CHAPTER 2

Preliminaries

In this chapter, we begin with some basic knowledges of semigroup theory and some
concepts of identities, hyperidentities and the monoid of generalized hypersubstitutions

that will be used throughout this thesis.

2.1 Semigroups

2.1.1 Elementary Concepts of Semigroup Theory
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A groupoid (S,-) is defined as a non-empty set S on which a binary operation
(by which we mean a map - : S x S — 5) is defined. We called (S,-) is a semigroup if
the operation - is associative, i.e. a-(b-c¢) = (a-b)-c for all a,b,c € S. For convenience,

we write ab replacements of a - b.

A semigroup S is called a monoid if a binary operation is defined on S that has an
identity, i.e., there exists an element e in S such that ae = a = ea for all a in S. Clearly,

if a binary operation has an identity, then that identity is unique.

For any monoid S, an element u € S is called unit if there exists u~! € S such that
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u where e is the identity element of S and called v™! is an inverse of
u. In general, the set of all unit elements of S is denoted by U(S). Obviously, if S is a
monoid and u € S has an inverse in S, then that inverse is unique. A monoid S will be
called a group if every element of S has an inverse in S. It is clear that U(S) is a group

and then it is called the group of units of S.

Let S be a semigroup, an element e € S is called idempotent if e = ee = e and the
set of all idempotent elements of a semigroup S is denoted by E(5).

Let a be an element of a semigroup .S, then

a is called regular if a = axa for some z € S and

a is called completely regular if a = axa and ax = xa for some x € S.



A regular [completely regular] semigroup is a semigroup in which every element is regular

[completely regular].

An element a of a monoid S is called unit-regular if there exists u € U(S) such

that @ = aua. The monoid S is called unit-regular if all its elements are unit-regular.

An element a of a semigroup S is called left [right] regular if a € Sa? [a € a®S] and
a is called intra-regular if a € Sa?S. The semigroup S is left regular [right regular,

intra-regular] if all its elements are left regular [right regular, intra-regular].

Example 2.1.1. Z;y = {0,1,2,3,4,5,6,7,8,9} is a commutative semigroup under mul-
tiplication with the identity 1. E(Z1) = {0,1,5,6}. It is clear that for every element in

E(Zy0) is both left regular and right regular element in Zjy. Consider

2=2".8=8-2, 3=3%.7=7.3%
A 2 A =2l ="K TR 3\ 77,

8=82.2=2-8%° 9=9.9=9-9%

Then Zjg is both left regular and right regular semigroup. It is clear that Z( is intra-
regular semigroup, since 1 € Zyg.

6Z190 = {0,2,4,6,8} is a subsemigroup of Zig and F(6Z19) = {0,6}. We see that
6Z10 is both left regular and right regular semigroup. It is clear that 0,6 are intra-regular

elements in 6Z19. Consider
250 02X b » A8 e B AR & 135 16-
Then 6Z,¢ is an intra-regular semigroup.

Theorem 2.1.2 ([18]). An element a of a semigroup S is completely reqular if and only
if a is both left reqular and right reqular.

Proof. Let a be a completely regular element in a semigroup S. Then there exists z € S
such that a = axa and ax = ra. So a = azxa = a’x € a®S and a = axa = za® € Sa?, i.e.
a is both left regular and right regular.

Conversely, if a is both left regular and right regular element in a semigroup S, then

a € a’SNSa. Soa = a*r and a = ya? for some z,y € S. Consider

aya = ay(a’z) = a(ya®)z = aax = o’z = a,

aza = (ya*)za = y(a*r)a = yaa = ya* = a



and ax = ya’z = ya.
Hence a(yax)a = (aya)xa = ara = a and a(yax) = (aya)r = ax = ya = y(azxa) = (yax)a.

Therefore a is completely regular. O

Theorem 2.1.3 ([18]). An element a of a semigroup S is a completely reqular if and

only if a € a®Sa?.

Proof. Let a be a completely regular element in a semigroup S. Then there exists z € S

such that ¢ = ara and ax = xa. So
a = axa = (axa)r(ara) = (aar)r(raa) = a®(rzr)a® € a®Sa>
Conversely, if a € a®2Sa?, then a € a®Sa? C a®>S N Sa?. So a is both left regular and

right regular. By Theorem 2.1.2, a is completely regular. OJ

Theorem 2.1.4 ([18]). Let S be a semigroup and a € S. If a is completely regular, then

a 1s intra-reqular.

