1(A)⟩ = {g1⟨p1(A)⟩, g2⟨p1(A)⟩, . . . , gw⟨p1(A)⟩} and G/⟨p1(B)⟩ =

{h1⟨p1(B)⟩, h2⟨p1(B)⟩, . . . , hz⟨p1(B)⟩}.

(⇒) Let Cay(S,A) ∼= Cay(S,B). Then there exists a digraph isomorphism f :

Cay(S,A)→ Cay(S,B). By Theorem 4.2.3, we get that ∪̇wi=1(gi⟨p1(A)⟩×p2(A), Ei)
∪
∪̇wi=1

(gi⟨p1(A)⟩×Rn, E
′
i)
∼= ∪̇zj=1(hj⟨p1(B)⟩× p2(B), Ej)

∪
∪̇zj=1 (hj⟨p1(B)⟩×Rn, E

′
j). In view

of Lemma 4.2.8, (gi⟨p1(A)⟩ × p2(A), Ei) ∼= (hj⟨p1(B)⟩ × p2(B), Ej). By Theorem 4.2.5,

we get Cay(⟨A⟩, A) ∼= Cay(⟨B⟩, B).

(⇐) Let Cay(⟨A⟩, A) ∼= Cay(⟨B⟩, B). By Theorem 4.2.12,
∣∣⟨p1(A)⟩

∣∣ =
∣∣⟨p1(B)⟩

∣∣
and thus w = |G|/|⟨p1(A)⟩| = |G|/|⟨p1(B)⟩| = z. By Theorem 4.2.5, we get (gi⟨p1(A)⟩ ×

p2(A), Ei) ∼= (hj⟨p1(B)⟩ × p2(B), Ej) for all i, j ∈ {1, 2, . . . , w}. It follows that ∪̇wi=1

(gi⟨p1(A)⟩×p2(A), Ei) ∼= ∪̇zj=1(hj⟨p1(B)⟩×p2(B), Ej). There exists a digraph isomorphism

f : ∪̇wi=1(gi ⟨p1(A)⟩ × p2(A), Ei) → ∪̇zj=1 (hj⟨p1(B)⟩ × p2(B), Ej). Therefore |∪̇wi=1(gi

⟨p1(A)⟩×p2(A)| = |∪̇zj=1 (hj⟨p1(B)⟩×p2(B)|. Since ∪̇wi=1gi⟨p1(A)⟩ = G = ∪̇zj=1hj⟨p1(B)⟩,

then
∣∣G× p2(A)

∣∣ = ∣∣G× p2(B)
∣∣. Hence

∣∣G∣∣× ∣∣p2(A)
∣∣ = ∣∣G∣∣× ∣∣p2(B)

∣∣ and thus
∣∣p2(A)

∣∣ =∣∣p2(B)
∣∣. Suppose that Rn \ p2(A) = {q1, q2, . . . , qm} and Rn \ p2(B) = {q′1, q′2, . . . , q′m}.

Let r ∈ p2(A). Define T : ∪̇wi=1(gi⟨p1(A)⟩ × p2(A), Ei)
∪
∪̇wi=1(gi⟨p1(A)⟩ × Rn, E

′
i) →
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∪̇zj=1(hj⟨p1(B)⟩ × p2(B), Ej)
∪
∪̇zj=1(hj⟨p1(B)⟩ ×Rn, E

′
j) by

T (s, rl) =

 f(s, rl) if rl ∈ p2(A);

(p1(f(s, r)), q
′
k) if rl = qk for some qk ∈ Rn \ p2(A).

Clearly, T is well defined and is surjective. To show T is injective, let x1 = (u1, λ1), x2 =

(u2, λ2) ∈ S and T (x1) = T (x2). We need to consider the following two cases.

(case1) If λ1, λ2 ∈ p2(A), then T (x1) = f(x1) and T (x2) = f(x2). Since T (x1) = T (x2),

we have f(x1) = f(x2) and x1 = x2 because f is a digraph isomorphism.

(case2) If λ1, λ2 ̸∈ p2(A), assume that λ1 = ql and λ2 = qk. Thus T (x1) = (p1(f(u1, r)),

q′l) and T (x2) = (p1(f(u2, r)), q
′
k). Since T (x1) = T (x2), we have (p1(f(u1, r)),

q′l) = (p1(f(u2, r)), q
′
k). It follows that q′l = q′k and p1(f(u1, r)) = p1(f(u2, r)).

Hence by the definition of T , λ1 = λ2. Since f is a digraph isomorphism, we

have u1 = u2. Therefore x1 = x2.

By the above two cases, we conclude that T is an injection. We will prove that T

and T−1 are digraph homomorphisms.

