CHAPTER 3
Robust stability criteria for uncertain
neutral systems with time-varying

delays and nonlinear perturbations

In this chapter, we consider the robust stability criteria for uncertain neu-
tral systems with interval time-varying state delay, bounded differential neutral
delay and time-varying nonlinear perturbations. The constraint on the derivative
of time-varying state delay is not required which allows the state delay to be a
fast time-varying function. Based on the Lyapunov-Krasovskii stability theory,
we derive new delay-dependent stability conditions in terms of LMIs.

We consider the following neutral system with time-varying delays:

o(t) = Ci(t —d(t) = A)z(t) + Bt)z(t —7(t)) + Di(¢) f1(t, (t))
+Ds (1) folt, x(t — 7(t)))
2(to+0) = 6(0), 0¢€|-h,0], (3.1)

where z(t) € R" is the state vector, d(t) is a neutral delay, 7(¢) is a time-varying

continuous function which satisfies
0< 7 <7(t) <mary 0<d(t) <d, d(t) <, (3.2)

where 7,,, Tar, d, 0 are constants and h = max{d, 7);}, the initial condition func-
tion ¢(t) denotes a continuous vector-valued initial function of ¢ € [—h, 0], fi(t, z(t))
and fo(t, x(t —7(t))) are unknown nonlinear perturbations satisfying fi(¢,0) = 0,
f2(t,0) =0 and

At a() fult, 2(8) < o2 (a(t),
f1 (ta(t —7(O) faolt, (t — 7(1))) < BT (¢ — 7(1)x(t — (1), (3.3)

where o and [ are positive real numbers. The uncertain matrices A(t), B(t),
Dy (t) and Dy(t) satisfy

A(t) = A+ AA(t), B(t) =B+ AB(t),
Dl(t) - D1 + ADl(t), Dg(t) — DQ + ADQ(t),
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where A, B, Dy, Dy € R™" are constant matrices with appropriate dimension
and AA(t), AB(t), AD;(t) and ADy(t) are unknown real matrices of appropriate
dimensions representing the systems time-varying parameter uncertainties which
satisfy

AA(t) = G1F(t)Ea, AB(t) = GoF(t)Ep,

AD;(t) = GsF(t)Ep,, ADs(t) = G4F(t)Ep,, (3.4)

where Gy, G, Gs, Gy, E4, Ep, Ep, and Ep, are known real constant matrices

of appropriate dimension. F'(t) is unknown time-varying matrix satisfying
FT(t)F(t) < 1. (3.5)

For simplicity, we denote fi(t, z(t)), fo(t,x(t — 7(t))), by fi, f2, respectively.

Let 7, = %(TM +7,,) and p = %(TM — Tim). Then 7(t) can be expressed as

T(t) = 7. + pE(1), (3.6)
where

T™M —Tm

27 (8)— (Tar +7m
{M) i > T,

0, T™M = Tm.-

Obviously [¢(t)] < 1 for this case, 7(¢) is a function belonging to the interval
[7. — p, 7. + p|, where p can be taken as the range of variation of the time-varying
delay 7(t). Using the fact that

2t —7.) — 2t — 7(t)) = /t _:) #(s)ds

system (3.1) can be rewritten as

#(t) — Ca(t —d(t) = A(t)z(t) + Bt)z(t —7.) — B(¢) / i(s)ds

t—7(t)

+D1(t) f1 + Da(t) fo (3.7)

3.1 Stability criteria for neutral systems

Now we present a new delay-dependent condition for the stability of system (3.7).

Assumption 3.1.1 All the eigenvalues of matriz C are inside the unit circle.
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First, we consider the system without uncertainty, namely AA(t) = AB(t) =
AD;(t) = ADy(t) = 0. Then we have the stability (3.7) criteria as the following.

Theorem 3.1.2 Under Assumption 3.1.1, nominal system of (3.7) with time-

varying delays satisfying (3.2) is asymptotically stable if there exist positive def-
inite matrices P, Q, Q1, R, S, W, matrices Ky, Ky, L;;, M;, 1 = 1,2,...;7 of

appropriate dimensions and 61, do > 0 such that
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¢s1 = BTK;— Ly — M,

¢35 = BTKy— L5 — Ms,

¢36 = —L¢— Ms,

¢37 = —L7— My,

b1 = Qi+ TR+ pS— K — K +p'W,
¢1i5 = K[C—K,,

dss = Ki D,

¢rr = KD,

¢ss = —(1-0)Q1+ K; C+CTK,
¢s¢ = K3 D,

¢s7 = K3 Ds,

Pes = —O011,

¢rr = —0al.

