CHAPTER 3

Main Results

In this chapter, we present new stability conditions for neutral-type neural networks
with interval non-differentiable and distributed time-varying delays based on Lyapunov
stability theory and linear matrix inequality (LMI) techniques. In section 3.1, we derive
new sufficient conditions for exponential stability of neutral-type neural networks with
interval non-differentiable and distributed time-varying delays with matrix uncertainties.
Then, we establish exponential stability of neutral-type neural networks with interval non-
differentiable and distributed time-varying delays without matrix uncertainties in section
3.2. Some numerical simulations are given to illustrate the effectiveness of our theoretical

results.

Consider the following uncertain neural networks with interval time-varying discrete

and neutral delays:

wt) = Azt =n(t)) = —(A+AAR))u(t) + (Wo + AWo(1))I(u(t))
+(Wi + AW, (8))m(u(t — h(t))
+(Wo + AWg(t))/ r(u(s))ds + J (3.1)
t—k(?)
where u(t) = [u1(t) ua(t) . . . un(t)]T € R™is the neural state vector. A = diag{ay,as, ...,an} >
0 is the state feedback coefficient matrix; [(u(t)) = [l1(u1(t)) l2(u2(t)) . . . Ly(un(t)]T

m(u(t)) = [ma(u1(t)) ma(uz(t)) . . . ma(un ()", and r(u(t)) = [ri(ua(t)) ra(uz(t)) . . . 7o (un(®)]T
are the activation functions. Wy is the connection weight matrix and Wy, Wy are the de-

layed connection weight matrices; J = [J; Ja . . . J,]7 represents the external inputs.

Assumption 3.1.1 The activation functions I(.), m(.),r(.) are bounded and satisfy

the Lipschitz condition,i.e.,

|li(&1) — i(&2)] < dif&1 — &al,

Imi(§1) —mi(&2)] < eil&1 — &2l

ri(€1) — ri(&2) < Jil€r — &2l
disei,7i>0,1=1,2,...,n,V€,& € R.
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From Assumption 3.1.1, we obtained that there exists at least one equilibrium point
for system (3.1) [14]. For the sake of simplicity in the exponential stability of system (3.1),

we make the transformation z(-) = u(-) — u*, then we have

z(t) = —(A+AA®R))z(t) + (Wo+ AWo(t))f(x(t)) + (W + AW (2))g(z(t — h(t))

+(Wa + AWy (1)) /t ;(t) h(z(s))ds + Asi(t — n(t)) (3.2)

z(0) = ¢(0),£(0) = ¢(0),0 € [=d, 0], d = max{hy, k, 12},
where z(t) € R" is state vector of the transformed system; n is the number of neurons.
Let ¢ be defined z4(0) = z(t + 0),V0 € [—d,0], and A = diag(ai,az,...,an), @ > 0
represent the self-feedback term and Wy, Wi, W5 denote the connection weight matrix,
the discretely delayed connection weight matrix and distributively delayed connection

weight matrix, respectively.

fa®) = [ @), f7 (@2(8)), s fi (zn ()],
g(z(t) = o1 (21(t)), 93 (@2(1)), . gn (@a ()],
h(z(t)) = [h (21(t), b3 (22(t)), ... by (a ()]
fili(®) = L(xa(t) +u) = Li(u®), i=1,2,.,n
gi@i(®)) = ma(@i(t) +u*) —mi(u*), i=1,2,..n,
hi(zi(t)) = ri@i(t) +u*) —ri(u), i=1,2,..,m,

According to Assumption 3.1.1, function f(.),g(.),h(.),7 =1,2,...,n satisfy

the following condition:
| fi(ms)| < aglil,
lgi(2i)] < bilz],
[hi(z:)] < el

a;, bi,ci > 0,V; %O,Z‘Z RN, ik (3.3)
The time-varying delay functions h(t), k(t), n(t) satisfy the conditions

Oghl Sh(t) §h27
0 < k(t) <k,

0<mn <n(t) <no.

It is worth noting that time delays are assumed to be a continuous function belonging

to a given interval. The state and neutral delay functions are bounded below but not

11



restricted to be zero. Both time-varying state and distributed delays are not necessarily
differentiable. The neutral delay function 7)(t) is a differentiable bounded function. The
initial function ¢(t) € C1([—d, 0], R"), with the norm

ol = sup_\JIo®I2 + ().
—d<t<0
The uncertainties satisfy the following condition:
[AA(t) AWy(t) AWy (t) AWs(t)] = BF(t)[E, Eo E1 Es) (3.4)

where E;, ¢ = a,0,1,2 are given constant matrices with appropriate -

dimensions, F'(t) are unknown real matrices with Lebesgue measurable elements satisfying
FT®)F(t) <I, Vt>0.
3.1 Exponential stability of neutral-type neural networks with interval

non-differentiable and distributed time-varying delays with uncer-

tainties

Throughout this section, we assume that all eigenvalues of matrix As are

inside the unit circle. Rewrite system (3.2) in the following descriptor system:

y(t) = &(t) — Agi(t —n(t)) ; (3.5)
y(t) = —Aw(t) + Wof(x(t)) + Wig(z(t — h(t)) + W2 /t_k(t) h(z(s))ds + Bp(t)
p(t) = F(t)(Eax(t) + Eof (x(t)) + Erg(x(t — h(t))) + Eo /t_k(t) h(z(s))ds).

Theorem 3.1.1 Given o > 0. The system (3.5) is a—exponentially stable if there exist
€ > 0, symmetric positive definite matrices Po3,5, D, Q, R, U, T, M, N, Do
and matrices Pig, Pog, Pi,1 = 1,2,...,22 of appropriate dimensions such that the following
LMIs hold :
T
M1=M—[OOOOIO—IOOOOO]

xe‘zahQU[OOOOIo—100000}<0, (3.6)

T
M2:M—[OOO—IOOIOOOOO]

xe‘Q“"QU[ooo—100100000}<0, (3.7)

12



T
M3=M—[00000000I—IOO}

><e*2°”72N[000000001—Ioo]<0, (3.8)

T
M4=M—[OOOOOOO—IOIOO}

xe‘QmN[ooooooo—10100]<0, (3.9)

P11 P12 13 P1a P15 P16 P17 P18 P19 Pia P Pic
* o2 P23 Paa P P26 Par P28 P29 P20 P Pac
$33 P31 P35 P36 P37 P3s P39 P D3 P3c
* % ok du 0 0 P47 0 0 Psa P O
* ox ok x ¢g55 0 P50 0 s P O
* o k% ok deg Per 0 0 dea  Peb  Pec

*
*

My % k% k% o b b9 bra bm bre |
« k% %k % % ¢gg 0 ga g O
* * * * * * * x (g9 Pog  Pop 0
ok k% %k x x  x  Proa D16 Ploc
* * * * * * * * * * b1 P11e

| x * * * * * * * * * * ¢12c_
where

¢11 = —Ply— P,

¢12 = —P — P,

¢p13 = —PLA+PIWoF + Pl — P,

¢4 = —Ps,

¢15 = —Pus,

¢16 = —Pir,

¢p17 = P{WiG — Pis,

¢18 = —Pio,

b9 = —Pa,

$1a = —PlhAs— Pa,

o1y = PIWy— P,

¢lc - _sz;"'PlTB’
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p2 = —P& — Py,

¢os = —Py A+ P{WoF + Ply— Pj,
¢ = —Py,

p25 = —D5,

¢ = —D%s,

¢y = PIWIG - P,

s = —F,

P29 = —Po,

$2a = —Pl3A; — Py,

¢ = P§Wy— Py,

¢ = —Pia+P)B,

¢33 = —ATP;— PTA+ FTWI P34+ PIWyF + Pl + Piy + aPL + aPy3
+Q+ QT —e2emp 2o L TT _ p720m \p _ o=2am2 )y
+K2HDyH + K°H'DIHT 4+ ATA + FW{WoF 4 2F% + ATW,W{ A
+ATW WA+ ¢EFE, + ¢ETEoF + ¢ FTELYE, + eFTEL EyF,

¢34 = —ATP + FTWI P+ Pis + e MR,

¢35 = —ATPs+ FTW{ Ps+ Pig + e 2*™2R,

¢3¢ = Paz— ATPs+ FTW]IPs+ Pz + AT — ATDT + FTWI DT,

b37 = PIWG— ATP, + FTW{ P, + Pis + FIWIW,G + ¢ET E\G

+eFTETE G,
¢3s = —ATPy+ FTW{ Py + Pig+e 22M M,
p39 = —ATPy+ FTW{ Py+ Pag +e 2™ M,
¢3a = —PlAy— AT P+ FTW{ Py + Pa,

b3y = PIWy— ATPy + FITW{ Py + Poo — ATWo + FW{ W, + ¢EL B

+eFTEL By,
¢3c = —ATPi+ FTW{ Pyo+ Py + P{ B,
¢44 _ _€—2ah1Q - €—2ah1R o €—2ah2U

by = PIWG+e 22y,
¢4CL — _P£A27

b = PIWo,
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¢4c = P4TB,
—  _p2ahan _ —2ahs —2ah
®55 e Q—e R — e 2ah2yy,

bsr = PIW,G+e 292y,

¢5a - *PljéAQ,
¢5b - P5TW2,
¢5c - P5TB,

o6 = hIR+ KSR+ (hy — he)?U +niM + 3 M + (n, — 12)?N — 2D + I + D?
+WoWd +wawi,

¢67 = Pg WiG + DW/G,

$6a = —PlrAs,

by = Pg Wo—Wy+ DWy,

¢6. = DB+ P{B,

dprr = PIWIG+GTWEP, — e 202y — o= 2002yT L qWIW,G + eGTETE\G
T |

prs = GTWI P,

b9 = GT'WI P,

bra = —PigAs+ GTW] Py,

oy = PIWy+ GTWE P + GWIW, + eGTET s,

¢re = G'W{ P+ P!B,

psg = —e ZOMT e 20MM _ eT0MmN,
$sa = —PLAy+e MmN,
by = PEWs,
¢s. = PIB,
g9 = —e 2MT _e720m)\[ _ o=20m2
$oa = —PyAs+e N,
bop = PiWs,
$9. = PIB,
b0 = —PLAy— AT Py — e 20mN — g 20m NT

¢10b - PE)WQ — Agp22,

$r0c = —Aj P+ PhB,
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by = PLWy+WIPy —e20%Dy — =22k DT L WIW, + ¢ET By,
¢p11c. = Wi P+ PLB,

12 = BTP, —el.

The solution x(t) of the system satisfies,

all[|? + || My||> _
J(e) < \/ e (3.10)
where a = Apax(P23) + 2h%)‘maX(R) 1_82_jah2 + h%)‘max(U)#
+ 272 A (M) =222 2 ()= 222  g2y o (H Dy H) =222

b = 22max(Q) =5 4 2 (T) 5™ and || M || = sup_ge ol (5)])-

Proof. We consider the following Lyapunov-Krasovskii functional

12
V(ta) =Y Vi, (3.11)
i=1
where
Vi = 2T )ETPC(t) = 22T (t) Posa(t),
t
Vo = / e252T (5)Qux(s) ds,
t—h1

t
Vo= [T 6)Qu(s) ds,
t—ho
0 st
Vi = Iy / / 7T (1) Ri(7) dr ds,
—h1 Jt+s
0 st
Vs = hy / / e273T (1)Ri(7) dr ds,
—ho Jt+s
—h1 t
Vs = (ha—h) / / 2Tl (DU i(7) dr ds,
—hs t+s
t
Vi = / e25 T (5)Tx(s) ds,
t—m
t
Vs = / e2sxT ($)Tx(s) ds,
t—mn2
0 ,t
Vy = 771/ / 27T (r)Mi(7) dr ds,
—n1 Jit+s
0yt
Vio = 12 / / 23T (1) Mi(7) dr ds,
—n2 Jt+s
-m gt
Vi = eem) [ [ TN drds,
—12 t+s

0 t
Vie = k /_ k /t+ 2077 (2(7)) Doh(2(7)) dr ds,

16



where ((t) = [AT(t) y'(t) xT(t) T(t—hl) T(t—hz) a(t) at(t — h(t))

)=
et (t—m) at(t—mn2) 2" (t ik ))ds)t pt ()",
A(t) = x(t) — Agz(t — n(t)) and

00 00O0OO0OO0OO0OO0OGO0ODO0OO
E=100000000UO0OO0O0GO0],
007 0O0O0OOO0OO0OO0OTO 0O©O0

P P P3 Pb Ps P P IR Py Pio P P
P=| Py P35 Py Pis5 Pi¢6 Pir Pis Pig Py Pu Py Py
0 0 Py O 0 0 0 0 0 0 0 0

Taking the derivative of V(z;) along any trajectory of solution of system (3.5),

we have
Vi = 202z () Pyza(t) + 22T (t) Pygic(t)
0
= 20?37 (t) Pyzar(t) + 22°1¢T () PT | 0
(t)

From (3.5), we have

Vi= 2ae®T(t) Pysa(t) + 2e2%¢T (t) P
—y(t) — Ax(t) + Wo f(2(t)) + Wig(a(t — h(t)))
+Wo [ M@ (s))ds + Bp(t),
—A(t) + x(t) — Agx(t — n(t)),
(1)

