CHAPTER 6
A new absolute stability criteria for Lur’e
systems of neutral-type with

time-varying delays

In this chapter, we deal with the problem of absolute stability of neu-
tral type Lur’e systems with time-varying delays. By using a set of improved
Lyapunov-Krasovskii functional includes some integral terms, a matrix-based on
quadratic convex [68], combined with Wirtinger inequalities [58] and some useful
integral inequality, so some new cross terms will be introduced which enhance the
feasible stability criterion. By introducing new augmented Lyapunov-Krasovskii
functional which have not been consider yet in stability analysis of Lur’e sys-
tems, see [28,36,55,56,65]. The new stability condition is much less conservative
and more general than some existing results. Numerical examples are given to

illustrate the effectiveness of our theoretical results.

6.1 Absolute stability criteria for Lur’e systems of

neutral type

Consider the following Lur’e system of neutral type with interval time-varying

delay:

i(t) = Aja(t — 7(t)) + Az(t) + Ba(t — h(t)) + Cf(w(t)) + Dh(c(®)),  (6.1)
w(t) = Ex(t)=[E, By .. By x(t), Vt>0, (6.2)
o(t) = Fz(t —h(t)) =[Fy Fy ... F]"z(t—h(t)), Vt>0,  (6.3)

z(t+s)=o(t+s), ©(t+s)=p(t+s),s€[-m,0], m=max{hy, 7},

where z(t) € R", w(t) € R™ and o(t) € R*? denote the state vector and output
ones of the system, respectively; A, A;, B € R™", C € Rk D ¢ Rk
are constant matrices; f(Ex(-)) = [fi(Ez(")), ..., fr(ELz()]", h(Fa(:)) =

[ha (FLx(+)), ooy hiy (FiL2(+))]" are the nonlinear elements.
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Lemma 6.1.1 The Lur’e system of neutral type described by (6.1) is said to be
robustly absolutely stable in the sector if the trivial solution x(t) = 0 is globally
uniformly asymptotically stable for any nonlinear function (t, z(t)) satisfying
(6.2)and (6.3), where ¥(t, z(t)) : [0,00) Xx R™ — R™ is a memoryless, possibly
time-varying, nonlinear function which is piecewise continuous in t and globally
Lipschitz in z(t) and satisfies the sector condition (6.2), (6.3).

Assumption 6.1.2 The delays 7(t) and h(t) are time-varying continuous func-

tions satisfying

0<hy <h(t) <hy, < h(t) < pa, (6.4)
0<7(t) <, Ht) <6 <1, (6.5)

in which hy, ha, 7o, i1, fto and § are known real numbers.

Assumption 6.1.3 For any e;,e2 € R, the nonlinear functions f;(-) and h;(-)
satisfy fi(0) = h;(0) =0, and

o7 < filer) = fileo) <ot 67 < hi(er) — hy(ea) <6 e #ei=1,..k;
€1 — €9
j: 17"'7k27

where o}, 0}, (5j+, and 0, are given constants. This work, we denote

+ - + —
o] + o0 O, +‘7k1
2 Y 2 )7

) S el " + 65
Tg = dzag(éfél_,,52'25,;2),T4:dmg( 1 ;_ L A ko 5 k2)a

T, = diag(oyor,...,0; 04 ), To = diag(

T, = diag(of,...,0f), Yo = diag(oy, ..., 0,),

Ts = diag(6f,....6,,), Ta = diag(dy , ..., 5;,)- (6.6)
Assumption 6.1.4 All the eigenvalues of matriz A, are inside the unit circle.

Remark 6.1.5 Clearly, Lemma 2.5.7 contains a tighter lower bound for

f; Wl (u)Ra(u)du than Jensen’s inequality. This inequality encompasses the Jensen
one and also given to tractable LMI criteria to further reduce the conservatism
over the existing results [28, 36, 56, 63, 66].