Assume that ((x, rc), (y, rd)) is an arc in ∪̇wi=1(gi⟨p1(A)⟩ × p2(A), Ei)
∪
∪̇wi=1

(gi⟨p1(A)⟩ × Rn, E
′
i). Thus (y, rd) = (x, rc)(a, rt) for some (a, rt) ∈ A. Hence (y, rd) =

(xa, rt) and thus rd = rt ∈ p2(A) and y = xa. We have the following two cases.

(case1) rc ∈ p2(A). Then
(
T (x, rc), T (y, rd)

)
=

(
f(x, rc), f(y, rd)

)
is an arc in ∪̇zj=1

(hj⟨p1(B)⟩ × p2(B), Ej)
∪
∪̇zj=1(hj⟨p1(B)⟩ × Rn, E

′
j) since f is a digraph iso-

morphism.

(case2) rc ∈ Rn\p2(A). Then rc = qk for some k ∈ {1, 2, . . . ,m}. Hence ((x, rc), (y, rd))

is an arc in ∪̇wi=1(gi⟨p1(A)⟩ × Rn, E
′
i). Then ((x, rd), (y, rd)) is an arc in

∪̇wi=1(gi⟨p1(A)⟩ × p2(A), Ei). By Lemma 4.2.1, ((x, r), (y, rd)) is also an arc

in ∪̇wi=1(gi⟨p1(A)⟩ × p2(A), Ei). This follows that (f(x, r), f(y, rd)) is an arc

in ∪̇zj=1(hj⟨p1(B)⟩ × p2(B), Ej). Let f(x, r) = (x′, r′) and f(y, rd) = (y′, r′d).

Therefore
(
(x′, r′), (y′, r′d)

)
is an arc in ∪̇zj=1(hj⟨p1(B)⟩ × p2(B), Ej) and thus(

(x′, r′d), (y
′, r′d)

)
is also an arc in ∪̇zj=1 (hj⟨p1(B)⟩ × p2(B), Ej). Therefore

((x′, q′k), (y
′, r′d)) is an arc in ∪̇zj=1(hj⟨p1(B)⟩×Rn, E

′
j). This means that ((x′, q′k),

(y′, r′d)) =
(
(p1(f(x, r)), q

′
k), (y

′, r′d)
)
= (T (x, rc), T (y, rd)) is an arc in ∪̇zj=1

(hj⟨p1(B)⟩ ×Rn, E
′
j). Hence (T (x, rc), T (y, rd)) is an arc in ∪̇zj=1(hj⟨p1(B)⟩ ×

p2(B), Ej)
∪
∪̇zj=1(hj⟨p1(B)⟩ ×Rn, E

′
j).

Thus T is a digraph homomorphism.
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Assume that (T (x, rc), T (y, rd)) is an arc in ∪̇zj=1 (hj⟨p1(B)⟩ × p2(B), Ej)
∪

∪̇zj=1(hj⟨p1(B)⟩ ×Rn, E
′
j). We have the following two cases.

(case1) If (T (x, rc), T (y, rd)) is an arc in ∪̇zj=1(hj⟨p1(B)⟩×p2(B), Ej), then we get that

T (x, rc) = f(x, rc) and T (y, rd) = f(y, rd). Therefore (f(x, rc), f(y, rd)) is an

arc in ∪̇zj=1(hj⟨p1(B)⟩ × p2(B), Ej). Since f is a digraph isomorphism from

∪̇wi=1(gi⟨p1(A)⟩×p2(A), Ei) to ∪̇zj=1(hj⟨p1(B)⟩×p2(B), Ej), we get that ((x, rc),

(y, rd)) is an arc in ∪̇wi=1 (gi⟨p1(A)⟩ × p2(A), Ei) and it is also an arc in ∪̇i=1

(gi⟨p1(A)⟩× p2(A), Ei)
∪
∪̇wi=1(gi⟨p1(A)⟩ ×Rn, E

′
i).

(case2) Suppose that (T (x, rc), T (y, rd)) is an arc in ∪̇zj=1(hj⟨p1(B)⟩ × Rn, E
′
j). Then

rc = qk for some k ∈ {1, 2, . . . ,m}. Let T (y, rd) = f(y, rd) = (y′, r′d).