Using condition (3.3) we have,
Vi <2¢”{aa” (8) P (t) — AT () Pl y(t) =y ()P y(t) — 27 ()P y(t)
— & (t — ho) Py y(t) — &7 () Fg y(t) — 2™ (¢ — h(t)) PT y(t)
— & (t —m2) Py y(t) — o (t —n(t)) Pioy(t) - (/ttk(t) h(x(s)) ds)" Piy(t)
— ATt PL Az (t) — yT (t)PF Ax(t) — 2T (t) PL Ax(t)) — 2T (t — hy) PL Ax(t)
— 2T (t — ho) PT Ax(t) — & () PF Ax(t) — 2T (t — h(t)) PT Az(t))
— 2l (t —m) P Aw(t) — o™ (t — n2) Py A(t) — ™ (¢ — n(t)) Po Az (t)

—( / t . h(z(s))ds)T PL Az (t) + AT () PEWoFx(t) + yT (t) P WoFx(t)
t—k(t
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+ 2T () PIWoFx(t) + 2T (t — b)) PLWoFx(t) + 2T (t — ho) PTWo Fa(t)
+ &7 () PIWoFx(t) + 2T (t — h(t))PEWoFx(t) + 2 (t) + m) PT Wy Fa(t)
+ :UT(

t —n2) Py WoFx(t) + 27 (t — n(t)) PloWoFa(t) — 2" (t — m) P y(t)
+ (/t . h(z(s)) ds)T PLWoFz(t) + AT (t) PLW, Gz (t — h(t))
t—k(t

+yT () PEWLGx(t — h(t)) + =T () PTW1Ga(t — h(t)) — 2T (t — h1) P y(t)
+ 2T (t — h)) PEWiGa(t — h(t)) + 2 (t — he) PY W G (t — h(t))

+ T () PIWLGx(t — h(t)) + 2T (t — h(t)) PTWLGx(t — h(t))

+ 2T (t — m)PIWLGx(t — h(t)) + 2T (t — no) PL W1 G(t — h(t))

- (/t h(z(s)) ds)T PLWGa(t — h(t)) + AT (1) PL Wy /t h(z(s))ds
t—Fk(t) t—k(t)

t t

h(z(s)) + xT (t)PL Wy / h(z(s))dsds

+yT () PTW, /
t—k(t)

t—k(t)

t t

h(az(s))ds+:vT(t—h2)P5TW2/ h(w(s)) ds

+ 2T (t — hy) PIW, /
t—k(t)

1 k(t)
h(w(s)) ds + 27 (¢ — h(t) PTW, /t RCOLE
h(z(s)) ds + x (t — n9) PL W /tk(t) h(z(s)) ds

+ 2T (t) PTW; /
t—k(t)

+ xT(t — nl)PgWQ /tk(t)
+al (t —n(t) PigWa /t_k(t) h(x(s)) ds + z" (t — n(t)) PlyW1Ga(t — h(t))

t

t

+ (/ h(x(s)) ds)TPlTll/Vz/ h(z(s)) ds — AT () PLA(t)
t— k(D) t—k(t)

—y (1) PBA(L) — 2" () PLA(L) — 27 (t — h) PlsA(2)
— 2T (t — ho) PEA(t) — 2T (1) PLA(t) — 2T (t — h(t)) PLA(t)

—z(t —m)PlA(t) — ' (t — o) PapAt) — ' (t — (1)) Py A(t)
t
- (/ h(x(s)) ds)" Py A(t) + AT (8) Plym(t) + y" (t) Py (t)
t—k(t)

+ 2T () PLx(t) + 27 (t — b)) PEx(t) + 2T (t — hy) PLa(t)

+ 2T () PLa(t) + 2T (t — h(t)) PR (t) + 2T (t) — m) Plya(t)

+ 2T (t — n2) Pag(t) + (/t_k(t) h(x(s)) ds)" Pl (t) — AT (t) Pl Asa(t — n(t))
+ 2 (t —n(t) Pha(t) — y" () Pl Asa(t — n(t)) — 2 (t) Pl Agm(t — n(t))
. hl)P{-gAﬂ(t —n(t)) — P hg)P{%Agx(t —n(t))

— & (t) Pz Asa(t — n(t)) — a7 (t — h(t)) P Az (t — (1))
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- acT(t - nl)Pf;)Agx(t —n(t)) — xT(t - nz)PgE)Agzc(t —n(t))

— & (t = n(t)) Py Ag(t — n(t)) — (/ h(x(s)) ds)" Py Agz(t — n(t))
t—k(t)

+ 2T (t) Pl (t) — p" (t) Ply(t) — p" () PLAx(t) + p” (t) PLWoFa(t)

+ pL () PL W, G (t — h(t)) + p’ (t) PL W, /t tk(t) h(z(s))ds

+p" (t)PEBp(t) — p () PLA(E) + pT () PL(t) — p (t) P As(t — n(t))
+ AT(t) P Bp(t) + y" (t)Ps Bp(t) + = (t)P§ Bp(t) + x" (t — hy) P{ Bp(t)
+ 2T (t — ho) P Bp(t) + &7 () PE Bp(t) + «T (t — h(t)) PT Bp(t)

+a(t = m) P Bp(t) + o (t = n2) Py Bp(t) + " (t —0(t)) Py Bp(t)

- (/t h(z(s)) ds)T PL Bp(t), (3.12)
t—k(t)
Vo =2 2T (#)Qu(t) — 22T (¢ — hy)Qu(t — hy), (3.13)
Vs =e2t2T (1)Qu(t) — 22T (£ — ho)Qu(t — hy), (3.14)
Vi <e®n2iT(t)Ri(t) — hy / t 23T (s)Ri(s)ds), (3.15)
t—h1
Vs <e®[n3iT (t)Ri(t) — ho /t i (s)Ri:(s)ds), (3.16)
t—ha
t—hy
Vs <e®[(hg — h1)?&T (1)U (t) — (hg — h1) /t B e i1 (s)U(s)ds). (3.17)

Applying Lemma 2.3.3 and the Leibniz-Newton formula, we have

—hy /tihl i (s)Ri(s)ds < — [/tihl :E(s)ds] TR[/;;H j:(s)dS}
< — [a(t) — x(t — hy)]T Rlz(t) — a(t — hy)]

= — 2T (t)Ra(t) + 227 (t)Ra(t — hy)
— 2T (t — h1)Ra(t — hy). (3.18)

—ho /tihQ i1 (s)Ri(s)ds < — [»/tihz i?(s)ds] TR[/tihQ a’c(s)dS}
< = [2(t) — a(t = ha)] " Rlz(t) — x(t — ho)]

S xT(t)Rx(t) + 2:1:T(t)Rx(t — hs)

— 2T (t — ho)Rx(t — hy). (3.19)
Note that
t—h1 t_h(t)
i ] =— — 21 (s\Uz(s) ds
(h2h1)/t_h2 " (s)Uz(s)ds = — (ha hl)/t_h2 (s)Ux(s)d
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t—hq
— (h(t) = hy) /t e T (s)Ui(s)ds
t—hq
— (hy — h(t)) /t e il (s)Ui(s) ds. (3.20)

Using Lemma 2.3.3 gives

t—h(t) t—h(t) t—h(t)

il (s)Ui(s)ds < — {/thQ j}(s)alS]TU{/ch2 at(s)ds}

< — [o(t — h(t)) — a(t — ho)]TUe(t — h(t))

(2~ h(t) [

t—ho

— a(t — hy)], (3.21)
and
t—hy t—hy t—hy
—(h(t) — hy) /t_h(t) T (s)Ui(s)ds < — [/t_h(t) ab(s)ds}TU[/t_h(t) j;(s)dS]
< —[x(t — h1) — z(t — ()] U[z(t — hy)
— z(t — h(t))]. (3.22)
Since 0 < hy < h(t) < hy we get = ’1’1242—_}1’%) < 1. Then
t—hy t—hy
—(hg — h(t)) /t o iT(s)Ui(s)ds = — t—h(t)(h2 — h)aT (s)Ui(s) ds
t—h1
<-p (h(t) — hn)i" (s)Ui(s) ds
t—h(t)
< — Bla(t — hy) — z(t — h()] Uzt — hy)
— x(t — h(t))], (3.23)
and
t—h(t) t—h(t)
—(h(t) — hy) /t_h T ()Ui(s)ds = — (1 — B) /t_h (ha — )T (s)U(s) ds

t—h(t)
<_(1-8) /t (ha — h(t))iT (s)Usi(s) ds

_h2
< — (1= B)fa(t — h(t)) — x(t — ha)]"
x Ulz(t — h(t)) — z(t — ho)]. (3.24)
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From (3.20)-(3.24), we obtain

t—hy
—my—mxl% () Uils) ds < — [(t — h(t)) — 2(t — ho)]”

x Ulz(t — h(t)) — a(t — ho)]
— [w(t — h1) — 2(t = h(t))]"

x Ulz(t — hy) — 2(t — h(t)]

— Bla(t — ha) — x(t — h(t)]"

x Ulz(t — hy) — 2(t — h(t)]

— (1= B)fa(t — h(t)) — x(t — ha)]"
x Ulz(t — h(t)) — 2t — ho)].

Ve =T ()T (t) — 2T (¢ — n)Ta(t — ),

Ve =T (0)Tx(t) — 2*E) gL (¢ — )T (t — 1),

t
Vo < e OMalt) —m | 3T (5)Mi(s)ds)
t—m
t
Vao < T (OMalt) —ma | 3T (5)Md(s)ds)
t—n2
: 2 2.7 M s T
Vi1 <e*(n2 —m)?a" () Na(t) — (2 — 771)/ e*** 1" (s) Ni(s)ds].
t—mn2

Applying Lemma 2.3.3 and the Leibniz-Newton formula, we have

- /;m #T(s)Mi(s)ds < — [/tt :t'(s)]TM[/tt g‘c(s)}

M st
< = [a(t) =t —m)]" Mlz(t) — 2(t —m))]
= — 2T () Mz(t) + 22T () Mx(t — 1)

—a”(t —m)Ma(t —m).

Applying Lemma 2.3.3 and the Leibniz-Newton formula, we have
t ¢

2 /: T (s)Mi(s)ds < — [/t :‘c(s)]TM[/ g‘c(s)}

< = [2(t) — a(t — )" Mx(t) — 2(t — )]

= — 2l (t)Max(t) + 227 (t) Ma(t — )

— 2" (t — o) Mx(t — o).
Note that
t—m - t—n(t) -
(2 —m) / T (s)Nii(s) ds = — (p2 — 1) / T (s)Nit(s) ds
t—mn2 t—n2
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(3.26)
(3.27)

(3.28)
(3.29)

(3.30)

(3.31)

(3.32)



—(m2 — nl)/t " iT(s)Ni(s)ds

—n(t)

t—n(t)
——lm—n0) [ )N () ds

t—n2
t—n(t)

— (n(t) —771)/ ! @7 (s)Ni(s)ds
t—n2

~ it =m) | () #7(s) Ni(s) ds
t—n(t

t—m
“m-n(e) [ TN s (339
t=n(t)
Using Lemma 2.3.3 gives

—(n2 — n(t)) /t_n(t) i1 (s)Ni(s)ds < — [/t—n(t) :'B(s)ds] TN[/t_n(t) i(s)ds}

t—mn2 t—n2 t—m2

< — [zt — n(t) — 2(t — n2)] " Nlz(t — n(t))

—z(t — ma)], (3.34)
and
— — tim:i:Ts z(s)ds < — tima’vs sT tﬁmx’ss
) —m) [ TNeas <= [ [ atoas] N[ [ o)
< — [t —m) —2(t — ()] Nzt —m)
—z(t —n(t))]. (3.35)
Since 0 < n; < n(t) < n2 we get o = %’% < 1. Then
—(n2 — n(t)) /tn:) iT(s)N:i:(s) ds = — « /tn:) (n2 — nl)j;T(s)Nj:(s) ds
- / " 000 — )T ()N (s) ds
t—n(t)
< —afa(t —m) — 2t —n)]" Nzt —m)
—z(t —n(t))], (3.36)
and
t=n(t) t=n(t)
- — i1 ($)Ni(s)ds = — (1 — « — )& (s)Ni(s)ds
o) =) [N ds == (10 [ )i (N G)
t—n(t)
<= [ m = 0)T ()N s) ds
<—(1—a)[z(t—n(t) —z(t —n)]"
% Nla(t — n(t)) — ot — )] (3.37)
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From (3.33)-(3.37), we obtain

o =m) | T () Ni(s)ds < — [t — (1)) — a(t — )]
t—mn92

X Nlz(t —n(t)) — x(t —n2)]

= [t —m) — a(t — ()]

X Nlz(t —m) — x(t —n(t))]

—afa(t —m) = a(t —n®))"

X Nlz(t —m) — x(t —n(t))]

— (1= a)fz(t —n(t)) — 2t —m)]"

X N[z(t —n(t)) — z(t — n2)]. (3.38)

t t

h(z(s)) ds)T Ds / h(x(s)) ds].