Proof. We prove the Theorem 3.1.2 is true for three cases, namely, 7, < 7(t) < 7¢;
7(t) = Te; and 7. < 7(t) < Ty
Case I: 1, < 7(t) < 7.. Choose a Lyapunov-Krasovskii functional candidate as

t

Wle) = aTOPe) + [T (0)Qu(ss + / H(5)Qui(s)ds

/ / 0)Ri(0)dbds + / / 6)dfds

—Te J1+s — t+s

+p / / 0)dbds, (3.9)
t+s

where P, Q,Q1, R, S and W are positive definite matrices. Taking the derivative
of Vi(z;) with respect to t along the trajectory of (3.7) yields

Vl(xt) = 22T ()Pi(t) + 27 (1)Qz(t) — 27 (t — 7.)Qx(t — 7.)
(t)Q&(t) — (1 — d(t))if(f — d(1))Qua" (t — d(t))
— /t 7 (s)Ri(s)ds — /t i (5)Si(s)ds

e

—p /t_Tm T (s)Wi(s)ds + 27 (t)(1.R + p*W + pS)a(t),
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IN

227 (1) Pi(t) + 27 (1)Qx(t) — 27 (t — 7.)Qx(t — 7.)
+T () Qa2 (t) — (1 — 8) & (¢t — d(t))Qa™ (t — d(t))

- /: 7 (s)Rir(s)ds — /t:(t) i (5)Si(s)ds

+i" (t)(re R+ p*W + pS)ir(t) — 2 (t — 7(t))Wa(t — 7(1)),
—2T(t — 1) Wa(t — 7,) + 227 (t — 7. )Wa(t — 7(t)).

Since d(t) < 6, we have

/ / T () Si(s)ds < — /t;:(t) 7(5)Si(s)ds,

t—Te

t—Tm t—7(t)
—p/ o7 (s)Wi(s)ds < —p/ @7 (s)Wi(s)ds.
t—Te

t—"Te

Based on Lemma 2.5.6, we obtain

t—7(t) t—7(t)
—p /_ ' () Wi(s)ds < —(1. — T(t))/ i (s)Wi(s)ds

t—Te t—"Te

IN

t—7(t) t—7(t)
— / 7 (s)ds) TV ( / 7 (s)ds)

t—7Te t—Te

< -2t — 1) Wa(t —7.) + 227 (t — 1) Wa(t — 7(t))
—2T(t — 7(t))Wa(t — 7(t)).

We get from the following equalities :

2 [;L«T(t)KlT 4T (t— d(t) KT ] x [Ax(t) VY Bi(t—71.)— B /t j(t) i(s)ds

+D1fi + Dofo + Ci(t — d(t)) — y’c(t)] —0, (3.10)

2[aT () LT+ (¢ — r(0) L + a7 (t — 7o) LT + T (L] + &7 (¢ — d($))LT

+f1TL6T+f§Lﬂ x [gg(t) T —/t f(s)ds} 243! (3.11)

t—Te

2T (M + a7 (t = 7 ()MT + 2" (t = T)MT + T (M + 37 (¢ - d(t) M]

t—7(t)
AT+ M) x [a(t = () - 2(t - 7) —/ i(s)ds| =0, (3.12)
t—Te
where Ky, Ky and L;, M;,1 =1,2,...,7 are some matrices of appropriate dimen-

sions. Next, from (3.3), for any scalars §; > 0 and J, > 0, we obtain

afe?z" (B)x(t) = AL 1] 20,
&[S (t — 7(t)x(t — 7()) — f5 f2] > 0. (3.13)
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By adding the terms on left of (3.10)-(3.13) to Vi(z;), we may express V;(z;) as

Vile) < 227 (0)Pi(t) + 27 ()Qu(t) — ™ (t — Te)Qw(t — 7o) + @ ()Qui(t)
—(1=0)a" (t — d(t))@Qua(t — d(1)) + &" (t)(TeR + pS + p*W)i(t)