Then ((p1(f(x, r)), q
′
k), (y

′, r′d)) is an arc in ∪̇zj=1 (hj⟨p1(B)⟩ × Rn, E
′
j) and so

((p1(f(x, r)), r
′
d), (y

′, r′d)) is an arc in ∪̇zj=1(hj⟨p1(B)⟩×p2(B), Ej). Hence there

exists (b, r′d) ∈ B such that (y′, r′d) = (p1(f(x, r)), r
′
d)(b, r

′
d). Let f(x, r) =

(x′, r′). Then f(y, rd) = (x′, r′d)(b, r
′
d) = (x′b, r′d) = (x′, r′)(b, r′d) = f(x, r)

(b, r′d). This means that (f(x, r), f(y, rd)) is an arc in ∪̇zj=1 (hj⟨p1(B)⟩ ×

p2(B), Ej). Then ((x, r), (y, rd)) is an arc in ∪̇wi=1 (gi⟨p1(A)⟩ × p2(A), Ei).

Therefore ((x, rc), (y, rd)) is an arc in ∪̇wi=1(gi⟨p1(A)⟩ × Rn, E
′
i) and it is also

an arc in ∪̇wi=1(gi⟨p1(A)⟩ × p2(A), Ei)
∪
∪̇wi=1(gi⟨p1(A)⟩ ×Rn, E

′
i).

Thus T−1 is a digraph homomorphism. Hence ∪̇wi=1(gi⟨p1(A)⟩×p2(A), Ei)
∪
∪̇wi=1

(gj⟨p1(A)⟩×Rn, E
′
i)
∼= ∪̇zj∈I(hj⟨p1(B)⟩× p2(B), Ej)

∪
∪̇zj=1(hj⟨p1(B)⟩×Rn, E

′
j). By The-

orem 4.2.3, we have Cay(S,A) ∼= Cay(S,B). �
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Figure 4.5: Cayley digraph Cay(S3 ×R3, {((1), r1), (τ, r1), (τ, r2)}).
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Figure 4.6: Cayley digraph Cay(S3 ×R3, {(τσ, r1), ((1), r2), (τσ, r2)}).

Example 4.2.16. Let S = S3 × R3 be a right group as in Example 4.2.14, let A =

{((1), r1), (τ, r1), (τ, r2)} and B = {(τσ, r1), ((1), r2), (τσ, r2)} be subsets of S. By Exam-

ple 4.2.14, we have Cay(⟨A⟩, A) ∼= Cay(⟨B⟩, B) and it is easily seen that Cay(S,A) ∼=

Cay(S,B) (see Figures 4.5 and 4.6).

4.3 Isomorphism Conditions for Cayley Digraphs of Rectangular Groups

In this section, we give the necessary and sufficient conditions for the Cayley di-

graphs of a given rectangular groups to be isomorphic to each other. By definition of

rectangular groups, we have the following lemma.

Lemma 4.3.1. Let S = G×Lm×Rn be a rectangular group, A a nonempty subset of S,

and (g1, l1, r1), (g2, l2, r2) ∈ S. Then
(
(g1, l1, r1), (g2, l2, r2)

)
is an arc in Cay(S,A) if and

only if there exists (a, l, r2) ∈ A such that g2 = g1a and l1 = l2.

proof. (⇒) Let
(
(g1, l1, r1), (g2, l2, r2)

)
is an arc in Cay(S,A). Then there is

(a, l, r) ∈ A such that (g2, l2, r2) = (g1, l1, r1)(a, l, r) = (g1a, l1, r). We have g2 = g1a, l2 =

l1 and r2 = r1.

(⇐) Let (a, l, r2) ∈ A, g2 = g1a and l1 = l2. Thus (g1, l1, r1)(a, l, r2) = (g1a, l1,

r2) = (g2, l2, r2). Therefore
(
(g1, l1, r1), (g2, l2, r2)

)
is an arc in Cay(S,A). �

As a direct consequence of Lemma 4.3.1, we have the following lemma.

Lemma 4.3.2. Let S = G×Lm ×Rn be a rectangular group, A a nonempty subset of S.

Then Cay(S,A) is the disjoint union of m isomorphic strong subdigraphs (G×{li}×Rn, Ei)

for some i = 1, 2, ...,m.
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proof. For i = 1, 2, ...,m, let Vi = G×{li}×Rn and Ei = E
(
Cay(S,A)

)
∩ (Vi×Vi).

Hence (Vi, Ei) is a strong subdigraph of Cay(S,A). For all i ̸= j, Vi ∩ Vj = ∅, then

we have S = ∪̇ni=1Vi. Since Ei ⊆ E
(
Cay(S,A)

)
, ∪̇mi=1Ei ⊆ E

(
Cay(S,A)

)
. Let

(
(g, lj , r),

(g′, lk, r
′)
)
∈ E(Cay(S,A). By Lemma 4.3.1, lj = lk and thus

(
(g, lj , r), (g

′, lk, r
′)
)
∈ Ek.