Via < €207 (#)H Do Ha(t) — e~20%( /
t—k(t)

t—k(t)
(3.39)

By using the following identity relation

—a(t) — Az(t) + Wof(x(t)) + Wig(z(t — h(t)) + Wa /t_k(t) h(z(s))ds

+ Az (t — n(t)) + Bp(t) = 0,
we have

—2iT () Di(t) — 22T () DAz (t) + 2iT () DWy f ((t)) + 221 (t)DW1g(z(t — h(t))
+ 2&T (t)DW, /t ;(t) h(z(s))ds 4+ 22T (t)D Agi(t — n(t)) + 22T (t)DBp(t) = 0.
Using the condition (3.3), we have
—2iT(t)Di(t) — 227 (t)DAx(t) + 22T (£) DWoFa(t) 4 2i7 (t)DW1 Gz (t — h(t))
+ 22T (t)DWy /t ik(t) h(x(s))ds + 2&7 () DAsi(t — n(t)) + 227 (£)DBp(t) > 0.  (3.40)

From, Lemma 2.3.4, we have

28T (1) DAz (t — n(t)) < @7 (1) D2 (t) + [Azi(t — n(t)]" [Aei(t — (1))
< T (t)D%i(t)

+ [#(t) + Az(t) — Wof(2(t)) — Wig(z(t — h(t))

W [ hao)ds — RO Ta(0) + Ax() - Wol (1)
t—k(t)
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t

~Wigla(t —h(0) = Wa [ Ar()ds — Bp(t)

< &7 (t)D%a(t) + 2T (t)a(t) + 27 (t) Az(t)
— & (O)Wo f(x(t) — T () Wig(z(t — h(t))

T OW, / h(w(s))ds — 7 (1) Bp(t) + 2T (1) AT (1)
t—k(t)

+ 2T () AT Ax(t) — 2T () ATWo f (2(2))
— 2T () ATWyg(z(t — h(t)) — 2T (t) ATW, /t h(z(s))ds
t— k()

AT AT Bp(t) — )W) — £ (0)WE Ax(r)
+ (@ () Wo Wof ((1)) + [T (x()) Wy Wag(a(t — h(t)
+ 1 oy | tk(t) h(e())ds + £ (a(t)WE Bp(t
el — RO)WT () — g (alt — h(5)WE Ax(t)
447l — )W Wo s (a(t)

+ g7l — BT Wag(a(t — h(e)

t

+ T (a(t — h(t))WTW, / h(x(s))ds
k(1)

"= nWE B0 ~ ([ nale)as W a0
== t r\S S E 2 T
([ M) WE Azt
H ([ b)) W Wo (a(t)
t—k(D)

+ / h(a(s))ds) " WEWag(a(t — h(t))
t—k(t)

i T T
N (/tk(t) h(x(s))ds)” Wy Wg/t h(z(s))ds

“k(t)

+ / h(e(s))ds)TWE Bp(t)
t—k(t)

(0B i (t) - " ()BT Ax(t)

(OB Wo (w(t) + 5 (6) BT Wag(a(t — h(t))
OB | " h(a(s)ds + " (1) BT Bp(t)
t—k(t)
= T (t)D%*i(t) + &7 (1) (t) + 227 (t) Ax(t)

— 2T ()Wof (x(t) — 2&T () Waig(z(t — h(t))
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2T ()W /t ;( a(s))ds + 2T (D47 Az ()
9T (1) ATWof(2(1)) — 207 (1) AT WA g(a(t — h(t))
2T OATWs [ h(as))ds + 17 @)W Wof (a()
t—k(t)
+ (@) Wg Wag(a(t — h(t) + 2f T (x(t) Wy Wy /t_k(t) h(z(s))ds

+ g (a(t = h(6))W{ Wo f((t) + g7 (2(t — h(t))) W] Wig(a(t — h(t))

— @7 (t)Bp(t) — () A" Bp(t) + [T (x(t))Wq Bp(1)

+g" (2t — h(t))W{ Bp(t) + (/t_k(t) h(x(s))ds)" Wy Bp(t)

—p' (t)BTi(t) — p' (1) BT Ax(t)
+p" ()BTWo f (x(t)) +p" ()BT Wag(a(t — h(t))

+pT () BTW, / h(x(s))ds + " (t) BT Bp(t)
t—k(t)

Using the condition (3.3), we have

2T (1) DAgi(t — n(t)) < T (t)D%a(t) + & ()2 (t) + 227 (t) Ax(t)

— 227 ()Wo fa(t) — 2" ()Wiga(t — h(t))

— 25T (1) Wy /;k(t) h(x(s))ds + xT (t) AT Az (t)

— 2T () ATWo f(t) — 22T () ATWigz(t — h(t))

— 22T (t) AT W, / t h(z(s))ds + zT (t) FWI Wy Fa(t)
t—k(t)

+ 2T () FWE W1 G (t — h(t)

+ 22T () FWI Wy / h(x(s))ds
t—k(t)

+ 2T (t — h(t) GW I WoFa(t)
+ 2T (t — h(t))GWE WGz (t — h(t))

+ 22T (t — h(t)) GW{ Wy / h(z(s))ds
t—k(t)

t e e t
T ( /t_k(t) h(w(s))ds) W W, /_ h((s))ds
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— T (1)Bp(t) — 2T (1) AT Bp(t) + £7 (a(t)) W Bp(t)
+ g7 (@(t — b)) W Bp(t) + ( / o M)W B
— pT (OB i(t) - p (1) BT Aa(t)

+p! ()BT Wof(x(t) +p' (t) BT Wig(z(t — h(t))

+ pT (1) BTW, / h(z(s))ds + p (t) BT Bp(t). (3.41)
t—k(t)

From (3.40), (3.41) and Lemma 2.3.4 , we have

—2iT(t)Di(t) — 227 (t)DAx(t) + 22T (£) DWo F(t) 4 2&1 () DW1Ga(t — h(t)
+ 2&T (£) DWW, /tik(t) h(x(s))ds + &7 (£)D%i(t) + 27 () (t) + 227 (t) Ax(t)

+ T O WoWE & (t) + 2T () F2x(t) + 27 )W Wi 2T (¢)
+ 2T(t = h(t))G22(t — h(t)) + 2T () ATWoWT Az (t) + 2 (t) F2x(t)

+ 2T () ATWi W Ax(t) + 2 (t — h())G2x(t — h(t))

— 25T (t)Wy /t tk(t) h(x(s))ds + zT (1) AT Ax(t)

— 22T () AT W, /t ik(t) h(x(s))ds + «T (t) FWI WoFa(t)

+ 2T () FWIWAGa(t — h(t) + 227 () FWI W, /t ;(t) h(w(s))ds

+ 2T (t — h(t))GWEWoF(t) + 2 (t — h(t))GWI W Gz (t — h(t)

t

! Tyx /T
o /t_k(t) h(w(s))ds)TWIW, /t_k(t) —

— @1 ()Bp(t) — «" () AT Bp(t) + £ (x(t))Wg Bp(t)

+ g7 (2t = h(t))W{ Bp(t) + (/t_k(t) h(z(s))ds)" Wy Bp(t)

—p' ()BT i(t) — p ()BT Az(t) +p' ()BT Wof(x(t))

OB Waglalt = h(0) 40 WBWa [ ha(s)ds

+ pT ()BT Bp(t) + 227 (t)DBp(t) > 0. (3.42)
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For € > 0, we have

—ep" (p(t) + e(Baa(t) + Eof (x(1)) + Erg(x(t — h(t))) + Ex /ttk(t) h(z(s))ds)"

x (Eax(t) + Eof(z(t) + Erg(a(t — h(t))) + E /t tk(t) h(x(s))ds) > 0. (3.43)
From (3.12)-(3.17), (3.26)-(3.30), (3.39)and (3.42)-(3.43), we have

Vit,ar) < e {2{aa” (t) Pz (t) — AT(6) P y(t) -y (8) Py y(t) — =T () P5 y(t)
wl(t — ha) Pl y(t) — 2’ (t — ha) Py y(t) — &7 (1) Fg y(t)
2T (t = h(t) P y(t) — T (t = m) Py y(t)
! (t —m2) Py y(t) — 2" (t — n(t)) Py (t)

t

4 / ol ds)TPRy(t) — AT() P As(t)
t—k(t)
— " (t) Py Ax(t) — 2" ()P Ax(t)) — 2" (t — ha) P[] Ax(t)
— 2T (t — ho) PT Ax(t) — 2T () PL Ax(t) — 2T (t — h(t)) PF Ax(t))
— 2T (t — m)PT Ax(t) + 2T (t — ;) PTWoFa(t)
— 2 (t —m2) Py Ax(t) — a" (t — n(t)) PlyAx(t)

— (/t h(z(s)) ds)TPﬂAac(t) + AT(t)PlTWOFx(t)
t—k(t)

T PEWoFa(t) + 2 (t — he) PLWoF(t)
+ 2T () PIWoFx(t) + 27 (t — hy) Pf Wy Fa(t)
+ &1 () PIWoFx(t) + o7 (t — h(t)) P WoFa(t)
+ 2l (t — o) Py WoFz(t) + 2 (t — n(t)) PLWoFa(t)

+ (/t h(z(s)) ds)T PLWoFx(t) + AT (t) PEW,Gx(t — h(t))
t—k(t)

+yt (O PIW G (t — h(t)) + 1 (t)PI W Ga(t — h(t))

zT(t — h1)PLW1 G (t — h(t) + 2T (t — he) PYW1Gx(t — h(t))
T () PEW G (t — h(t)) + 2T (t — h(t))PF W, Ga(t — h(t))
aT(t —m) PIW1Ga(t — h(t)) + 27 (t — o) P W1Gx(t — h(t))

( n(t)) P10W1G95(t — h(t))
+ (/t h(z(s)) ds)T PLW, Gz (t — h(t))
t—k(t)

+ AT () PEW, /t h(z(s)) ds 4+ yT (t)PL W, /t h(z(s))ds
t—Fk(t) t—k(t)
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t t
+ 2T () PTW, / h(x(s)) ds + 2T (t — hy) PTTV) / h(z(s)) ds
t—k(t) t—k(t)

t t
+ 2T (t — hy) PTW, / h(xz(s)) ds 4+ 2T (t) PI Wa / h(z(s))ds
t—k(t) t—k(t)

+IT(t—h(t))P7TW2 /t h(z(s)) ds—l—xT(t—nl)PgWg /t h(z(s))ds
t—k(t) t—k(t)

+ a:T(t — ng)PgTWQ / h(z(s))ds + :UT(t — n(t))PlTOWz / h(x(s))ds
t—k(t) t—k(t)

+ (/ h(z(s)) ds)TPf[in/ h(z(s))ds — AT(t)Png(t)
t—k(t) t—k(t)
—y () PEA() — T () PLA() — 2" (t — h) PEA() — 2 (t — ha) PA(L)
— T ()Pl A(t) — 7 (t — h(t)) PRA(L) — 2" (t — m) PHA(L))
—xT@—nﬁP%A@>—xTu—n@DRiA@)—(L1M)wabdﬁTRﬁA@)
+ AT () PLx(t) + T (t) Pha(t) + 2T (t) PLx(t) + 2T (t — hy) PEx(t)
+ 2T (t — ho) Plx(t) + &1 (t) PLa(t) + 27 (t — h(t)) Plz(t) + 1 (t — m1) Plyx(t)
+xT@—nﬂP%z@)+xT@—n@DP%x@)+(L1M)Mx@»d@TRﬁx@)
— AT (t) Py Ag(t — n(t)) — y" (t) Py Agm(t — n(t))
— a(t) Pl Ay (t — n(t)) — & (t — ha) Pis A (t — n(t))
— 2T (t — ho) PlgAsx(t — n(t)) — &7 (t) Pl Asz(t — n(t))
— 2T (t — h(t)) PigAsz(t — n(t)) — =" (t — m) PlgAsa(t — n(t))
— a7 (t = m) Py Ag(t — (1)) — & (t — n(t)) Pyy Aga(t — n(t))
—{/ h(z(s)) ds)" Py As(t — n(t)) + o7 (t) Pagi(t)
t—k(t)
—p" (t)PLy(t) — p" (t) Pl Ax(t) + p” (t) PLWo Fx(t)
P OPLIGE(t — ho) + 5" (0P [ tk( tetas o (PR B
—p" (1) Py, A(t) 4 p" (t) Paya(t) — p" (t) Py, Asa(t — n(t))
+ AT(t)PI Bp(t) + y" (t)Py Bp(t) + 2" (t)P{ Bp(t) + =" (t — hy) P{ Bp(t)
+ 21 (t — he)PE Bp(t) + &7 (t)PL Bp(t) + =T (t — h(t))P¥ Bp(t)
+ a2’ (t —m)P{ Bp(t) + & (t — n2) Py Bp(t) + 2" (t — n(t)) Ply Bp(t)
H([ bl ds) TP Bp(D)
t—k(t)
+ xT(t)Q:E(t) — 6_2ah1xT(t — h1)Qx(t — hy) + :ET(t)Q.’E(t)
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— e 20h2y T (1 — ho)Qu(t — ho) + h3aT () Ri(t) — e 2" 2T (¢) Ra(t)
+ 26_2ah1$T(t)R.fL‘(t - hl) - 6_2ah133T(t o hl)RZL’(t _ hl)
+ 3T (B)Ri(t) — e~ () Ra(t) + 262007 (1) Ra(t — ho)

—2ah2 T

t— hQ)RCL‘(t - hz) (hg - h1)2$'T(t)U.f(7f)

— e 20h2y Tt — () Ux(t — h(t)) + e~ 2227 (t — h(t))Uz(t — h)

)
e~ 22T (4 — h)Un(t — ha) + e 2257 (t — hy)Ux(t — h(t))

8

o
(

e~ 2eh2 g T (4 — no) YUz (t — h(t)) — e 2m22T (t — ho)Uz(t — ho)
(

f2ah2 (

t—h(t)Uz(t — hy) — e 2227 (t — h(t))Uz(t — h(t))
= Bla(t — ) = a(t = ()T 22U [2(t — h1) = x(t = h(1))]
— (1= B)[=(t = h(t) — x(
+ 2T () Tx(t) — e 22MmaT (t — ) Ta(t —m) + T (t)Tx(t)
e 2om g (t — ) Ta(t — no) + nia () Mi(t) — e 2zt (1) Mx(t)

+2e7 2Ny T () Ma(t —m) — e 2T (t — ) Ma(t —m)

X

t —ho)]T x e 22y [x(t — h(t)) — z(t — ho)]

+ maa T () Mz (t) — e 2027 () Mx(t) + 2e7 2022 () Mz (t — 1)
2o T (t — o) Ma(t —n2) + (1 — m)?&" (H)Na(t)
t—n(t))Na(t —n(t) + e 2" (t — n(t)) Na(t — 1)

o

e—20m T
“2mg T (t—m))Na(t —n(t) — e ™ al (t = n2) Na(t —12)

7!