¢ tT(t
—/ 3ds+2[ Tkt
t—Te

t—7(t)
T (¢ — d(t))KQT] [A:c(t) + Ba(t—r.)+ B / i(s)ds + Dy fy
(t)

t—Te

4 Dofs + Ci(t — d(t)) — i(t)] +2 [ﬂ(t)/:{ o (- 7(6) LT

o7 (t = 7 LF + (L] + &7 (¢ — d(6) LT + TLE + fT L7

X [m(t) —z(t—71) — /t x'(s)ds} +92 [xT(t)MlT + 2T (t —7(t))MS
o7 (¢ = 7o) MF + &7 () M] + &7 (¢ — d(®)MT + [TMT + 7 M |
X [x(t () —a(t—7) — /t > gz(s)ds} + 8 [a2 (t)a (1)
—flf] =2t =) Wat — 1) + 227 (t — 7 )Wa(t — 7(t))  (3.14)
—aT(t —7())Wat — 7(t) + 62 [ 22" (t — 7(1))x(t — 7(1)) — f5 fo]

¢ t—7(t)
| et

t—7(t)

1 T
=\ 5 t t,s)d
Te Jit—7. Wb s)bualt, s)ds Te — 7(t) t—7e

where

wh(t,s) = [z"(t) 2" (t—7(t) «"(t—7) &7 () &T(t—d(t)) fi' fi —3"(s)],

[ 611 b2 b1z P b5 b Gur T L] |
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—Zyn —Zyy —Ziz —Zu —Zis —Zie —Zir (Te—T

* % —Zs3 —Zsy —Zss —Zsg —Zsr (Te—7(t))Ms
by = * * * =y —ZLys —Zas —Zar P1 |
* * * * —Zss —Zse —Zst P2
* * * * x  —Zgg —Zer (Te —T(t))Ms
* * * * * * —Zm (Te — T(t)) M7
* * * * * * x =l —T1(t)|S

[ Zu Zn Zis Zu Zis Zis Zir O

% Zog Zoz Lo Zos Za Zar O

* * sz Zsa Zzs Zze Zar O

b _ * * x  Lag Las Lag Zyr 0
* * * %  Uss Lsg Zsp 0 ’

* * * * x  Lee Zgr 0

* * * * * x Lm0

| * * * * * * 0 |

0i = (re = TW)(~KTB+ M), i =1,2, Z > 0,i=1,2,..,7, Zyj, i = 1,2, ...,
j =1+ 1,..,7 are some parameter matrices of appropriate dimensions. From
(3.14) if ¢; < 0 and ¢y < 0, then Vi(z) < —Ai||z(t)||*> for some A\, > 0. Pre
and post-multiplying both sides of ¢y by diag{I,I,1,1,1,I,I,sgn(r(t) — 1)1},
we get that if

[ —Zn —Zv —Ziy3 —Zu —Zis —Zwe —Zir pM;
* ~Zoy —Udyz —Ly —Zos —ZLog —ZLop pMo
* e —Z33 —Z3 —Z3s —Zze —ZL37 pM;

* * *  —Zy —Zis —Zss —Zu p(—K{B+ M,)

T s« o« s Zy —Z —Zs p(—KTB+ M;)
* * * * * —Zeg —Zer pMg
* * * * * * — L7 pM;
* * * * * * * —pS
< 0, (3.15)

then ¢o < 0: which follows from ¢o < ¢ and Lemma 2.5.9. (3.8) holds if and
only if ¢; < 0 and (3.15) simultaneously hold. Then (3.8) hold if and only if there
exists a symmetric matrix Z, ¢; < 0 and (3.15) simultaneously hold. Therefore,

nominal system of (3.7) is asymptotically stable.
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Case II : 7(t) = 7. For this case, we choose a Lyapunov-Krasovskii func-

tional candidate as

t

Vaw) = 2T (8)Pa(t) + / £ (5)Qu(s)ds + / i (5)Quit(s)ds

t—d(t)
/ / 9)dods,
t+s

where P, @, () and R positive definite matrices are the same as those in Vi (x;).
Case Il : 7, < 7(t) < 7p For this case, we choose the Lyapunov-

Krasovskii functional candidate as

t

Vi) = a7 (t)Pa(t) + / T(5)Qu(s)ds + / T (5)Qut(5)ds

/ / 0)Ri(0)dOds + / / 0)dods
—Te J1+s —Tnv Jit+s
+p / / 0)dds,

—Tnv Jit+s

where P,Q,Q, R, S and Ware positive definite matrices the same as those in
Vi(zy).
By similar arguments used in proof of Theorem 3.1.2, we conclude that
the nominal system of (3.7) is asymptotically stable. The proof is complete. [
Based on Theorem 3.1.2, we can perform the robust stability analysis for
system (3.7) with uncertainties (3.4) and (3.5).