Proof. Let a be completely regular. Then there exists b € S such that a = aba and
ab = ba. So a = aba = a(ab) = aba(ab) = (ab)a?(b) € Sa?S. O

2.1.2 Factorisation on Semigroups

Let S be a semigroup and let E(S) be the set of all idempotent elements of S. We
say S is left [right] factorisable if S = GE(S) [S = E(S)H] for some subgroup G [H]| of
S. Sis factorisable if S is both left and right factorisable.

Example 2.1.5. Consider Zg = {0,1,2,3,4,5} is a semigroup under multiplication. G =
{1,5} is a subgroup of Zg and E(Zs) = {0,1,3,4}. Then GE(Z¢) = Z¢ and E(Ze)G = Zg.

Hence Zg is factorisable.
Theorem 2.1.6 ([2]). A monoid S is factorisable if and only if it is unit-reqular.

Proof. If S is unit-regular, then for each z € S, + = xux for some unit v in S. Thus
ru,ur € E(S) and so x = auu~! € E(S)U(S) and * = uluzr € U(S)E(S) Then
S=ES)U(S)=U(S)E(S). So S is factorisable.

Conversely, if S is factorisable and = € S, say * = ea for some e € E(S) and for

some a € U(S), then

za 'z = (ea)a "t (ea) = (eaa 1)ea = eea = ea = .

Therefore x is unit-regular and hence S is unit-regular. OJ



Example 2.1.7. Zg = {0,1,2,3,4,5} is a semigroup under multiplication with the iden-
tity 1, G = {1,5} = U(Zs) and E(Zg) = {0,1,3,4}. By Example 2.1.2, Z¢ is factorisable.

Consider

0-1-:0=0, 1-1-1=1,
2.5-2=2, 3-1-3=3,

4-1-4=4, 5-5-5=05.
Then Zg is unit-regular.

Theorem 2.1.8 ([14]). If S is factorisable then S has an identity and S = GE(S) =
E(S)G where G is a group of units of S. Moreover, if S has an identity and S = E(S)G
where G is a group of units of S then S = GE(S).

Proof. Suppose that S = GE(S) for some subgroup G of S and let e be the identity
of G. Then for each z € S there exists a € G and f € E(S) such that x = af and
ex = (ea)f = af = x. That is, S has a left identity and, by Duality, it has a right
identity, and hence e is an identity of S. Suppose G is the group of units of S and
S = HE(S) for some subgroup H of S. If x € G then x = af for some a € H, f € E(S)
and so
[Sels v 'af [ HEFOP £ aNg/f e

Hence, xt = ae =a € H. So G C H and it follows that G = H. A dual argument shows
that S = E(S)G also. Finally, assume that S has an identity and S = E(S)G where G

is a group of units of S. Let z € S. Then = = fg for some f € E(S) and g € G. Since
(97" f9) g™ f9) = g " fg, we get g~ fg € E(S). Thus

z=ex=(99"")f9=9(g " fg) € GE(S).

This proves that S = GE(S). O

2.2 Identities and Varities

In this section, we give the briefly concept of identities and hyperidentities.

Let X := {x1,x2,...} be a countably infinite set of symbols called variables. We
often refer to these variables as letters, to X as an alphabet, and also refer to the set
X, = {x1,29,...,2,} as an n-element alphabet. Let 7 = (n;);c; be a type such that
the set of operation symbols {f;|i € I} is disjoint with X,,. An m-ary term, is defined

inductively as follows:



(i) The variables x1, x9, ..., z, are n-ary terms.

(ii) If ty,ta,...,ty, are n-ary terms then f;(¢1,t2,...,t,,) is an n-ary term.
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The smallest set, which contains x1, 2o, ..., z,, and is closed under finite application

of (ii), is denoted by W;(X,,) and it is called the set of all n—ary terms of type 7. 1t is clear
o0

that every n-ary term is also an m-ary term for all m > n. Let W (X) := U W (Xp).
n=1

It is called the set of all terms of type .

Example 2.2.1. Let 7 = (2,3). This means we have one binary operation symbol and

one ternary operation symbol, say f and g respectively. These are some examples of

ternary terms of type (2, 3): @1, 22, 73, f(z3, (w1, w3, 73)), g(f (22, 73), o1, g(w3, 71, 72)).