&

2

—2amz2 T

~— ~—

t —m)Na(t —n) +e T (t — ) Na(t - n(t))

2ot — () Na(t —m) — e >’ (t — n(t)) Na(t — n(t))
afz(t —m) — z(t — ()] e > P Nx(t —m) — z(t — n(t))]
— (L= a)[z(t —n(t) — z(t —m)]" x e > 2Nzt —n(t)) — z(t — n2)]

t t
+ 2k%2T (t)HDy Ha (t) — 26_2O‘k(/ h(x(s)) ds)T Dy / h(z(s)) ds
t—k(t) t—k(t)
+ 20zt (t) Pysz(t) — 227 (t) Di(t) — 227 () DAz(t) + 2&T (t) DWoF(t)
+ 2¢T () DW G (t — h(t) + 227 (t) DWW, / t h(x(s))ds
t—k(t)

#T(t) D2 () + &7 (1) 1a(t) + 27 (1) Ax(t)

iT (Y WoWl it (t) + 27 (t) F2x(t) + &L () Wi Wi 2T (¢)

T (t — h(t)G2x(t — h(t)) + 2T () ATWoW{ Ax(t) + 27 (t) F2a(t)
eT () ATW W Az (t) + 2T (t — h(t)G?x(t — h(t))
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Hence,

Since 0 < g < 1, (1 — f)M; + BM3 is a convex combination of M; and My and
0 <a<l1 (1-aMs+ aMyisa convex combination of M3 and My. Therefore,
(1=B)Mj+ BMsy <0 is equivalent to M; < 0 and My < 0, and (1 —a)Msz+ aMy <0

2T (1)Ws /t ;(t) h(w(s))ds + 27 (1) AT Ax(#)

— 22T (1) AT W, /t ik(t) h(x(s))ds + zT () FWI WoFa(t)

+ 2l () FWEW1Ga(t — h(t)) + 22T () FWE Wy /t . h(x(s))ds
t—k(t

+ 2T (t — h(t))GW{ WoFx(t) + 2 (t — h(t)) GWL W, Gx(t — h(t))

+ 22T (t — h(t)) GWE Wy / " h(xz(s))ds + 227 (t)DBp(t)
t—k(t

t e t
+ (/t—k(t) h(xz(s))ds)” Wy Wo /t_k(t) h(z(s))ds

— T (t)Bp(t) — 27 (1) AT Bp(t) + 7 (@ (1)) W Bp(t)
+ g7 (@(t — ()W Bp(t) + ( / ICONORLE0

—pT (1) BTi(t) — pT (1) BT Az(t) +p" (t) BT Wo f (x(t))
+ pT ()BT Wig(z(t — h(t)) + pT (t)BT W, /t h(z(s))ds

+p' ()BT Bp(t) + 227 (1) DBp(t)

—ep? (t)p(t) + e(Eax(t) + Eo f(x(1)) + Erg(x(t — h(t))) + Ez /t_k(t) h(z(s))ds)"

t

(Baalt) + Fof (o) + Fig(alt —h(O) + B [ ha(s))ds)}

V(t,z) < T (0)MC(t) = Bla(t — ) — a(t — h(1))] e
x Ula(t — hy) — z(t — h(1))]
— (1= B)[a(t — (1) — x(t — ho)]"
x e 2P [z (t — h(t)) — x(t — he)] + T (£)MC(¢)
—alz(t —m) = z(t = n@®))] e > Nz (t —m)
—a(t =) = (1 =)t = nt) — z(t —n)]"
X e 2N [x(t —n(t)) — x(t —12)]}
= ST O - BMi+ Mz + (1 - a) M3
+ aMy¢(t)}
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is equivalent to M3z < 0 and My < 0 . From V(z(t)) < 0, we get V(z(t)) < V(x(0)).
Note that,

Vi(@(0) = <70 >ETP<< ) < Amax(Po3) ]
0
Va(a(0)) = / 29557 (5)Qir(5) ds < Aumax (Q)[[ M1 / ey
1— —2aho
= Aunax(QIM P —5—,
0 0
Vy(a(0) = / T () Qu(s) ds < N Q)M / ey
2 21 — . 2
= A @M

Vi(z(0)) = hl/h / > (1)Ri(7) dr ds

IN

BRI [ eoar

h1
—2aho

1—e
- h2 maX( )||¢”227a

Vs(z(0)) = he /_ ) / 7T (1)Ri(7) dr ds

<L —2ah2
< I3 Amax(R)[|9]?

Vo(z(0)) = ho /_ . / eQMa'cT(T)Uab(r)des

—2aho

)

1—e
< h3Amax(U) ¢l

)
2c

Vo) = | " 05T (5)Ta(5) ds < A (T)]| M / " s
et —
- Amax<T>||M1H21‘§;m,
V(2(0) = /0 20557 (5)T2(s) ds < Ama(T) [ M3 /0 225 ds
72 —n2
= AoaelT >||M11421

o’
Vo(z(0)) = 771/ /eZO‘T:i:T(T)Mdt(T)des
s

IN

0
B (M) 6] / 2 dr
—m
1 — e 2am
= ng)‘maX(M)HQszTa

0 0
Vip(2(0)) = 772/ / 27T (Y Mi(7) dr ds
—n2 /s

IN

|21 e—2am2

M Amax (M)] ]

)
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—m 0
Vii(z(0)) = 772/_77 / 23T (P)N# (1) dr ds
_6*2012
< (N5
0 [0
Via(z(0)) = k/_k/ 2T (x(7)) Doh(z(7))dr ds

0

< kQ)\maX(HDQH)HqﬁHQ/ 2T dr
—k

—2ak

1—e
= EAnax(HDoH)||p|* ————
Amax (H D2 H) || 6" ——

24b||M )2 —
We have e \in (Pa3) ||z (t)[|? < V (¢, 2¢) < V(2(0)), Vt > 0. Then ||z(t)] < %'e *
where a = )\max(P23> +2h%)\maX(R)#
2ak —2ahg

+h%Amax(U>#+2n§)\maX(M)#+
M3 Amax (V) =52 + kA (H D2 H)A522% b = 22 (Q) =52 + 2Aman (1) =502

and ||[M1|| = sup_g<s<ollz(s)||. From Definition 2.3.8, we conclude that the equilibrium
point is a—exponentially stable. This completes the proof.
Remark 3.1.1 For the case when hy = n1 = 0, we have the following corollary for delay-
dependent stability of system (3.5).
Corollary 3.1.1 Given o > 0. The system (3.5) is a—exponentially stable if there exist
e > 0, symmeltric positive definite matrices Po3,S, D, Q,U, T, N, Doy
and matrices Pig, Pog, Pj,t = 1,2,...,22 i # 4,8,15,19 of appropriate dimension such
that the following LMIs hold :
T
M1=M—[OOOIO—IOOOO}

xe‘Q“hQU[o 0071 0 —I 00 0 0}<0, (3.46)

T
./\/12:/\/1—[00—[00[0000]

xe‘Qa’”’U[o a BV o 6.0 0h Loy 0}<0, (3.47)

T
Mg=M~10 000001 ~100]

><e*2c”72N[0 0000G0TI —I 0 o}<0, (3.48)

T
M4=M—[OO—IOOOOIOO}

xe‘Qa"QN[o 0 -7 0000 T 0 0}<0, (3.49)
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where

P11
P12
P13
P14
P15
P16
P17
P18
P19
P1a
D1t
P1c
P22
P23
P24
$25
P26
P27
P28
P29

d11 P12 P13 P15 P

* P2 do3 P25 Do

* ok w3z w3z P36

* * *  wss O

* * * *  Wee

* * * * *

* * * * *

* * * * *

* * * * %

| x * * % %
— Py — Py,
—P — P,

— Py,

PIW1G — Pis,
— Py,

— Py,

—PlAy — Py,
PIWy — Py,
—-Pj +PI'B,
—PLL P

T
—P{ A+ PIWyF + P, — Ps,
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P17
P27
w37
P57
P67
P77

P19
$29

w39

®79

wag

P1a
P24
W3a
Psa
P6a
¢7a
$9a
$10a

b1p
P2
P3p
Psp
Db
o)
Pop
P100
P110

(blc
¢2C
¢3c

¢60
¢7c

®10¢
¢llc
¢120




$2a = —PlAy— Py,

b = PiWy— Py,

¢oc = —Pia+ Py B,

¢33 = —ATPy— PIA+ FTWI Py + PYWoF + PL + Py + aPL 4+ aPy3
+Q+ QT —e 2R _e720hap L Py 7T _ g=20m N[ _ o720 \f
+K?HDyH + K*H'DIHT + ATA + FWIWoF + 2F? + ATWoW]' A
+ATW W] A+ ¢ETE, + eETEoF + ¢FTEYE, + eFTEL EyF,

p3s = —ATP + FTWIP,+ Ps + e 20MR,

¢35 = —ATPs+ FTWIPs+ Pig+ e 2ah2 R

¢3¢ = PL—ATPs+ FTWIPs+ Pi;+ AT — ATDT + FTWIDT,

¢3r = PIWLG — ATP, + FTW{I P; + Pig+ FTWIW.G + eETE\G,

+eFTELELG,
¢z = —ATPy+ FTWI Py + Pig + e 22M M,
¢39 = —ATPy+ FTW(;‘FPE) + Pyy + e 2 ),
¢30 = —PlAy— ATPyo+ FTW{ Pig + Py,

b3y = PIWy— ATPy + FITW{I P + Py — AWy + FWI W, + eEL By

+eFTELE,,
¢3c = —ATPi,+ F'W{ P, + Py, + PI'B,
¢55 _ _e—Qath v e—?ath o 8_2ah2U

951 = PLWIG +e 22U,

$sa = —PiAs,
dsp = PIWs,
¢sc = PIB,

b6 = hiR+h3R+ (h1 —h2)?U + niM + 3 M + (m — m2)>N
—2D + I + D* + WoW{ + Wiy,
ds7 = P{WiG+ DWiG,
b6 = —PiAs,
dop = DP§ Wo—Ws+ DWo,
s = DB+ PIB,
drr = PIWLG+GTW]I P, — e 202y — e=20h2yT L GWIW,G + eGTETELG
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P78
P19
P74
o)
Prc
P99
P94
Pop
P9c
P10a
P106
P10
P11
P11c
P12¢

+2G2,

GTwi P,

GTwlpy,

—PLAy + GTW] Py,

PIWy + GTWI Piy + GWEW, + eGP E] By,
G"W{ P, + P/ B,

—e M _ gT2m \p _ e=20m2

—PyyAy + e 2N,

Py Wa,

Py B,

—PL Ay — AT Py —e20m N _ o720m NT
PEW, — AT Py,

~ AL Py, + Py,

PIWy + WlP, —e 2Dy — e 2 DI + WIW, + eETE;,
Wi Py, + Pl B,

BTP,, —el.