For stability analysis of the Lur’e system (6.1) satisfying the conditions
(6.2), (6.3) with interval time-varying delays, we consider a Lyapunov-Krasovskii

functional as following:

V(tz, i) =Y Vilt), (6.7)



where

WO =" 0P+ [ Qs [ Tt
0 = [0 G0 o (o) as
[ R TR0 o)
[0 et s
Va(t) :/tjhl {hl(hl —t 4 8)iT(s)Wii(s) + (1 — t + S)Qj:T(s)ng"(s)} ds

+ /tthl {hm(hz — 4 5)a" () Rud(s) + (ho —t + 5)233T(5)R2j3(3)} ds

Vi) =23 [ slh(e) = (6] + bl (5) = i)l
#2350 [ alhi(s) = 07 60 6057 (5) = bl (638)

where P is real matrices, Qp > 0,Q; > 0,W, > 0,R, > 0,J > 0(j = 1,2,3;¢ =
1,2), K = diag(k,...,k,) > 0,L = diag(ly,...,l,) > 0,G = diag(g1,...,9n) >
0,7 = diag(ty,...,t,) > 0 and h21 = hy — hy, n(t) = col{x(t), z(t — hy),
o w(8)ds, [ w(9)ds, [, #(s)ds ).

Remark 6.1.6 (1.) In [28], the augmented vector n(t ft . | has
been used to deriwve stability criteria. However in our work we conszder the
augmented vector as [z(t), tfh};(t)x(s)ds,x( m), [ hl x(s)ds]. One can see
that the adoption of this new augmented variables. There are more cross terms of
variables and more multiple integral terms in stability analysis which may reduce
the conservatism.

(I1.) In [28,62], the augmented Lyapunov matriz P must satisfy P > 0, but this
condition 1s mot necessary in our work, which can be seen from Lemma 6.1.7.

below.

For simplicity of presentation, we let w, w, are defined as in Lemma 2.5.8
and w3 = h% ftt_hl z(s)ds. Denoted by € € R™"(i = 1,...,5) the block-row
vectors of the 5n x 5n identify matrix such that x(t) = én(t), x(t — hy) = éan(t)

and so on. Then we have the following result.

67



Lemma 6.1.7 [68] For the Lyapunov-Krasovskii functional (6.8), there exist
scalars €; > 0 and €3 > 0 such that

€1||$||2 <V(t,xe, @) < 62”%”%{/ (6.9)
if the following LMIs are satisfied

élpé? > 07 PO > 07 Al(hl) _'_AQ(hl) > 07

As(ha) + As(ha) >0, (6.10)
where
A’ hl = O
w7 { A+ h%FQTdmg{Qoa 3Qo}s, Py #0 o
Ao (h(t)) = [61 65]Q1[ ] + (h(t) — hl)[el 64]Q2[€1 64]T
+(hy = h(t))[e e3]Qsler es]” (6.12)
where

Iy = COl{él, €2, (h2 7 h(t))é& (h(t) - hl)é4, hlét’)}a
FQ == COl{él — ég, él + ég - 255},
Py, = (el —é&l&3)P(E]e, —éE3es),

A = TITPI, —é&le Péle,.

Based on Lemma 6.1.1, we derive absolutely stable of the system (6.1)
satisfying the sector conditions (6.2) and (6.3) as in the following theorem 6.1.8.

Theorem 6.1.8 The system (6.1) satisfying the sector condition (6.2), (6.3), for
given scalars hy, ho, p1, po and 6 is absolutely stable if there exist real matrices P,
symmetric positive definite matrices Qo > 0,Q; > 0,W, > 0,R, > 0,J > 0(j =
1,2,3;q = 1,2), and n x n diagonal matrices K > 0,L > 0,G > 0,7 > 0,U >
0,V >0 such that (6.10) and the following LMIs hold:

4 4
> % < 0, > 5 < 0,
i=Lh(t)=h1,h(t)=p1 i=1h(t)=h1,h(t)=p2
4 4
> 3 <0, > 3 <0, (6.13)
i=1,h(t)=ha,h(t)=p1 i=1,h(t)=ha,h(t)=p2
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>0,(i=1,2)| 72 | >0, (6.14)
NT R, NI W,