Theorem 3.1.3 Under Assumption 3.1.1, system (3.7) with time-varying delays
satisfying (3.2) and uncertainties (3.4) and (3.5) is asymptotically stable if there
exist positive definite matrices P, @, 1, R, S, W and Ky, Ky, L;, M;,i =
1,2,...,7 of appropriate dimensions and scalars ¢; > 0,9 =1,2,...,10 such that

[ My 12 P13 b O15 P16 P17 TeLlT pM,
¥ ¢ Gz G a5 P Par TeLj pM;
* *  Mss ¢34 @35 P36 P3r Te L? pMs
* % % My b5 s bar TLi p(K{B+ M)

M = * * * *  Mss  ¢s6  ¢s7 LI p(K] B+ Ms)

* * * * x Mg 0 TeLg p Mg
* * * * * x My Te[g p M
* * * * * * x  —T1,R 0

B * * * * * * * Myg i

< 0, (3.16)
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[ Mlll
GTK,
GTK,
GTK,
GTK,

| GTE,

M

[ M 211
GT I,
GT K,
GT I,
GT I,

| 1K,

My =

where

KTG,

—€1I

KIG, KIG, KTG, KIG; KIG, ]

—egl 0

0 —erl

0 0

0 0

0 0
—0.1K] = 0.1K,

—0.1Q; + 0.1K]C + 0.1CT K,

KTG,

0
—62[

KTG,

—68[

0
0

0
0

KIGs KlG,
0 0
0 0
0 0
—eqd 0
0 —e5l

0

0

0
—eol

0

¢11 + €1EZ;EA -+ GGEZ;EA,
¢33 + €2E£EB S €7E§EBa

Q1+ TR+ pS —0.9KT — 09K, + p*W,
—0.9Q; + 0Q; + 0.9K7C + 0.9CTK,,
De6 + €4E£1ED1 + egp’ ELEp,

¢r7 + esED, Ep, + €10p° ELEp,

—pS + 63p2E]§EB - eSpZEgEB.

0
0
0
0

—610]

<0,

<0

(3.17)

(3.18)

Proof. By choosing Lyapunov-Krasovskii functional as in Theorem 3.1.2, we may

proof this Theorem by using a similar arguments as in the proof of Theorem
3.1.2 by replacing A, B, Dy and D5 in (3.14) with A+ GF(t)Ea, B+ GF(t)Ep,

Dy + GF(t)Ep, andDy + GF (t)Ep,, respectively. For Case I :

Vile) < 227 (t)Pi(t) + 2" (H)Q
—(1—-d)i

t
_ / x'T
t—Te

ot

—d@)Q

Qu(t) —
12(t —

/t 7(t)

d(t)) +

2 (t = 7)Qu(t — 7o) + @ () Qua(t)

i (t) (TR + pS + p*W)i(t)

s)ds+2[ T(H)KT



il (t - d(t))K;f} [(A FGLF(t)EL)x(t) +

(B+ GoF(t)Ep)x(t — )

+(B+ GyF(1)Es) / T (5)ds + (Dy 4 Gy (1) Ep ) fu + (Do

t—Te

+G4F(t)Ep,) fo + Cia(t — d(t)) — :ic(t)] +2 [xT(t)LlT + 27t —7(t)) L

2 (t — 1) L3 + 2T () LY + 27 (t —d(t))L

D fTLE + LT X ()

—z(t —7.) — / &(s)ds] + 2 [xT(t)MlT + 2t (t — 7)) My + 2T (t — 7)) MT

t—Te

i (O)M] + &7 (6 — d(O)ME + [TMT + fTME| [t = 7(0) - 2(t - 7.)

t—7(t)
- / i(s)ds| + o1 [a%" (e (t) = [T 1] - T (t = T)Walt - 7.)

t—Te

4227 (t — T )Wa(t — 7(t)) — 2T (t — 7(t))Wa(t — (1))

+02[B%2T (¢ — ()2t — 7(t) — f2 f]-

(3.19)

By applying Lemma 2.5.5 and Lemma 2.5.11, the following estimations hold

28T (1) K] (A+ GiF(t)Ea)z(t) <

287 () K1 (B + G2 F(t)Eg)x(t — 7.)