Proof. Choose a Lyapunov-Krasovskii functional candidate as

where

6

V(t,a) =Y Vi, (3.50)

=1

Vi = e (ETP),
t
Vo = / 52T (5)Qux(s) ds,
t—ho
0 t
Vs = hy / / 2Tl (DU (1) dr ds,
—hgo Jt+s
t
Vi = / e2s2T (s)Tx(s) ds,
t—m2

0 t
Vs = m / / > i (1N i (1) dr ds,
—n2 Jt+s

= t te2meT x(7)) dr ds
Vo= k[ [ e (a(r) Dohla(r))drds.

with ((t) = [AT(t) y"(t) 2"(t) «"(t—h2) 2" (t) 2"(t—n(t)) «"(t 1)
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T (t ft k) P s5))ds)T pT(t)]T, and

00 00O0O0OO0OO0OO0O0
E=100000000°O0O0]/,
007 0O0O0O0OO0OO0O

P P P53 P P P Py Py P P
P=| Py Pi3s Puu Pig Pir Pis Py Py Py Py
0 0 Py3 0 0 0 0 0 0 0

Using the similar method as in Theorem 3.1.1, we have

Vita) < T M) = Ble(t) — z(t — h(t)]Te 2
xUlz(t) — x(t — h(t))]
—(1 = B)[z(t - h(t)) — z(t — ha)]"
xe 22U [x(t — h(t)) — z(t = ha)] + T ()MC(2)
—alz(t) —a(t — O] e >Nz (t) — x(t - n(t))]
—(1 = a)[z(t = n(t) — z(t —m2)]"
e 2N [x(t — (t)) — @(t — m)]}.

remaining part of the proof immediately follows from Theorem 3.1.1. This completes the

proof. O

3.2 Exponential stability of neutral-type neural networks with interval

non-differentiable and distributed time-varying delays

Throughout this section, we assume that all eigenvalues of matrix Ay are

inside the unit circle. Let B = 0, from system (3.5) we have the following system:

y(t) = @(t) — Aa(t —n(t)) : (3.51)
y(t) = —Ax(t) + Wof(x(t) + Wig(z(t — h(t)) + WQ/t " h(z(s))ds.

Theorem 3.2.1 Given o > 0. The system (3.51) is a—exponentially stable if there exist
symmetric positive definite matrices Po3, S, D, Q, R, U, T, M, N, Do

and matrices P;,i = 1,2,...,22 of appropriate dimension such that the following LMIs
hold :
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where

P11
P12
b13
P14
P15
P16

T
M1=M—[OOOOIO—IOOOO]

><e‘20"‘2U[0 000770 —I 000 0}<0,

T
M2:M—[OOO—IOOIOOOO]

><e_2°‘h2U[ 0 00

M3=M—[0 00 00

X 6726”72]\7{ 000

M4=M—[O 0 000

X 6_20‘7’2]\7[ 0 00

[ o1 b2 ¢z

* oo P23

* % ¢33

% * *

* * *

=] x x  x

* k *k

* *k >k

* k k

* k k

L * k k
— P}, — P,
Pl — Py,

P14
P24
¢34
Paa

*

15 P16 P17
Ga5 P26 Pt
b35 P36 Pt
0 0 ¢
¢55 0 @57
* Qo6 Per
* % o7
* * *
* % *
k * *
* * *
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P18
P28

$38
0

0
0

@78
¢ss

®19
®29
®39

T
OOOI—IO}

T
00—1010}

P1a
$2a
?3a
P4a
P50
P6a
®7a
®8a
$9a
$10a

ES

—IOOIOOOO}<0;

00000[—10]<0,

OOOO—IOIO]<07

)
P2
®3p
Pap
Psb
Do
o)
Psb
Pop
P100
P116

(3.52)

(3.53)

(3.54)

(3.55)



P17
P18
b19
P1a
D1
P22
P23
P24
P25
P26
P27
P28
$29
$2a
P2
P33

P34
P35
?36
P37
P38
P39
P3a
P3p
Paa
Puar
P4a

— P,

— Py,
—PLAy — Py,
PIWy — Py,
—pPlI — P,

— Py,

— P Ay — Py,

PyW, — Py,

~ATPy — P{ A+ FTW{ Py + PfWoF + Pl + Py + aPss + aPa
+Q+ QT —e20mp _e720hep L 4 TT _ g=20m g _ g=20m2 1
+K2?HDyH + K2HTDIHT + ATA+ FWI Wy F

+2F% + ATWoWT A+ ATw W A,

—ATP + FTWI Py + Pis 4+ e 20 R,

—ATPy + FTWE P 4 Py + e 22™2R,

P — ATPs + FTW{ Ps + Py + AT — ATDT + FTWi DT,
PIW\G — AT P, + FTWI Py + Pig + FTWI WG,

—ATPy + FTWE Py + Py + e720m M,

—ATPy + FTWE Py + Pyg + e729m )

—PLAy — ATPyy + FITWE Pyo + Poy,

PIWy — AT Py + FTW] Piy + Poy — ATWo + FW{ W5,
_ef2ah1Q _ e 20hip _ p20hapy

PIW,G + e~ 2eh2yy,

—PL A,
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b = P{Ws,

P _e—2ah2Q _ o 20hap 20k U,

ds7 = PIW,G +e 202y,

¢sa = —PlgAs,

b5y, = PIWo,

de6 = MIR+h3R+ (hy — ho)?U +niM +n3M + (m — n2)*N — 2D + I 4 D?
+WoWd + Wy,

ds7 = PIW,G+ DW\G,

b6 = —PirAs,

by = P§Wo—Wa+ DWho,

v = PIWG+GTWIP, — ey — e720h2yT 4 qWIW,G + 2G?,

prs = GTWIH,

pr9 = GTWIP,

bra = —Pighs+ GTW] Py,

¢ = PIW,+GTWI Py +GWlWs,

dgs = _e~2amp _ o=2am r 6—204772]\/',
¢sa = —PigAs+e 2*PN,
psp = PiWa,
o9y = —e M _eT2am )\ _ m20m N
$9a = —PLAy+e20mN,
boy = Py Wa,
(blOa = —PzziAQ -3 Agp21 - €_2a772N - 6_20‘772NT,

brop = PLWa— Al Py,

b1y = PLWo+WIP, —e2%Dy — 2k DT + wiw,.

The solution z(t) of the system satisfies,

o)) < \/a\|¢ll2 A L [ (3.56)

)\min (P23) '

—2ahg

where a = Amax(Pa3) + 2h3Amax (R) =52 4 B2 A s (U) 162

_ 2« _ 2« _ ,—2ak

+ 203 A nax (M) =" 4 13\ (N) 76" 4 k2 \pax (H Do H) 1257
_ ,—2ah _ 2«

b= 2)‘maX(Q)1627a2 + 2)‘maX(T)1 eza 2 and | M1]| = Sup—dgsgoH‘T(S)H'
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Proof. We consider the following Lyapunov-Krasovskii functional

V(t,x¢) va

where
i = (BT PC(),
t
Vv, = 2as,, T d
s = [ et en(s) s
t
Vs = / e 21 (5)Qu(s) ds
t—ho
0 gt
Vi = I /—h1 /t+s 27 il (1 Ri(7) dr ds,
Vs = hs /(;2 /t; > T (1) Ri(7) dr ds,
—h1 t
Vo = (ha—h 2ar i V(U (7) dr ds,
5 (ha 1)/_2/+$e ' (r)Uz(1)drds
Vi = " s T(s)Tx(s)ds
T = /t\nle € )
t
Ve = 2as, T gn d
3 /tme ' (8)Tx(s) ds,
0 st
Vo = 2073 T (T)Mi(7) dr ds,
9 nl/_nl/tJrse & (r)Mz(7)dr ds
0 st
Vio = 2073 T (Y M (7) dr ds,
0 = m [ [ M) drds
11 (12 771/ /+8 &* (1) Ni(r)dr ds,
Vig = 2 (x(7))Doh drds,
? //+ 7)) Doh(a(r)) dr ds
where ((t) = [AT(t) y"(t) «"(?) T(t—hl) T(t—h2) #T(t) «"(t — h(t))
2Tt —m) 2Tt —m) 2Tt —nt) (g ) ds)" ",

A(t) = x(t) — Asz(t — n(t)) and

000 0O0O0OO0OO0OTO0OTO0OF®
E=100000000O0O0°O0/|,
007 00O0O0OO0OO0OO0O0

P P P Py P5 P P B Py P Py
P=1| Py P35 Py Pi5 Pi¢ Pir Pis Pig Py P Py
0 0 Py O 0 0 0 0 0 0 0
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Taking the derivative of V (z;) along any trajectory of solution of system (3.51), we have

Vi = 20e2zT () Pysa(t) + 2202 T (1) Pygic(t)
0
= 20?21 (1) Pogar(t) + 22°1¢CT () PT | 0
(t)

From (3.51), we have

Vi= 2ae®T(t) Pysa(t) + 2e29¢T (t) PT
—y(t) — Az(t) + Wo f(z(t) + Wag(a(t — h(t))
FW JE, ha(s))ds,
—A(t) + 2(t) — Agz(t — n(t)),
(t)

Using condition (3.3) we have,
Vi < 26 faal (8) Poga(t) — AT () Ply(t) — y" () P y(t) — 2" () P5 y(t)

— & (t = ho) P y(t) — & (8) P y(t) — 2" (t — h(t)) P y(t)
— " (t—m)PJy(t) — & (t = m) Py y(t) — 2™ (t — n(t)) Py (t)
—( /t Cocs h(x(s)) ds)" Pliy(t) — AT(6) P Az(t) — y" (t) Py Ax(t)
— 2T () PL Ax(t)) — 2T (t — hy) P] Ax(t) — 2 (t — ho) PT Ax(t)
— & (4) Py Ax(t) — aT (¢ — h(1)) P7 Aw(t)) — ' (¢ — ha) P y(t)
— xT(t — nl)PgA:r(t) — 2T (t — 772)P9TAx(t) — xT(t £ n(t))Pngx(t)
—( /t ;(t) h(z(s)) ds)T PL Ax(t) + AT () PEWoFx(t) + yT (t)PT Wy Fx(t)
+ 2T () PIWoFx(t) + 2T (t — hy) P WoFx(t) + 27 (t — ho) PTWoFx(t)
+ 2T () PIWoFa(t) + 2T (t — h(t)) PTWoFx(t) + 27 (t) + n) PT Wy Fa(t)

+ 2T (t — o) PYWoFa(t) + 27 (t — n(t)) PLWo Fa(t)
" (/t;(w h(z(s)) ds)" PiWoFa(t) + AT (t) P{ W1 Gz (t — h(t))

+yT () PIWiGz(t — h(t)) 4+ 2T (1) PE W G(t — h(t))
t — h1)P{WiGa(t — h(t)) + 2T (t — he) PTW1Gx(t — h(t))

+ 2T

+ & () PIWLGa(t — h(t)) + T (t — h(t)) PY W G(t — h(t))

+ 2T (t — ) PITWAGa(t — h(t)) + T (t — m2) PY WG (t — h(t))
+ 27

t —no) PE WG (t — h(t)) + 2 (t — n(t)) PLW1Gx(t — h(t))

41



ny / () AT PIWA Gt — (1))~ AT (1 PTTW, / L h(a(s)) ds
t—k(t) t—k(t)

t t

h(z(s)) + xT (t) P Wy / h(z(s))dsds

T () PIW, /
t—k(t)

t—k(t)

+ :L“T(t — hl)P4TW2/
t—k(t)

t t

h(xz(s)) ds + x (t — he) PE Wy /tk(t) h(z(s)) ds

t t

h(z(s))ds + xT (t — h(t)) P Wy / h(z(s))ds

+ T (t) PE W, /
t—k(t)

t—k(t)
t

+ l’T(t — 771)P8TW2 /
t—k(t) t—k(t)
t

+ 2T (t — n(t)) PLW, / h(x(s)) ds
t—k(t)

+ (/ h(z(s)) dS)TPﬂWZ/ h(z(s))ds — AT(t)PlTQA(t)
t—k(t) t—k(t)

—yT (OPHA() — 2" () PLA) — 27 (t — ha) PEA(D)
— 2 (t — ho) PigA(t) — & (£) PR A() — « (t — h(1)) PisA(t)

— 2T (t = m)PLA®)) = T (t — n2) Pl A(t) — a7 (t = 0(1)) PHA(L)
= ([, M) 9T ERAW) + AT Phatt) +" (0P

+ 2T () PLa(t) + 2T (t — h1) PEx(t) + 27 (t — hy) Pl (t)
+ 2T () PLa(t) + 27 (t — h(t)) PR (t) + 2T (t) — m) Phx(t)

+a” (t — n2) Pya(t) + 27 (t — n(t)) P (t)
+ ( / h(x(s)) ds)" Py (t) — AT(t) Pl Ag(t — 1(t))
t—k(t)

—y" (t) Pl Az (t — n(t) — ” (t) Pl Ay (t — (1))
— aT(t — ha) Pl Asa(t — n(t)) — 2" (t — ho) Pls Ag(t — (1))
— &7 ()Pl Agz(t — n(t)) — 2" (t — h(t)) PlsAsa(t — n(t)) — 27 (t)

— ) PlgAsa(t —n(t)) — ot (t — 1) Pip Agr(t —(t)) — 2™ (¢
= (1)) Py Az (t — () — (/ h(z(s)) ds)" Py Az (t — 1(t))

t—h(t)