R S

o R ] > 0,2, > Zs, (6.15)

where Ry = diag{R1,3R; };and
Si(h(t), b)) = ATPA, + ATPA; + ATQoAy — el Qoes + AT JA
—(1 —7(t))ef, Jen
Sa(h(),h(8) = Wag + [A(t) — ha]Waq + [a — h()] W
Ss(h(t)) = @1S1G2+ B3 ST P1 — &1 Ry + (ha — B(1)*(Z1 — Zo)
+(hg — h(t)) Vs, + (h(t) — h1)Usy + h3, Zy — §L Ri @y
Yy = —@iWigs 4+ AT(R2W, + h2W,)Ag 4 2hi N3(eq — e7)
+ex (ha Ry + h3 Ry)es + 2hy(e1 — er) ' NT + h3Z3
+elol K — LIEAy + AJET[K — L] ey
+ef ET[Y1L — ToK|EAg + AJET [T L — T2 K] Eey
+es [G—TIFAg + ATFT[G — T) ey + el FT[Y3G — T, TIF A,
+ATFT[Y3G — Y4 T) Fey — [ef ETUY Eey — 2e] ETUYqeq9
+efoUero] — [ef FTVY3Fe; — 2l FTV Yy e9 + €4 Veg]  (6.16)
with €¢; € RN (1 =1,...,11) the i-th row-block vector of the 11n x 11n identity
matriz. Wy = diag{Wi,3W;};and
Uao = [e1 e3)(Q2 — Qu)ler e3]” +hi[AG 0JQilel e7]” +haley er]@i[A7 0]
— (1= h()lel )@ —Qa)lel 31" = lef ef1Qslel ef]” + [e] ef]Qulef ef]”
Uar = [e] eg)Qa[Ag 01" +[A7 0]Q:eq eg]”
Way = [ef e5]Q3[A7 0T + [Ag 0]Qs[eq e5]”
W3y = 2Ni(ey — e5) + 2Ny (es — e3) + 2(es — )T NT + 2(eq — e5)T NT
Wyy = 2N5(e3 — eg) + 2(e3 — eg) T NS
Q1 = col{ey — ey, €9 + €4 — 2e5}
P = col{ez — eq, €3 + €5 — 2¢4}
P3 = col{e; — e3, e + ez — 2er}
Ay = col{eq, es, (ha — h(t))es, (h(t) — hy)es, hier}
Ay = col{Ag, es, (1 — h(t))es — eq,e5 — (1 — h(t))ea, e1 — €3}
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For simplicity of presentation, we denote

© = col{x(t

) a(t — h(t)), a(t — hn), 2t — ha),wi(£), wa(t), ws(t), &(t — hy), h(o(t)),

flw(®), @t =7(1))}

Then system 6.1 may be rewritten as &(t) = AgO(1),
Ay = Ajeqr + Aey + Beg + Ceyg + Deg. Taking the derivative of V() as in (6.8)

along the solution of system (6.1), we obtain

Vi(t) =

Va(t) =

Va(t) =

Form (6.6),

20" () Pip(t) + 2" () Qo (t) — &' (t — ) Qo (t — ha) + &" () Ji(t)
—(1 —7()a"(t — 7(t))J2(t — 7(t)),

Q[ (1) xT(t)]tT — [ (t) 2" (t = h)]Q:

x[zT(t) 2T (t — hy)]" + 2/ (27 (t) 27 (5)]Q1[2(t)" 0] ds

Hat(t) 2 (t — h)]Qola” () & (¢ — h)]"

—(1 = h()[="(t) & (t = k(1)) Qala"(t) & (t = h(t))]" (6.17)

+2/ ) 1[9cT(t) 27(8)]Qa[7 (1) 0] ds + [27 () 27 (t — he)]Q3
t—h(t)