Then
(
(g, lj , r), (g

′, lk, r
′)
)
∈ ∪̇mi=1Ei. Hence E

(
Cay(S,A)

)
⊆ ∪̇mi=1Ei and so E

(
Cay(S,

A)
)
= ∪̇mi=1Ei. Therefore Cay(S,A) = ∪̇mi=1(Vi, Ei).

Let p, q ∈ {1, 2, ...,m} and p ̸= q. We will show that (Vp, Ep) ∼= (Vq, Eq). De-

fine f : Vp → Vq by f
(
(g, lp, r)

)
= (g, lq, r). Since |Vp| = |Vq|, f is a bijection. To

prove that f and f−1 are digraph homomorphisms. Let (g, lp, r), (g
′, lp, r

′) ∈ Vp and(
(g, lp, r), (g

′, p, r′)
)
∈ Ep. Since Ep ⊆ E(Cay(S, A)),

(
(g, lp, r), (g

′, lp, r
′)
)
is an arc in

Cay(S,A). By Lemma 4.3.1, there exists (a, l, r′′) ∈ A such that g′ = ga, r′ = r′′, and

thus (g′, lq, r
′) = (ga, lq, r

′′) = (g, lq, r) (a, l, r′′). Then
(
(g, lq, r), (g

′, lq, r
′)
)
is an arc in

Cay(S,A). It follows that
(
(g, lq, r), (g

′, lq, r
′)
)
∈ Eq. This shows that f is a digraph

homomorphism. Similarly, f−1 is a digraph homomorphism. Hence f is a digraph iso-

morphism. Therefore (Vp, Ep) ∼= (Vq, Eq). �

Lemma 4.3.3. Let S = G×Lm×Rn be a rectangular group, A a nonempty subset of S,

G/⟨p1(A)⟩ = {g1⟨p1(A)⟩, g2⟨p1(A)⟩, . . . , gw⟨p1(A)⟩}, and (gk⟨p1(A)⟩ × {li} ×Rn, Eik) a

strong subdigraph of Cay(S,A). Then the following conditions hold:

(1) (G× {li} ×Rn, Ei) = ∪̇wk=1(gk⟨p1(A)⟩ × {li} ×Rn, Eik);

(2) (gk⟨p1(A)⟩× {li}×Rn, Eik) = Cay(gk⟨p1(A)⟩× {li}×Rn, A
i) where Ai = {(g, li, r)|

(g, l, r) ∈ A for all l ∈ Lm}.

proof. (1) Note that G = ∪̇wk=1gk⟨p1(A)⟩, then G× {li} ×Rn = ∪̇wk=1 (gk⟨p1(A)⟩ ×

{li} ×Rn). Let
(
(g, li, r), (g

′, li, r
′)
)
∈ Ei. By Lemma 4.3.1, there exists (a, l, r′) ∈ A such

that g′ = ga. Hence g ∈ gp⟨p1(A)⟩, g′ ∈ gq⟨p1(A)⟩ for some p, q ∈ {1, 2, ..., w}. A simple

computation shows that p = q and then (g, li, r), (g
′, li, r

′) ∈ (gp⟨p1(A)⟩ × {li} × Rn).

Because (gp⟨p1(A)⟩ × {li} × Rn, Eip) is the strong subdigraph of Cay(S,A), therefore(
(g, li, r), (g

′, li, r
′)
)
∈ ∪̇wk=1Eik. Hence Ei ⊆ ∪̇wk=1Eik. Similarly, we can prove that

∪̇wk=1Eik ⊆ Ei, and then Ei = ∪̇wk=1Eik. We conclude that (G × {li} × Rn, Ei) =

∪̇wk=1(gk⟨p1(A)⟩ × {li} ×Rn, Eik).

(2) Let D = Cay(gk⟨p1(A)⟩ × {li} × Rn, A
i), we will prove that Eik = E(D). Let(

(g, li, r), (g
′, li, r

′)
)
∈ Eik. By Lemma 4.3.1, there exists (a, l, r′) ∈ A such that g′ = ga. By

Lemma 4.3.1 again, we get that
(
(g, li, r), (g

′, li, r
′)
)
∈ E(D). This shows that Eik ⊆ E(D).

Let
(
(g, li, r), (g

′, li, r
′)
)
∈ E(D). By Lemma 4.3.1, there exists (a, li, r

′) ∈ Ai such that
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g′ = ga. We get that (a, j, r′) ∈ A for some j ∈ Lm. Then by Lemma 4.3.1 again,

((g, li, r), (g
′, li, r

′)) ∈ Eik. This shows that E(D) ⊆ Eik. Therefore Eik = E(D). We

conclude that (gk⟨p1(A)⟩ × {li} ×Rn, Eik) = Cay(gk⟨p1(A)⟩ × {li} ×Rn, A
i). �

Theorem 4.3.4. Let S = G×Lm×Rn be a rectangular group, A,B nonempty subsets of S.