+ 2T (t) Posi(t), (3.58)
Vo =2t 2T (1) Qu(t) — e 22T (t — hy)Qu(t — hy), (3.59)
Vs =e2aT (1) Qu(t) — e 2 m2) 3T (t — hy)Qu(t — ha), (3.60)
Vi <e*niiT (H)Ri(t) — hy /t ihl 53T (s)Rix(s)ds], (3.61)
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Vs <e®Un2iT (1) Ri(t) — ho / t 53T (s)Ri(s)ds], (3.62)
t—ho
t—h1
Vo <e?*[(hy — h1)2&T (t)Ui(t) — (hg — hy) /t B e253T (s)Ui(s)ds)]. (3.63)

Applying Lemma 2.3.3 and the Leibniz-Newton formula, we have

h /tthl 7 (s)Rix(s)ds < — | /:hl j;(s)]TR[ /tthl i(s)]

< — [z(t) — 2(t — h)]TR[x(t) — 2(t — hy)]
= — 2T (t)Ra(t) + 227 (1) Rx(t — hy)
— 27 (t = h1)Rx(t — hy). (3.64)

Applying Lemma 2.3.3 and the Leibniz-Newton formula, we have

~ho /t; i1 (s)Ri(s)ds < — [/tihQ ;;;(S)]TR[/;M Jb(s)}

< — [x(t) — z(t — ha)]TR[x(t) — 2(t — ho)]

= _ xT(t)Rx(t) + 2xT(t)Rx(t — hg)

— 2L (t — ho)Rx(t — ho). (3.65)
Note that
t—h1 t_h(t)
3 l —t— — i1 (s)Ui(s)ds
—(hQ—hl)/t_hQ i1 (s)Ui(s)ds = — (ha hl)/t_hg (s)Ui(s)d
t—h1
~ (hy — hy) /t AT b
t—h(t)
= — (ha — h(t)) /t_h i (s)Uz(s)ds
t—h(t)
— (h(t) — hn) /t_h T ()Ui(s) ds
t—h1
— (h(t) — hy) /t_h(t)x (s)Ui(s) ds
t—hq
— (ha = h(t)) /t_h(t) iT(\Uis)ds.  (3.66)

Using Lemma 2.3.3 gives

t—h(t) t—h(t)

il (s)Ui(s)ds < — [/ i(s)dS]TU[/t

t—ho —ho

t—h(t)

(e = h(t)) |

. :'C(s)ds}

< — [w(t = h(t)) — (t — ho)]"Ula(t — h(t))
—2(t — hy)], (3.67)
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and

bt . t—h1 T t=h1
—(h(t) — h1) /t—h(t) 2 (s)Ux(s)ds < — [/t—h(t) x(s)ds} U[/t—h(t) x(s)ds]
< — [zt —hy) —z(t —h@)) Uzt — hy)
—z(t — h(t))]. (3.68)

Since 0 < hy < h(t) < hy we get = h,f%h}g) < 1. Then

t—hy t—h1
—{hg—iwﬂ)LnMﬂiTQQin)ds:——ﬂ Fﬁ@ﬁhg—hqﬁ@@ﬁUi@)ds
t—h1
<-p (h(t) — h1)2T (s)U(s)ds
t—h(t)
< — Blz(t — hy) — x(t — b)) Ulz(t — hy)

— a(t — h(t))], (3.69)

and

t—h(t) t—h(t)
—{h@)—in)/:h iT@ﬂUi@)ds:——U;—B)Aqh (hg — h1)2T (s)Ui(s) ds

t—h(t)
g—«1—5{[ (hg — h(t)aT (s)Ui(s) ds

—ho
<= (1= B)[z(t — h(t)) — x(t — ho)]"
X Ulz(t — h(t)) — z(t — ha)]. (3.70)

From (3.66)-(3.70), we obtain

t—hy
_MQ_M)Zh #T(8)Ui(s) ds < — [a(t — h(t)) — 2(t — h)]”

x Ulz(t — h(t)) — z(t — h)]
— [w(t — h1) — 2(t — h(t))]"

x Ulz(t — hy) — a(t — h(t))]

— Bla(t = ha) — x(t — h(t))]"

x Ulz(t — hy) — (t — h(t))]

— (1= Bt — h(t)) — x(t — ha)]"

x Ulz(t — h(t)) — z(t — hg)]. (3.71)
Ve =T ()T (t) — 2T (¢ — p)Ta(t — ), (3.72)
Ve =22l (t)Ta(t) — )T (¢ — o) T (t — ), (3.73)
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Vo <e®tm2iT (H) Mi(t) —m /t e253: T (sYMi(s)ds],

t—m

t
Vao < T (OMalt) —ma | 3T (5)Md(s)ds),
t—mn2

Vir <e®[(n2 — m)*a" ()N (t) — (112 — m) /t__m e***iT (s) N (s)ds].

Applying Lemma 2.3.3 and the Leibniz-Newton formula, we have
t t T t
- / 7 (s) Mib(s)ds < — | / i(s)] M| / (s)]
t—m t—m t—m
< — [2(t) = @(t —m)]" Ma(t) - x(t —m)]
= — 2T (t)Ma(t) + 227 () Mz (t — m)

— & (t —m)Mx(t —m).

Applying Lemma 2.3.3 and the Leibniz-Newton formula, we have
t t

T / i <= [ [ o] [ a0

—m2 —n2 t—n2
< —[w(t) — x(t — )] Mz(t) — x(t — )]
= — 2l (t)Mxz(t) + 227 (t)Mx(t — o)

— & (t = m2) Mx(t — o).

Note that

t—m t—n(t)
= m) | " 4T (s)Ni(s) ds = — (2 — m) / AT (5)Ni(s) ds

t—mn2 t—n2

— (2 —m) / :h) i (s)Ni(s)ds
t—mn(t

t—n(t)
__(m_n(t))/ AT () Nii(s) ds

t—mn2

t—n(1)
= (n(t) —m) / i (s)Ni(s) ds

t—mn2

~ ) - m) | () i (5)Nii(s) ds
t—mn(t

— / #T(5)Ni(s) ds.

—n(t)
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(3.74)
(3.75)

(3.76)

(3.77)

(3.78)

(3.79)



Using Lemma 2.3.3 gives

—(n2 — n(t)) /tn(t) i1 (s)Ni(s)ds < — {/tn(t) :'c(s)ds} TN[/tn(t) a':(s)ds}

< = [zt = n(t) — x(t = n2)] " Nla(t - n(t))

—xz(t —n2)], (3.80)
and
— — t—mjst z(s)ds < — t_mi:s ST t_mi“s s
o) —m) [ T Neyds <= [ [ atas] N[ [ sy
< — [zt —m) — x(t —n(t)]" Nz(t —m)
— z(t = n(t))]. (3.81)
Since 0 <y < n(t) < ny we get a = 77;%775? < 1. Then
t—m t—m
— — #T(s)Ni(s)ds = — a — )" (s)Ni(s)ds
@) [T NEG) JARCEEEOEED
< -« " — )it (s)Ni(s)ds
<o - m GN)
< —ala(t —m) — 2t — ()] Nzt —m)
—z(t —n(t))]; (3.82)

and

t=n(t) t=n(t)
o) =m) [ dT N ds == (1=a) [ (- m)i ()Ni(s)ds

t—mn2 t—mn2

t—n(t)
<—(-a) [ " lm = n0)i" () N(s) ds

<— (1 —a)z(t —n(t) — x(t —n2)]"

x Nlz(t () — a(t — )] (3.83)

From (3.79)-(3.83), we obtain

(- m) / T AT (5)Ni(s) ds < — [a(t — n(8)) — a(t — )]
t—m2

X Nlz(t =n(t)) — x(t = n2)]
= [z(t —m) = z(t —n(t))]"
X Nt —m) — x(t —n(t))]
—afz(t —m) —a(t = n(t)]"

X Nzt —mn1) —x(t —n(t))]

46



— (1= a)fa(t — (1)) — a(t —m)"

x Nlz(t = () — 2t — )] (3.84)

t t

h(z(s)) ds)T Dy / h(z(s)) ds].

Vip < e k22T (t)H Do Ha(t) — ezak(/
t—k(D)

t—k(t)

(3.85)

By using the following identity relation

—&(t) — Ax(t) + Wo f(x(t) + Wig(x(t — h(t)) + Wa /t—k(t) h(z(s))ds

+ Agi(t —n(t)) =0,
we have

—2iT(t)Da(t) — 22T (t)DAx(t) + 22T (1) DWo f (x(t) + 227 (£) DWyg(x(t — h(t))
+ 2¢ T (t)DWy /t jk(t) h(x(s))ds + 227 (t) D Agi:(t — n(t)) = 0.

Using the condition (3.3), we have
— 25T (t)Di(t) — 22T (1) DAz (t) + 227 () DWo Fa(t) + 22T (t) DW G (t — h(t)
+ 2iT (t) DWW, /t \ h(z(s))ds + 22T (t) D As(t — n(t)) > 0. (3.86)
t—k(t

Consider

28" (1) DAz (t — n(t)) < & ())DDi(t) + (Azi(t — n(t)))" Azi:(t — (1))
< &7 (t)DDi(t)
+ [(t) + Az (t) — Wo f(x(t) — Wag(z(t — h(?))

t
W [ ha(s)as]Tla() + As(t) - Wof (alt)
t—k(t)

¢

~Wagla(t — @)~ Wa [ nia()as]!

IN

T (t)D2i(t) + 2T (t)a(t) + 27 (t) Az(t)

— & () Wof(x(t) — &T () Wig(a(t — h(t))

— T W, / C ha(s)ds + 2T () AT ()
t—k(t)

+ 2T () AT Az (t) — 2T (1) ATWo f (2(t)

— 2T () ATWyg(z(t — h(t) — 2T (t) AT W, / h(z(s))ds
t—k(t)
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— [ (a(@)Wg () — [T (x(t) W Ax(t)

+ [T (@ () Wy Wof (a(t) + f7 (x(t)) Wy Waig(a(t — h(t))

T ()W, / h(a(s))ds
t—k(t)

—g" (2t — h(t)))W] &(t) — g (a(t — h(t)))W{ Ax(t)
+ g7 (a(t = h(t))W{ Wof (z(t)

+ g7 (a(t — h(t) W Wig(a(t — h(t))

F e ROIWIW, [ na(o)ds

— t x(s))ds)T Wi i
([, s WE30)

— : TS S -’ x
(), o W as()
([ hal)ds) W Wof (a(t)

t—k(t)

t
( / h(x(s))ds) W Wig(e(t — h(t))
t—k(t)

t

! T T
y /t_k(t) h((s))ds) T WE Wy / h(a(s))ds.

t—k(t)
2T () D Asi(t — n(t)) < &7 (t)D?*a(t) + &7 (8)a(t) 4+ 227 () Ax(t)

— 2T (1) Wo f(x(t)) — 267 ()Wrg(a(t — (1))

_ 2T ()W /t ik(t) h(a(s))ds + 2T (£) AT Az (2)

— 2T () ATWo f (2(t)) — 227 () ATWig(2(t — h(t))

— 2T (1) AT, / Ba(s))ds + £ ()W Wo f (x(1))
t—k(t)

ST () WEWagla(t - h(t))

+ofT (e ()W Wy /t s

+g" (2t = h(1)W{ Wof(x(t))

+g" (x(t — h(t))W{ Wig(z(t — h(t))
+ 29T (a(t — h(E)WTW) /t R
+ (/tkt h(x(s))ds)TWgWQ/t h(z(s))ds.

—k(t)
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Using the condition (3.3), we have

26T () DAy (t — n(t)) < 2T (t)D%a(t) + &7 (t)a(t) + 227 (t) Ax(t)

— 22T () Wo fa(t) — 2" () Wiga(t — h(t))
— 22T ()W /t tk(t) h(z(s))ds + zT (t) AT Az (t)

— 2T () ATWoFa(t) — 227 (1) ATW, G (t — h(t))
— 22T (1) AT W, / t h(x(s))ds + T (t) FWI Wy Fx(t)
t—k(t)

+ 2L () FWI WG (t — h(t)
t
+ 22T () FWT W, / h(x(s))ds
t—k(t)

+ 2T (t — h(t))GWEWoFa(t)
+ 2T (1) FWTW, / C h(a(s)ds
t—k(t)
+ 227 (t - h(t))GWlTWQ/ h(x(s))ds
t—k(t)

' Tyx/T
+( /t—k(t) h(x(s))ds) Wy Wa /t_k@) h(z(s))ds. (3.87)

From (3.86), (3.87) and Lemma 2.3.4, we have

—2iT(t)Di(t) — 2T (t) DAx(t) + 227 (t)DWoFx(t) + 227 () DW G (t — h(t)
t

+ 22T (t)DW, / » h(z(s))ds 4+ &1 (t)D?%(t) + &1 (t)I&(t) + 247 (t) Az (t)

+ 2T OWoWd & (t) + a7 () F2x(t) + &7 ()W Wi &1 ()
+ 2T (t — h(t))G?2(t — h(t)) + 2T () ATWoWT Ax(t) + 2 (t) F2x(t)

+ 2T () ATWIWT Ax(t) + 27 (t — h(t))G2z(t — h(t))
—2iT()Wy / t h(x(s))ds + zT (1) AT Ax(t)
t—k(t)

— 2T () ATWoFa(t) — 22T (1) AT W1 G (t — h(t))
— 22T (t) AT W, / t h(x(s))ds + xT (t)FWI Wy Fx(t)
t—k(t)
+ 2T () FWE W Ga(t — h(t) + 227 (t) FWI W, / . h(x(s))ds
t—k(t

+ 2T (t — h(t))GWEWoFa(t) + 2 (t — h(t)) GWI WGz (t — h(t)
+ 22T (t — h(t)) GW{ Wy /t h(z(s))ds
t—k(t)
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¢ o t
+ (/t w“ h(z(s))ds) WiW, /t_k(t) h(z(s))ds > 0.