IN

IN

t—7(t)
2iT (1)K (B + GoF (t)Ep) /_ i(s)ds

t—Te

2i"T (1) KT (D, + GsF(t)Ep,) f1

IN

2i" (1)K (Dy + G4F (1) Ep,) f2

IN

26

2i7 () KT Ax(t)

+e et (KT GLGT KL 2(t)

+eaal () ELE z(t), (3.20)
27 (1) KT Ba(t — 7.) (3.21)

—f—Egl’T(t r Te)EgEBx(t —T.),

27 (t) KT B / o i(s)ds (3.22)

t—Te

+e3 il () KT GoGy Kai ™ (t)

t—7(t)
—|—€3,O(/ i(s)ELEpi(s)ds),

t—Te

24" (1) K{ D1 fy

+esfl B} Ep, f1, (3.23)
2" (t) K\ Dy f

e 3T () K] G4GT Ky 2(t)
+€5f2TE1§2ED2f2, (3.24)



287 (t — d(t)) KT (A+ G F(t)E4)x(t)

267 (t — d(t)) Ky (B + GoF (1) Ep)x(t — 1)

2iT(t — d(t)) KT (Dy + GsF(t)Ep, ) f1

247 (t — d(t)) Ky (Da + G4F (t)Ep,) f2

t—7(t)

2i7(t — d(t))KT(B + G2 F (t)Ep) / i(s)ds

t—Te

Therefore, from (3.19)-(3.29), it follows that

Vi(z) < wl(t, ) Mw(t,s) + &7 (t)Qi(t) +

IN

IN

IN

IA

IN

227 (t — d(t)) K5 Ax(t)
tegtil (t —d(t)) KIG1GT Ky
xi(t —d(t)) + ez’ (t — d(t))
xEZEAx(t) (3.25)
@1 (t — d(t))K{ Ba(t — 7.)
+e?1 Tt = d(t) KT GoG3 K,
xi(t —d(t) + ez’ (t — 1)
xELEpx(t —7.), (3.26)
287 (t —d(t))KIDyfi  (3.27)
tegtat (t — d(t)) KT G3GE K,
x@(t —d(t)) + eo f{ Ep Ep, fi,
287 (t — d(1))KIDyfy  (3.28)
e il (t — d(t) KT GiGL K,
xi(t — d(t)) + e fa Ep, Ep, fo,

227 (t — d(t))KI B

t—7(t)
X / i(s)ds
t—Te

+egtat (t —d(t)KTIG,
xGE Kya™ (t — d(t))

t—7(t)
tespl / i(s)ES
t

—Te

X Epi(s)ds). (3.29)

2T (t — d(t))Qa(t —d(t)) (3.30)

where
Q = —01K! — 01K, + ¢'KI'G\GTK, + ;' KT G,GT K,
+e ' KT GoGY Ky + €, ' KT G3GY Ky + € ' KT GLGE K,
Qy = —0.1QT +01K]C +0.1CTKy + €5 ' K3 G1GT Ky + e ' K] GyGL Ko

e K] GGl Ky 4 e ' KT G3GY Ky + € KT G4GT K.

Applying Lemma 2.5.1, the inequalities 2; < 0 and €y < 0 are equivalent to

M; < 0 and My < 0, respectively. Therefore, system (3.7) is robust asymptoti-
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cally stable if the conditions (3.16)-(3.18) hold.
By using arguments similar to the proof of Case I for Case II and Case

IIT , we may conclude that the close-loop system (3.7) is asymptotically stable.[]

Remark 3.1.4 The method in this thesis has no restrictions on the derivatives
of the state delay, while traditional design methods is required the derivative of
them such as [5,12,14,22,25-27,42,53,59,67,70,73]. It is worth pointing out that

our proposed method can be used with fast time-varying delays.

Remark 3.1.5 Since, we need the negative terms along the diagonal entires of
LMIs (3.17) and (3.18), so the significance of splitting the term K; and @), are
needed. Observe that in LMIs 3.18 and 3.19, we required M;; and Moy to be
negative definite. Therefore in 3.31, we split —K; — K7 into (—0.1K; —0.1K]) +
(—0.9KT — 0.9K7) and —Q; = —0.1Q; — 0.9Q;.