[’ (t) 2" (t = ha)]" = (1 = h(1) 2" (1) 2" (t — h(t))]Qs
t—h(t)
[T (t) «(t — h()]" +2 / [ (1) 2™ (5)]Qs[27 (1) 0]"ds,

t—ho

t
O (1) (AT Ao + W2ATI,A0)O(#) — hy / i (5)Whi(s)ds
t—h1

t
—2/ (hl — S)i‘T(S)WQi'(S)dS + h%lfL'T(t - hl)Rll'(t - hl)
t—h1
t—h1

—f—h%lZL‘T(t W hl)RQZL'(t = hl) — h21 / .I"T(S)Rli‘(S)dS

t—ho

s, /t  (hy = £+ 8)iT(s) Rab(s)ds,

—hy

2fT(Ex(t))[K — L)Ex(t) + 227 (t)ET[Y, L — Yo K|E#
20 (Fa(t)[G — T Fi(t) + 227 () FT [5G — Y T Fi(t).

we get

0 < —[2"(OETUY Ex(t) — 227 () ETUYof (Ex(t))
+ I Ex)Uf(Ex(t)] — [27 () FTV Y3 Fa(t) (6.18)
20T () FTV Y h(Fa(t)) + W (Fo(t)Vh(Fxz(t))].
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With the consideration of some terms of Vy(t), Vi(t), we obtain the following

equalities:

/ (27 () 27 (8)) Qi ()T 0] ds = | / 27 (t)ds / T (s)ds Q[ (1) 0]
3]Q1[

)
= hy[z7(t) wlQ[7(t) 0], (6.19)

[0 Qi o ds = [ af(ds [ (s)asQuli”(0) 0
t—h(t) t—h(t) t—h(t)
= (h(t) — W)L (1) WFIQE" (1) 07, (6:20)
and
t—h(t) t—h(t) t—h(t)
[ et e ofas =1 atwas [ a9l o) of
= (b — W) WTIQsT () O
(6.21)

Utilizing Lemma 2.5.7, we obtain
t
- / i ()W (s)ds < —[z(t) — 2(t — h)|TWilz(t) — o(t — h1)] — 36, Wik,
t—h1
(6.22)

where Oy = x(t) + x(t — hy) — 2ws. Applying [68], we obtain

-2 /t_h (hy — t 4 5)a" (s)Wai(s)ds

t—h1 - ~
- / &7 (8)ha1 Rit(s)ds < 21, S1921 — o1 R1p11 — o R (6.24)
t—ho
and

2 / H“(h2 —t 4 8)iT(s)Ro(s)ds < (o — h(1))2OT(1)Z,0(1)

+4(hy — h(£))O" ()N [2(t — A1) — wi]
+[(he — h1)* = (ha — h(1))*]©7 (£) Z20(1)

+4@T( JNa[(hg — h(t))[x(t — )

—x(t = h()] + (h(t) = ho)[a(t — M)

—wa(t)]]. (6.25)
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Hence, according to (6.17)-(6.25) we get

Vit,a, @) < 297 () Pi(t) + &7 (0)Qoi(t) — & (t — hy)Qo(t — hy) + &7 () J (1)
(1 =)™ (t —7(1)) Ji(t — 7(t)) + [« (¢) T( @ [z"(t) & (1))

—[2T(t) 2T (t = )] Q[ (8) 2T (t — k)" + 2ma[a" (1) w3l
x[#7(t) O] + [a7 (1) 2T (t — h1)]Qafa” (8) ™ (¢ — hy)]"
—(1 = h(®)["(t) 2" (t — h(t))]Qa[z" (t) 2™ (t — h(t))]"

+2(h(t) — ha) e (1) w3 ]Qa[aT(t) O] + [ (t) 2" (t — ho)]Qs

[ (t) & (t — ho)]" = (1= h(t)[z7(t) =" (t — h(1))]Qs

x[zT(t) T (t = h(t)]" + 2(he — h()) [z () w]Qs

< [&7(t) 01707 (1) (h2ATW,Ag + h2ATW2A)O(t)

() — 2t — h)TWa[z(t) — a(t — hy)] — 30, Wash

+h20T (1) Z30(t) + 20 O (1) Ns[z(t) — ws] + 2Ry [2(t)

—w3]'NTO(t) + h3, 2" (t — hy)Ryi(t — hy)