From (3.58)-(3.65), (3.71-3.78), (3.84-3.85) and (3.88) we have

Vit ) < 26 (aa (1) Pasa(t) — AT(0PLy(r) — o () PEy(t) — = () PFy()
S~ B )PTy(e) — a7 (¢ — ho) PRy(0) — 47 (1) Pyt
S~ () PLy(t) — 2 (¢ — ) PEy()
al(t —m2) Py y(t) — a" (t — n(t)) Poy(t)
~ / tk(t) h((s)) ds)T Phy(t) — AT (1) Pl Aa(t)

— 2T (t)Pf Ax(t) — 2T () PL Ax(t)) — 2 (t — hy) P{ Az (t)

! (t — h(t)) P7 Ax(t) — 2" (¢t — m) P Az(t)

—m) By Ax(t) — 2™ (t — n(t)) PlHAz(t)

(
— 2T (t — ho) PY Ax(t) — &7 (t) PE Ax(2)
(t —

—a’(

— (/ h(z(s)) ds)TPlTle(t) - AT(t)PlTWOFx(t)
t—k(t)

T PIWoFx(t) + 2T (t — ho) P WoFx(t) + m)PI WoFa(t)

+y

+ 2 () PIWoFx(t) + 2T (t — hy) PL WoFx(t)

+ 2T () PIWoFx(t) + 27 (t — h(t))PEWoFa(t) + 27 ()

+ 2T (t — o) PLYWoFx(t) + T (t — n(t)) PlyWoF(t)

+( /t t h h(z(s))ds)T PLWoFx(t) + AT () PTW1Gx(t — h(t))}

+ 2{yT (t)PIW Gz (t — h(t)) + 2T (t) PI W Gz (t — h(t))
+ 2T (t — b)) PEW1Ga(t — h(t)) + 2T (t — ho) PAW1Ga(t — h(t))
T PTWLGx(t — h(t)) + 2T (t — h(t)) PT W Ga(t — h(t))

(
+ 2T (t — m)PIWAGx(t — h(t)) + T (t — o) PL W1 Ga(t — h(t))
+al (= n(6) PlgWiGa(t — h(t))

+ (/ h(z(s)) ds)T PLW1Gx(t — h(t))
ke (t)
+ AT () PTI, / h(a(s)) ds + y7 (t) PTWs / h(w(s)) ds
t—Fk(t) t—k(t)

+ 2 (t) PsWs /t h(z(s))ds 4+ T (t — h1) P Wy /t h(z(s)) ds
t—k(t) t—k(t)

t t
+ 2T (t — ho) PT W, / h(x(s)) ds + @ (t) PL Wy / h(z(s)) ds
t—k(?) t—k(t)
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+ o (= b)) PTW) / () ds + 2T (1 — ) PTW / L () ds
t—k(t) t—k(t)

+ xT(t — ng)PgTWQ / h(z(s))ds + a:T(t — n(t))PlTOWg / h(z(s)) ds
t—Fk(t) t—k(t)

+ (/ h(z(s)) ds)TPfIWz/ h(z(s))ds — AT(t)PE;A(t)
t—k(t) t—k(t)
—yT () PisA(t) — 2T () PLA () — 2T (t — b)) PEA(t) — 2T (t — ho) PEA(t)
— & (t)PLA(t) — 2" (t — h(t)) PlRA(E) — ' (t — m) PlA(t))
— 2" (t — m2) Py A(t) — x” (t — n(t)) P A(t) — (/t " h(x(s)) ds)" Py A(t)

+ AT ) PLax(t) + T (t) PLa(t) + 27 (t) PLa(t) + 2T (t — hy) Pl x(t)

+ 2T (t — ho) Pl (t) + 27 (t) PLa(t) + 27 (t — h(t))PRa(t) + 2T (t — m) Pz (t)
+ 2’ (t — o) Py (t) + " (£ — n(t)) Pyya(t) + (/t o h(z(s)) ds)" Py (t)

— AT ()Pl Az (t = n(t)) — y' (1) Py Aza(t — (1))
— o (t) Pl Ag(t — n(t)) — 2T (t — ha) P5 Asae(t — n(t))
— 2T (t = ha) Plg Az (t — n(t)) — & (¢) Plz Asa(t — (1))
— aT(t = h(t)) Pig Az (t — 1(t)) — a7 (¢ — ) Plg A (t — (1))
2T (t = m2) Pag Aga(t — 1(t)) — x™ (t — 1(t)) P31 As(t — (1))

= (/ h(x(s)) ds)" Pay Aga(t — n(t)) + «™ (t) Py (1)}
t—k(t)

+ 2T () Qu(t) — e 2M T (t — h)Qu(t — hy) + 2T ()Qu(t)
— e 29201t — hy)Qu(t — ho) + M3z (t)Ri(t) — e 2M 2T (1) Ra(t)
+ 2e 200y T () Ra(t — hy) — e 2T (t — hy) R (t — hy)

+ h2aT () Ra(t) — e 2m25T (#) Ra(t) + 2¢ 21227 (£) Ra(t — ho)

—Q(th

x (t— hQ)R.fU(t — hz) (hQ — hl)Q.i‘T(t)Uii‘(t)

— e 22y Tt — p(t))Ux(t — h(t)) + e 22m22T (¢ — h(t))Uz(t — ho)

—2ah2

I

(
+ e720h2 0T (4 — py))U(t — h(t)) — e 2*R227 (£ — hy)Ux(t — hy)
ol (t — h))Ux(t — hy) + e 22227 (t — hy)Uz(t — h(t))
(

+e 22y Tt — p(t))Uz(t — hy) — e 2227 (t — h(t))Uz(t — h(t))
— Bla(t — h) —a(t = ()" e 22U [2(t — h1) — x(t — (D))
— (1= B)[x(t = h(t)) = x(t = ha)]" x e 22U [x(t — h(t)) — x(t — ho)]

+ 2T (O)Ta(t) — e 2T (t — ) Ta(t —my) + 27 ()T ()

o1



e 2om gl (t — )T (t — no) + el () Mi(t) — e 20maT (t) Ma(t)
+ 2e2M g T (Y Ma(t —m) — e 20MaT (t — ) Max(t — 1)
+n3aT () Mi(t) — e 22T () Ma(t) + 2222 () Mx(t — o)
t =) Ma(t — ) + (n2 — m)*a" ()N (t)
t—n(t))Na(t —n(t) + e >l (t —n(t)) Na(t — 1)

e 2am2 0. T (
(

M%T(t )N(t = n(6)) — e 2% (¢ — i) Na(t — )
(
(

~2a1p2,,
)
t—m)Na(t —m) + e 2Pz’ (t —m)Na(t —n(t))
t—n()Na(t —m) — e 2" (t = n(t)) Na(t —n(t))
alz(t —m) — z(t —n(t)] e >Nzt —m) — z(t —n(t)))
— (1= @)t — n(t)) — x(t — )" x e > N[zt —n(t)) — x(t —n2)]

+ 2k 2T (t)HDy Hx(t) — 26_20‘k(/t h(z(s)) ds)T Dy /t h(z(s)) ds
t— k(D) t—k(t)

—204772

2an2

+ 20T (t) Poga(t) — 227 (t) Dir(t) — 227 (t) DAz(t) 4 2i7 () DWoFx(t)

+ 2&T () DW1Ga(t — h(t) + 227 () DW, /t t . h(z(s))ds + &1 (t)D%i(t)

+ 2T () Li(t) + 227 (t) Ax(t) — 22T () WoFz(t) — 227 (1)W1 Ga(t — h(t))

— 2iT (£) Wy /t ik(t) h(x(s))ds + &7 (£) AT Az (t) — 227 (£) ATWo Fe(t)

—2eT () ATW1 G (t — h(t)) — 22T () AT W, /t tk(t) h(z(s))ds + zT (t) FWI Wy Fa(t)
227 () ATW, /t jk( \ h(xz(s))ds + zT (t) FW] Wy Fa(t)

+ 2L () FWEW1Ga(t — h(t)) + 22T () FWE Wy /:k( ) h(x(s))ds

+ 2T (t — h(t))GW{ WoFx(t) + z (t — h(t)) GW{ W, Gx(t — h(t))

+ 22T (t — h(t)) GWE Wy /t h(x(s))ds
t—k(t)

¢ ¢
Tyx/T
+ ( /t W h(z(s))ds)' Wy Wy /t_k(t) h(x(s))ds. (3.89)

Hence,
V(t,w) < T OMC(E) — Bla(t — hy) — x(t — h(t))]"e >
x Ulz(t — h1) — z(t — h(t))]
— (1= B[t = h(t)) — x(t — ha)]"
x e 72U [x(t — h(t)) — x(t — ha)] + (T (M ()
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—afa(t —m) —z(t —nt)] e N[z (t — )

—z(t —n(t))]

X e 2 N [(t —

Rt OI(¢!
+ OéM4]C(t)}

Since 0 < g < 1, (1 —

~ (1= a)fz(t —n(t)) — z(t —m)]"

n(t)) —2(t — )]}

— B)M1+ Mo+ (1 — a)Ms

(3.90)

B)M1 + BMs is a convex combination of M; and My and

0 <a<l1 (1—-aMs+ aMyisa convex combination of M3 and My.

Therefore,

(1=B)Mj+ BMsy < 0is equivalent to M; < 0 and My < 0, and (1 —a)Msz+ aMy <0

is equivalent to M3 < 0 and M, < 0 .

From V(z(t)) < 0, we get V(z(t)) < V(z(0)).

Note that,
Vi(@(0) = ¢ (0)ETPC(0) < Amax(Pas)l|o]*,
0 0
Vo(z(0)) = / eQasxT(s)Qx(s)dsg)\maX(Q)HMlHZ/ 5 ds
—hy —h1
B 21_672ah2
= Amax(Q M —— —
0 0
_ 2as T A M 2 2as
Vo) = [ el (5Qu)ds (@I [ et
—2acho
= Ana(@ >||M1||21‘§ ,
Va(z(0)) = hl/hl/s 27T (R (7) dr ds
< h2 maX 2 201Td
< Bt [
1 —2aho
= BB 6P —5—
Va((0) = hs /_ ¢ / 2075 T (Y R () dr ds
1— —2ah2
< BB,
Ve(z(0)) = hg/ / 207 3T (1) Ui(7) dr dis
1— 72ah2
< B )P e
0 0
Vi(z(0)) = / e2aSmT(s)Tm(s)ds§)\maX(T)||M1|2/ e ds
—m -
B 21—6_20‘772
- )‘maX(T)HMlH T 2a
0 0
Va(z(0)) = / eQasxT(s)T:c(s)dsg)\maX(T)HMl]Q/ 2% ds
72 —n2
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'21 ar2
2 b

'wmw::m/mA2MT PMi(r) dr ds

= Amax(T)|[ M|

IN

@MMMWW/ 7 dr
s

|2 1— —204172

= )‘maX( )||¢|
Vio(z(0)) = 27 T T)YMz(r)dr ds
10(2(0)) m/m/ -)

)

1—
< ng)‘maX(M)HQsz—v

Vii(z(0)) = 772/ / 207 T ()N (1) dr ds

1 — e—20m2
< M3 Amax(NV )H¢H2—

Via(z(0)) = / / e>*ThT (x(7)) Doh(z(7))dr ds

)

IN

0
E* Mmax(HDoH) || || / e dr
—k

1— 6—20416

= k*Muax(HDoH 2\
ax(H D2 H)|| || 2%

We have €2V )\ i (Pas)||z()[|? < V(t,2¢) < V(2(0)), V¢t > 0. Then ||z(t)]| < allglP+b Ml

Amin (P23)
wmwzam@mw@MMML£@+m%Mml2W+m%me%§@+
73 Mnax (V) 25 + W Ama (H D2 H) A5 b = 20nax(Q) 15552 + 2 (T) =52
and ||[M1|| = sup_g<s<ollz(s)|]. From Definition 2.3.8, we conclude that the equilibrium

point is a—exponentially stable. This completes the proof.

Remark 3.2.1 For the case when hy = n1 = 0, we have the following corollary for delay-
dependent stability of system (3.51).