3.2 Numerical examples

In this section, we provide numerical examples to show the effectiveness of

our theoretical results.

Example 3.2.1 Consider the following uncertain neutral system with time-varying

delay and nonlinear uncertainties which is studied in [59, 70]:
z(t) - Ci(t—d) = (A+AA®{))x(t) + (B+ AB(t))z(t — 7(t))

+(Dy + ADy () fi(t, ()
+(Da + ADs(t)) folt, x(t — 7(2))), (3.31)

where
—-1.2 —-0.1 —-0.6 0.7 —0.2 0
A - — 5 B — 5 C ot 5
—0.1 -1 -1 -0. 0.2 —0.1
—0.1 0 —0.1 0
Dl — ) D2 - )
0 —0.1 0 —0.1
and

AA(t) = GF(t)E4, AB(t) = GF(t)Ep, AD;(t) = GF(t)Ep,,
ADy(t) = GF(t)Ep,, FT()F(t)<I, G=~I, Ex=1, Eg =1,
Ep, =1, Ep, = 1.
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Table 3.1: Maximum allowable upper bounds 7, for v = 0.1.

a=0, =01 a=0.1, g=0.1
Restriction Maximum Restriction Maximum
Methods on 7(t) allowable 7, on 7(t) allowable 7,
[70] 7(t) < 0.5 0.704 7(t) < 0.5 0.689
[59] 7(t) <0.5 1.060 7(t) <0.5 1.040
no restriction no restriction
Theorem3.1.3 on 7(t) 1.0762 on 7(t) 1.0638

Table 3.2: Maximum allowable upper bounds 7,; for v = 0.5.

a0 B0 a=01, g=0.1
Restriction Maximum Restriction Maximum
Methods on 7(t) allowable 7 on 7(t) allowable 7y,
[70] 7(t) <0.5 0.259 7(t) <0.5 0.240
[59] 7(t) <0.5 0.450 7(t) <0.5 0.429
no restriction no restriction
Theorem3.1.3 on 7(t) 0.5333 on 7(t) 0.5207

It is assumed that the nonlinear perturbations satisfy

LAz @) < alle@l, 2062 = r@ODI < Blle(t —7(1)], « >0, 5> 0.

Applying Theorem 3.1.3, the maximum allowable value of 1), are given in the
table 3.1 when v = 0.1 and in the table 3.2 for v = 0.5. The results obtained in
[59,70] may not be used for the case when 7, # 0. Moreover, the differentiability
of the time delay 7(t) is not required in Theorem 3.1.3. Table 3.1 and Table 3.2.
Show that our results are less conservative than those in [59, 70].

Moreover, it should be pointed out that if we let 7, = 0.1 and 75, = 0.85,

29



then from Theorem 3.1.3, the solutions of LMI (3.16)-(3.18) are given as follows:

b [ 9.4597  0.3509 [ 09955 0.1967
B | 03509 1.9870 | 1 0.1967 1.0236 |’
0, = 05615 —0.0545 | [ 14211 0.1224
T 200545 02292 |77 | 01224 1.1393 |
P _ | 18164 02718 [ 04131 0.0520
B | 0.2718 1.7699 1 0.0520 0.3768 |
. _ | -18309 —00430 | [ 15341 10797
Y 20215 —1.9400 |7 | —1.1061 1.2226 |
. _ | 01656 —00202 | [ —1.3144 —0.4567 |
" | —0.1437 —0.3157 | - | 01806 —1.3580 |
. _ | 01514 —00s02 | [ —0.0047 0.0064 ]
| 00410 00423 |77° | —0.0036 —0.0045 |’
. _ | 00047 00064 | [ 17652 02207
T | —0.0037 —0.0046 | 1 0.0928 1.4950 |’
[ _0.2816  0.0203 | [ _1.4498 —0.0867
KQ = 7M1: s
| 0.0408  —0.1346 | | —0.0535 —1.3096
[ 12780 —1.0258 | [ 0.2312 —0.1717
M2 — 7M3: 9
| 11266 —0.9849 | | 0.0660 0.4381
[0.3926 —1.0687 | [ 0.3601  0.1664 |
M4 = ,M5: )
| 0.9108  0.5805 | | —0.1928 0.1095 |
[ 0.0032 —0.0046 | [ 0.0032 —0.0047 |
M6 - ,M’?: )
| 0.0110  0.0081 | | 0.0111  0.0081 |

5 = 2.0156, 8y =1.9922, ¢ = 0.4383, € = 0.4197, €3 = 0.5513, e, = 0.9140,
5 = 0.9042, ¢ =0.3288, e; = 0.3143, €5 = 0.4376, €9 = 0.9021, ;0 = 0.9003.