Let S′ = G×Rn. Then Cay(S,A) ∼= Cay(S,B) if and only if Cay(S′, A′) ∼= Cay(S′, B′),

where A′ = {(g, r) | (g, l, r) ∈ A for some l ∈ Lm} and B′ = {(g, r) | (g, l, r) ∈ B for some

l ∈ Lm}.

proof. Let G/⟨p1(A)⟩ = {g1⟨p1(A)⟩, g2⟨p1(A)⟩, . . . , gw⟨p1(A)⟩}, G/⟨p1(B)⟩ =

{h1⟨p1(B)⟩, h2⟨p1(B)⟩, . . . , hz⟨p1(B)⟩}. We let (G × {li} × Rn, E
A
i ), A

k
i = (gk⟨p1(A)⟩ ×

{li} × Rn, Eik) be a strong subdigraph of Cay(S,A), and let (G × {lj} × Rn, E
B
j ), Bt

j =

(ht⟨p1(B)⟩ × {lj} × Rn, Ejt) be strong subdigraph of Cay(S,B). By Lemma 4.3.2 and

Lemma 4.3.3(1), we have Cay(S,A) ∼= Cay(S,B)

⇔ Cay(G× Lm ×Rn, A) ∼= Cay(G× Lm ×Rn, B)

⇔ ∪̇mi=1(G× {li} ×Rn, E
A
i )
∼= ∪̇mj=1(G× {lj} ×Rn, E

B
j )

⇔ ∪̇mi=1∪̇
w
k=1A

k
i
∼= ∪̇mj=1∪̇

z
t=1B

t
j .

Since Ak
i and Bt

j are connected subdigraphs, we get that w = z. Then for each

i, k, there exist j, t such that Ak
i
∼= Bt

j . Let DA
k = (gk⟨p1(A)⟩ × p2(A

′), Ek) and DB
t =

(ht⟨p1(B)⟩ × p2(B
′), Et) be strong subdigraphs of Cay(gk⟨p1(A)⟩ × Rn, A

′) and

Cay(ht⟨p1(B)⟩ × Rn, B
′), respectively. Let Ai = {(g, li, r)| (g, l, r) ∈ A}, Bj = {(h, lj , r)|

(h, l, r) ∈ B}. By Lemma 4.3.3(2) and Theorem 4.2.3, we have

Cay(gk⟨p1(A)⟩ × {li} ×Rn, A
i) ∼= Cay(ht⟨p1(B)⟩ × {lj} ×Rn, B

j)

⇔ Cay(gk⟨p1(A)⟩ ×Rn, A
′) ∼= Cay(ht⟨p1(B)⟩ ×Rn, B

′)

⇔ ∪̇wk=1D
A
k ∪ (gk⟨p1(A)⟩ ×Rn, EA′) ∼= ∪̇zt=1D

B
t ∪ (ht⟨p1(B)⟩ ×Rn, EB′).

By Lemma 4.2.8 and Theorem 4.2.5, we have ∪̇wk=1D
A
k
∼= ∪̇zt=1D

B
t ⇔ DA

k
∼= DB

t ⇔

Cay(⟨A′⟩, A′) ∼= Cay(⟨B′⟩, B′)⇔ Cay(S′, A′) ∼= Cay(S′, B′). �

Example 4.3.5. Let S = S3×L2×R3 be a rectangular group, where S3 = {(1), σ, σ2, τ,

τσ2, τσ} is the symmetric group as in Example 4.2.16, and let A = {((1), l1, r1), (τ, l1, r1),

(τ, l2, r2)}, B = {(τσ, l2, r1), ((1), l2, r2), (τσ, l2, r2)} be subsets of S.

We have A′ = {((1), r1), (τ, r1), (τ, r2)} and B′ = {(τσ, r1), ((1), r2), (τσ, r2)}. By

Example 4.2.16, Cay(S′, A′) ∼= Cay(S′, B′). It is easily seen that Cay(S,A) ∼= Cay(S,B).

(See Figures 4.7 and 4.8).
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Figure 4.7: Cayley digraph Cay(S3 × L2 ×R3, {((1), l1, r1), (τ, l1, r1), (τ, l2, r2)}).
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Figure 4.8: Cayley digraph Cay(S3 × L2 ×R3, {(τσ, l2, r1), ((1), l2, r2), (τσ, l2, r2)}).
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