Corollary 3.2.1 Given o > 0. The system (3.51) is a—exponentially stable if there exist
symmetric positive definite matrices Po3, S, D, Q,U, T, N, Do,

matrices P;,i = 1,2,...,22 i # 4,8,15,19 of appropriate dimension such that the fol-
lowing LMIs hold

T
M1=M—[OOOIO—IOOO}

xe‘zahQU[o 00710 —~I00 0}<0, (3.91)

T
MQZM—{OO—IOOIOOO}

xe‘za’”U[o 0 -1 001 00 0}<0, (3.92)
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where

P11
P12
P13
P14
¢15
P16
P17
P18
P19
P1a
P16
P22
P23
P24
P25

M3=M—[0 000001 -1 O}T

-2
X e 0"721\7[0 0000011 —I O}<0,

M4=M—[O 0 —-I 0000 I O}T

—2
‘e a’??N[o 0 -1 0000 I 0}<0,

d11 P12 P13 P15 P16
* P2 P23 P25 P2
k% w3z w35 P36
* * *  wsy 0
M= x x x * we
* * k * *
* * % k *
* * * k *
L * * * k *
—Pfy — Py,
—P{ — Py,

95

P17
P27
w37
P57
P67
P77

*
*

*

b19
b29
w39
0
0
P79

wo9

$1a
$2a
W3
P50
P6a
?7a
®9a
P10a

*

P10
P2
®3b
Psb
Peb
o)
Pop
P100
P116




p26 = —Fs,
$or = PIWLG— Py,

P = —Fx,
P29 = —Dy,
$oa = —PlAy— Py,

by = PIWo— Py,

¢33 = —ATPy— PIA+ FTWIPs+ PIWoF + Pl + Piy + aPL + aPys
+Q+QF —e20mp _e2d2p L T4 TT _ g720m [ _ g=20m2 \f
+K*HDyH + K?HT'DIYHT + ATA + FW{ Wy F
+2F% 4+ ATWoWe A+ ATw,wi A,

¢34 = —ATPy+ F'W{ P+ Pis+e MR,

¢35 = —ATPs+ FTW{ Ps+ Pig + e 2*™R,

¢s6 = Ph— ATPs+ FTW{ Ps+ Pir + AT — ATDT + FTW{ D",

¢z = PIWG— ATP, + FTW{ P, + Pis + FTW{ WG,

pss = —ATPy+ FTW{ Ps + Pig + 721 M,
ds9 = —ATPy+ FTWI Py + Py + e 2 M,
$30 = —PlAy— AT Pio+ FTW{ Py + Pa,

psp = P{Ws— ATPy + FTW{ Piy + Pyy — ATWo + FW{ W,

b5 = _e—gath _ e 20hap 20k U,

ds7 = PIWLG+e 202y,

¢sa = —PgAs,

¢sy = PIWa,

de6 = PIR+h3R+ (hy — he)*U +niM +n3M + (m —n2)®?N — 2D + 1 + D?
+WoWd + W Wy,

bs7 = PIW,G+ DWG,

b6 = —PirAs,

doy = P§Wo—Wa+ DWo,

v = PIW,G+GTWIP, — e 202y — e 2002yt qWIW,G + 2G?,

prs = G'WIH,

pr9 = G'WI P,

o6



¢ra = —PlAy+G W Py,
¢7b = P7TW2 + GTW1TP11 + GWlTWQ,

bgg = —e 20T _ =20mpr  o—20m N
¢9a - *P%AQ -+ 6_20‘772 ‘]\]7
boy = PJ W,

¢10a = —PgiAg — AgP21 — 6725”72]\7 o €f2cy172Z\7T7

b1y = PIWy — AT Py,
1 = PLWo+WIP,—e 2D, — e 2¢kDT + WI'W,.
11 2 2 2

Proof. Choose a Lyapunov-Krasovskii functional candidate as

6

Vit,a) =) Vi, (3.95)

i=1
where
i = T (ETPC(),
t
Vo = / e2%T (5)Qux(s) ds,
t

—ho

0 t
Vs = hg/ / 7T (Ui () dr ds,
—hg Jt+s
t
s = / e2sxT (s)Tx(s) ds,
t—mn92
0 t
Vs = 772/ / e T ()N (1) dr ds,
—n2 Jt+s

. i ! 21T S
AN k/_k/me BT (a(7)) Doh (7)) dr ds,
with ¢(t) = [AT(t) yT(t) 2T(t) zT(t —he) 2T(t) 2T(t — () 2Tt —n) 2T(t -
() (e M) ds)T]T, and
000O0O0OOTOO OO

E=100000000 0],
00 7 0O0O0O0O0O0

P P Py Ps P P Py P P
P=1 Py Pi3 Py Pg Pi7 Pis Py Pn P
0 0 Py O 0 0 0 0 0

Using the similar method as in Theorem 3.1.1, we have
V(ta) < T OME() - Bla(t) —a(t — h(t))]Te "
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xUlz(t) — z(t — h(t))]

—(1=B)fa(t — h(t)) — 2(t — ha)]"

(t)) — 2(t — ha)] + ¢ (H)MC(1)
)

xe 2h2 07z (t — h
—afz(t) —x(t —n()] e 2B N[x(t) — x(t —n(t))]
—(1 = a)[z(t—

n(t) — z(t —m)]"

n(t)) — 2t —me)l}-

xe 22 N [t

Remaining part of the proof immediately follows from Theorem 3.1.1. This completes the

proof. O

3.3 Numerical examples

Example 3.1.1 Consider the neutral-type neural networks with interval non-

differentiable and distributed time-varying delays (3.5) which was considered in [13] where

=2 1 0.15 0 —-2.1 0.1
A= >A2 - aWO = )
0 1.2 0.1 0.15 0.1 -—-1.1
0.2 0.3 0.2 —-0.1 02 0
1\= ) W2 - 7F 2 )
0.05 0.2 0.05 —0.02 0 0.1
05 0 0.1 0 1 0 1 0
G = H = 2 B, =
0 0.3 0 0.2 01 3 1
1 2 1 0 1 1 2 0
EO = 7E1 = 7E2 - )B - bl
0 1 1 1 5 1 1 1

a=0.01,k=0.1,h; = 0.02, hy = 0.03,m = 0.02,75 = 0.03.

By using the Matlab LMI toolbox, we can solve for symmetric positive definite matrices
Py3,S,D,Q,R,U,T,M, N, Dy and matrices P;,t = 1,2,...,22 , Pi,, Poq, € which satisfy

the criterion of Theorem 3.1.1 as follows.

30.0470  0.8150 68.6912 0
P23: 7S: )
0.8150 32.6045 0 68.6912
12.3451 —1.3047 0 68.5725 5.0212
~1.3047 14.3630 | 50212 63.9157 |
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B 21.6097 1.4802 = 18.4001 —0.0335
1.4802 21.2744 ’ —0.0335 18.2014
30.8753  3.0190 N 23.2963 0.7278
3.0190 29.0900 7 0.7278 19.0371
15.5821 4.2186 D 72.0443 7.8536
p— 5 2 p—
4.7458  21.5037 7.8536 41.0385
4 5.8690 —1.6304 " 0.0027 —1.1552
P =10 Py =10
0.6868 2.3363 1.1542 0.0037
4 —5.8927 —-0.2397 5.8532 —1.7476
0.8255 —3.4808 2.3400 7.0178
5.8457 —1.7458 13.5713 —4.5346
2.3367  7.0090 2.8440 17.2363
3 —0.2898 1.1540 11.7629 2.2980
—0.6939 1.0382 4.5635 10.6139
11.7591 2.2987 0t 1.5667 2.0908
- , 710 —
4.5618 10.6100 0.1030 0.3503
3 —0.5782 2.3082 3 0.0342 3.5345
Pii = 10 ,Piy =10
0.2310 —1.1541 —3.5354 0.0227
" —5.8671 —0.6862 4 —9.5369 —1.4191
Pi3 =10 Py =10
1.6301 —2.3350 —3.3207 —3.7382
—6.0381 0.9958 —6.0313 0.9943
Pi5 = , Pig =
1.3263 —3.2297 1.3244 —3.2262
4.7420 4.8654 3 5.4608 1.2703
Pi7 = ,P1g =10
0.2997 2.9305 4.3032 2.0192
—4.7528 13.5161 —4.7497 13.5151
Py = 20 =
2.2939 —2.1053 2.2930 —2.1038
3 —3.5359 0.5294 4 1.0923 0.2541
—0.5304 —0.0002 —0.5543 —0.1154
—20.2034 —6.9092 —15.4310 —8.6513
Pla — 2a —
6.7307 —20.5050 6.1200 —6.9284
e = 2.9050.

99



Therefore, the zero solution of system (3.5) a—exponentially stable.

Example 3.1.2 Consider the neutral-type neural networks with interval non-differentiable

and distributed time-varying delays (3.51) which was considered in [13] where

3.6 0 0.15 0 —1.198 0.1
A= Ay = Wo =
0 3.6 0 0.15 0.1 —1.198
0.1 0.16 0.3 —-0.15 04 0
Wl - s VV2 = 7F o ’
0.05 0.1 0.5 -=0.2 0 0.5
01 0 05 0 iV gV
G = H = S a=001,k=01,
0 0.2 or, /0.3 0 1

hi = 0.01, hy = 0.02,1; = 0.01, 75 = 0.02.

By using the Matlab LMI toolbox, we can solve for symmetric positive definite matrices

Ps3,5,D,Q,R,U,T, M, N, Dy and matrices P;,i = 1,2,...,22 which satisfy the criterion

of Theorem 3.2.1 as follow.

o[ 21218  —0.0306 o[ 22073 0
Py; = 10 .S =10
~0.0306  2.1505 0  2.2073
[ 5208801 —3.1925 e [ 23305 —0.0162
~3.1925 515.7363 | —0.0162 2.3165

836.1007 —8.8390 U 598.2972  0.3117
~8.8390 828.3419 | 0.3117  598.6342

640.4151  0.1757
0.1757  640.5371

1.3371  —0.0206
—0.0206  1.3269

M =103 ) N =
o [ 12711 —0.0189 576.4712  0.1817
D2 =2 1s()) ,T > )
3

—0.0189 1.2358 0.1817  576.4712

6.4712 0.1817 0.2937 —2.8980

P = Py =10
0.0063 6.1073 2.8909 0.2729
4 —6.5251 —1.3612 180.1920 —3.7038
P; =10 Py = ;
1.2104 —6.1325 —6.3561 170.8700
B 180.1558 —3.7031 —5.9101 —7.2824
5 = , Ps =
—6.3553 170.8356 —9.0571 —16.8555
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—15.9028 28.3103 313.4930 —-6.9121
P = Py =
—62.4622 90.0565 —8.0246 299.1290
313.4352 —6.9107 3 9.6587 0.2730
Py = , Pro =10
—8.0230 299.0739 0.0101 9.1147
3 —1.4533 0.8576 3 1.0505 0.9696
P =10 ,P1o =10
0.5823 —0.4302 —0.9627 1.0561
[ —64325 —0.0071 [ —26294 0.0123
Pi3 =10 , Py =10
—0.1824 —6.0699 —0.0342 —2.5546
—49.8768 —7.7773 —49.8671 —7.7759
Pi5 = , Prg =
—11.8317 —54.6362 —11.8303 —54.6258
—12.1795 —19.3401 3 0.6554 0.3056
P = , Pig = 10
—19.4301 —29.2370 2.1045 1.2220
27.6424 —11.8826 27.6582 —11.8805
Py = s Pog =
—11.8833 21.5242 —11.8811 21.5411
—51.8431 147.4216 4 2.0369 3.0629
Py = , Pog =10
—142.4171 —49.9921 —1.0093 —1.2254

Therefore, the zero solution of system (3.51) is a«—exponentially stable.
Example 3.1.3 Consider the neutral-type neural networks with interval time-varying
delay () — Axa(t —n(t)) = —Ax(t) + Wof (z(t)) + Wig(x(t — h(t))

which was considered in [13] where

1.2769 0 0 0
= 4 0 0.6231 0 0 ’
0 0 0.9230 0
0 0 0 0.4480
—0.0373 0.4852 —0.3351 0.2336
| —L.6033 0.5988 —0.3224  1.2352
B 0.3394 —0.0860 —0.3824 —0.5785 |
—0.1311  0.3253 —0.9534 —0.5015
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Wi

Az

0.8674 —1.2405 —0.5325
0.0474 —-0.9164 0.0364
1.8495  2.6117 —0.3788
—2.0413 0.5179  1.1734
—0.4425 1.0562  1.5111
0.3762 —0.9163 0.5464
1.8495  1.1717 —0.7028
—1.1143 0.5008  1.1512
0.4557 0 0 0
0 0.6575 0 0
0 0 0.3734 0
0 0 0 0.8657
0.1863 0 0 0
0 0.5317 0 0
0 0 0.6259 0
0 0 0 0.4096

0.0220

0.9816

0.8428
—0.2775

—0.2044
0.7713
0.2815
0.7171

Table 3.1: The maximum allowable upper bound hs for Example 3.1.3

Method h1 I a=0 a=1.5
[12] 0 0 1.932 -
[5] 0 0 1.674 0.983
[16] 0 1.08 1.541 0.633
[23] 0 0 1.7674 0.5382
[13] 0.491 1.434 3.201 2.311
corollary 3.2.1 0 unknown 3.521 2.942

Table 3.1. gives comparison of maximum allowable value of hy. We see that, the

maximum allowable bounds for hs obtained from corollary 3.2.1 are much better than

that obtained in [12], [5], [16], [23], [13].
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