+h3,@T (¢ — hy) Rodo(t — hy) + 2011 S19a1 — @11 Rionn — o Ripon
+(hy — h(1))?0T (1) Z,0(t) 4 4(ha — h())OT (t) Ny [x(t — h(t))
—wi] + [(he — h1)* — (ha — h(1))*]O7 (1) Z:0(t)
+407 (t)Ny[(hy — h(t))[z(t — h1) — z(t — h(t))]

+(h(t) = ha)la(t — ha) — wa(t)]] + 2T (Bx(t)[K — L] Ei(t)
227 (1) ET[Y L — Yo K|Ex + 20T (Fx(1))[G — T Fi(t)
+22T () FT [5G — Y T Fi(t) — [27 () ETUY Ex(t)

—22" () ETUY s f (Bx(t)) + fT(Ba(t))U f(Bx(t))]

— 2T () FTVYsFx(t) — 227 (t)FTV Y h(Fx(t))
+hT (Fa(t))Vh(Fx(t))]

V(t, X, ) < @T(t)Z(h(t), h(t))@(t) (6.26)

where X (h(t), h(t)) £ S+, % Clearly, X(h(t), h(t)) can be rewritten as Y (h(t),
h(t)) = h2(t)Iy + h(t)IIy + 11, where IIy = Z; — Z, and II; and II, are h(t)—
independent real matrices. From the fact that if Z; — Zs > 0 and (6.13) hold, it
follow from Lemma 2.5.13 that X(h(t), h(t)) < 0,Yh(t) € [hy, ho), VA(t) € [y, p2)
then V(t,x,) < —A||z(t)|| for some A > 0,Vz(t) # 0. We conclude that (6.1)
satisfies conditions (6.2) and (6.3) is absolutely stable. O
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To show effectiveness for our result, we consider the following. When D = 0,

time-varying delay system in (6.1) reduces to
(t) = Ayi(t — 7(t)) + Ax(t) + Bx(t — h(t)) + C f(w(t)). (6.27)

In the following, we present a stability criterion for hy = 0. We consider the

following Lyapunov-Krasovskii funcional candidate

~

Vibaoi) = d'OPIO+ [ i+ [ B0 600,
t—h(t)

<[7(t) () ds + / 0T (t) 27 (s)Qala”(t) 27 (s)]"ds

t—ho

+ /t;m {hz(hQ — 1+ 8)aT (s)Ryi(s) + (hy — t + 5)255T(5)R255(3)} ds

+22/ " [kilfis) — o7 (s)] + Lo (s) = fi(s)]]ds, (6.28)

where 7 = [z(t) tt:}i; ®
ity
—[2T(t)ETUT 1 Ex(t) — 22T () ETU Yo f (Ex(t)) + f1(Ex(t)U f(Ex(t))] > 0 in-
stead of (6.18).

x(s)ds f;h(t) x(s)ds| and by using the following inequal-

Corollary 6.1.9 The system (6.27) satisfying the sector condition (6.2), for given
scalars ha, pi1, jta and 6 is absolutely stable if there exist P = PT with Py > 0
symmetric positive definite matrices Ry, > 0,J > 0(q = 1,2), and n x n diagonal
matrices K > 0,L > 0,U > 0 such that (6.10) and the following LMIs hold:

F(h(t), h(t)) + haQy + (1 — h(t))Q3 + Q4 < 0, (6.20)
h(t) =0, h(t) = pu, o
F(R(t), h(t)) + ha + (1 — h(t))Q3 + Q4 < 0, (6.30)
h(t) = ha, h(t) = pa, po
R, S Py P
R P 20,202 2, (6.31)
S'1T Rl k P33
Zz Nz .
>0,(z=1,2), 6.32
NT R, |7 (i ) (6.32)




h2Q21 h2(P13 + Q22) > () (6 33)
* h3Pss + haQas | — 7 |
Q; - [ Qi1 Qo ] >0,(i = 2,3), (6.34)
* Qja
thll h2(P12 st QIQ) > () (6 35)
*  h3Pp+hoQus | |

where Ry = diag{ Ry, 3R}

F (h(t), h(t)) = FT(h(t)) PFo(h(t)) + F 5 (h(t)) PF 1(h(1))