Figure 3.1. shows the trajectories of solutions z(t) and wz5(t) of the
system (3.31) with time-varying delay 7(t) = 0.1 + 0.75|sin 10¢|, d = 1, ¢(t) =
[sint, cost)], Vt € [—1,0], fi(t,x(t)) = [0.1sin |z (t)],0.1cos |z2(t)]]F, folt,z(t —
7(t))) = [0.1e7 s @1t=7(0) (1= 0s*220-7MT and F(t) = diag{sin®(t),sin?(t)}.
Since the time-delay 7(t) is not differentiable, the stability criterion in [59, 70]
can not be applied to this case because it is only applicable to the system with
the differentiable delay.
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Figure 3.1: The trajectories of z1(¢) and xs(t) of the system (3.31) with time-
varying delay 7(¢) = 0.1 4 0.75| sin 10¢].

Example 3.2.2 Consider the following uncertain neutral system with time-varying
delays considered in [26,67]:

B(t) — Ci(t — d(t)) = (A + AA®)z(t) + (B + AB)x(t — (),  (3.32)

where
—2 () -1 0 0
A= B= o= ,
0o -1 -1 -1 0 ¢
0 0
A =" T aBy =" 7,
0 7 0

0<|c <1, and v;, i = 1,2,...,4 are unknown parameters satisfying |y;| < 1.6,
|72| < 0.05, |y3] < 0.1 and |v4] < 0.3.

Case I. For ¢ = 0.1, 6 <0, d = 0.1, the maximum values of 7, is listed in Table
3.3 for ¢ = 0.1 by applying criteria in [26,67] and in . We see that, the maximum
allowable bounds for 73, obtained from Theorem 3.1.3 are much better than those
obtained in [26,67] and in Theorem 3.1.3 .

Case II. For ¢ = 0.1, § = 0.1, d = 0.2, the maximum allowable value 7,; obtained
from Theorem 3.1.2 is lised in Table 3.4. Note that the method obtained in [26,67]

cannot be applied to systems with time-varying neutral delay. Furthermore, the
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Table 3.3: Maximum allowable upper bounds 7;; of the time-varying delay for
different values of the lower bounds 7,,,d = 0.1 and ¢ = 0.1.

Methods T =0 | 7, = 0.5
[67] 0.658 0.793
[26] 0.852 0.894
Theorem 3.1.3 | 0.873 0.951

stability criterion in [14,52] required derivative of time-varying delay but Theorem
3.2 does not have restriction on the derivative of time-varying delay. It is obvious
that our obtained results are less conservative than those in [14,26,52,67].

Figure 3.2. shows the trajectories of solutions z;(¢) and x5(t) of the

system (3.32) with time-varying delay 7(¢) = 0.3 + 0.5] cos 10¢|, d(t) = 0.1sin*¢,
o(t) = [sint, cost)], Vt € [-0.8,0].
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Figure 3.2: The trajectories of z1(t) and xs(t) of the system (3.32) with time-
varying delay 7(t) = 0.3 + 0.5] cos 10¢|.
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Table 3.4: Maximum allowable upper bounds 7,; of the time-varying delay for
different values of the lower bounds 7,,, ¢ = 0.1 and § = 0.1,d = 0.2.

Methods

Tm = 0,¢=0.1,0 =0.1 and d = 0.2

[14]

0.57 with 7(¢) < 0.5

0.17 with #(¢) < 0.9

not applicable
with 7(t) > 1

[52]

0.7890 with 7(t) < 0.5

0.7199 with 7(¢) < 0.9

0.7216
with 7(¢) > 1

Theorem 3.1.3

0.8676 with no restriction on 7(t)

Methods

Tm = 0.5,¢=0.1,6 = 0.1 and d = 0.2

[14]

not applicable
with 7(t) < 0.5

not applicable
with 7(¢) < 0.9

not applicable
with 7(t) > 1

[52]

not applicable
with 7(¢) < 0.5

not applicable
with 7(£) < 0.9

not applicable
with 7(t) > 1

Theorem 3.1.3

0.9460 with no restriction on 7(t)
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