O = (67 €1]Qa00 + 05 QsléT e1]" + ha(Z1 — Z) + 2N1[e, — éd]
4 2[65 — &4)T N + 2N, (6, — &3] 4 2[é1 — &3]" NS

Qy = [6] €5]Qa00 + 05 Qalé7 €517 +2Na[ér — és] + 2[ér — é&]" Ny

Q3 = [6] 6](Qs — Qo)[éT &3]"

Qu =05 J00 — (1 —d)ér Jér + [éf é7]Qaler e7]" — [éf &;]Qsler &;]"

+ h308 (R + Ro)0o + 07 S102 + 055701 — 07 R10y — 0F Ri0,
+h2Zy + el [K — LIEQy + 0T ET[K — L]Té 4+ ¢, ET [T L — T2 K] Ed,
+OTETY L — YoK)TEer — [TETUY Eéy — éTUYq66 — eEYTUTe,

+ é5 Ueg),
withé; =[1000000],...,6-=[000000 I]; and
Fl(h(t ) = COl{él, (h2 - h(t))é4, h(t)é5}

)
Fo(h(t)) = col{0y, (1 — h(t))és — é3,é, — (1 — h(t))és}
Do = Aé7 + Aéy + Béy + Cég
@1 = COl{ég — ég, ég + ég — 2é4}

@2 = COl{él — ég, él + ég - 2é5} (636)

6.2 Numerical examples

In this section, we provide numerical examples to show the effectiveness of our

theoretical results.
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Example 6.2.1 Consider the following Lur’e system with time-varying delays
which is studied in [66], [63], [56], [28]:

z(t) = Ayx(t—7(t) + Az(t) + Bx(t — h(t)) + C f(w(t)), (6.37)

with the following parameters:

[ 02 0.1 —92 05 1 04 05
Al - ) A= ’ = ’ - )
0.1 0.2 0 —1 04 —1 —0.75
[ 0.2
E = ;
0.6

From Corollary 6.1.9, the maximum allowable value of hsy is given in Table 6.1
when hy =0, —py = o = p and 6 = 0.9. Note that the constraint on the aug-
mented Lyapunov matrix P > 0 is not required, so our conditions are generally

less conservative than [28].

Table 6.1: Maximum allowable upper bounds hy of neutral-type neural

networks with Ay = 0,0 = 0.9 and different values of pu.

i
1) Methods 0.2 0.4 0.6 0.8

[66] 1.841 1.315 0.790 | 0.632

[63] 2.154 1.704 1.383 | 1.009

0.5 [56] 2.456 1.801 1.482 | 1.116

28] 2.462 1.810 1.490 | 1.122

Corollary 6.1.9 | > 10000 | > 10000 | 2.8080 | 2.1934

[66] 0.124 0.108 0.099 | 0.098

[63] 0.112 0.109 0.109 | 0.109

0.9 [56] 0.113 0.110 0.110 | 0.110

(28] 0.125 0.113 0.113 | 0.112

Corollary 6.1.9 | 0.510 0.451 0.414 | 0.388

Example 6.2.2 Consider the following neutral system with time-varying delays

which is considered in [36]:
©(t) = Ayx(t—7(t)) + Azx(t) + Ba(t — h(t))

with the following parameters:

0.2 9 1
A = 020, Ol B= 0
02 —0.1 0 —0.9 1 1



From Theorem 6.1.8 to the above system, we obtain maximum allowable upper
bounds hy of neutral-type neural networks with h; = 0 as listed in Table 6.2.
It can be found that the maximum upper bounds hy = 4.2365, which is larger
than in [36]. This means that the proposed ideas in theorem 6.1.8 is effective in

reducing the conservatism of stability criterion.

Table 6.2: Maximum allowable upper bounds hy of neutral-type neural
networks with h; = 0 and 7(¢) = h(t).

Methods ha[T(t) = h(t)]
[36] 0.985
Theorem 6.1.8 4.2365
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