The complezity of terms is a mapping ¢ : W.(X) — N U {0} which is inductively
defined by

(i) if t = 2; € X then ¢(t) :=0

(ii) if t1,ta,...,tn, € Wr(X) and max{c(t1), c(t2), ..., c(tn,)} =m
then c(fi(t1,t2, ..., tn,)) == m+ 1.

Let 7 = (n;)ier be a type with the sequence of operation symbol (f;)icr. Let
t € W,(X,) forn € Nand A = (A, (f)ics) be an algebra of type 7. The n — ary term

7

operation t* 1 A" — A of type 7 is inductively defined by
(i) tA(al,ag, vy lp) = a; if t =x; € X

(ii) tA(al,ag,...,an) = fiA(tf‘(al,ag,...,an),té“(al,ag,...,an),...,tﬁi(al,ag,...,an))

if ¢ is a compound term f;(t1,t2,...,tn,).

The set of all n—ary term operations of the algebra A denoted by WT(Xn)A and
denote the set of all (finitary) term operations on A by W, (X)A. Make a remark that
the element of W, (X,,)* are also called n—ary term operations induced by terms from
W-(Xp).

Let X = {z1,z2,...} be a countably infinite set of variables. Let 7 = (n;);er be a
type and A be an algebra of type 7.

An equation of type 7 is a pair of terms (s,t) from W (X); such pairs are more
commonly write as s ~ t. The set of all equations of type 7 is denoted by E,(X).

An equation s ~ t is said to be an identity in an algebra A of type 7 if s = t4,

that is, if the term operations induced by s and ¢ on the algebra A are equal. In this case



we also say that the equation s ~ t is satisfied or modelled by the algebra A, and we write
AlEs~t.

We now consider the class Alg(7) of all algebras of type 7. Let K be a class of
algebra of type 7. The class K satisfies an equation s ~ t, if for every A € K, A |= s = t,
and we write K = s &~ t.

Let X be a set of equations of type 7. A class K of algebras of type 7 is said to
satisfies X, if K = s~ t for every s &~ t € 3, and we write K &= X. Let

IdK = {s=~te E(X)|K E s=~t},
Mody = {Aec Alg(1)|AE X}

be the set of all identities satisfied in K and the class of all algebras satisfied X, respectively.

We obtain the following theorem.

Theorem 2.2.2 ([11]). Let K, Ky, Ko C Alg(7) and 3,%,,39 C E.(X). Then
(i) K C ModldK and ¥ C IdModX,
(ii) if K1 C Ky then [dKy C IdKy and, if ¥1 C Yo then Mod¥e C ModY.

A class ¥ of equations of type 7 is called an equational theory if ¥ = IdMod>. A
class V' of algebra of type 7 is called a variety if V.= ModIdV .

Theorem 2.2.3 ([11]). A non-empty subclass V' of Alg(t) is a variety if and only if
there exists ¥ € E-(X) such that V = Mod¥.

2.3 Hyperidentities and Hypervarities

The notions of hyperidentities and hypervarieties of a given type 7 without nullary
operations originated by J.Aczel [1], V.D. Belousov [3], W.D. Neumann [17] and W.
Taylor [25]. The main tool used to study hyperidentities and hypervarieties is the concept
of a hypersubstitution which was introduced by K. Denecke, D. Lau, R. Pdschel and D.
Schweigert [9].

Let 7 = (n;)ier be a type with the sequence of operation symbols (f;)icr. A hy-
persubstitution of type 7 is a mapping o : {f; | i € I} — W (X) which maps n;-ary
operation symbols to n;-ary terms. Let Hyp(7) be the set of all hypersubstitutions of
type 7.

For all 0 € Hyp(7) induces a mapping ¢ : W, (X) — W (X) as follows, for any
t € W;(X), ot] is inductively defined by



(i) 6[t] :=tift e X.

(i) o[fi(t1, ..., tn,)] :==o(fi)(@[t1],...,T[tn,]), for any n;-ary operation symbol f; where

a(t;], 1 < j < n; are already defined.

Example 2.3.1. Let 7 = (3) be a type, i.e. we have only ternary operation symbol, say
f. Let o : {f} — W, (X) be defined by o(f) = f(x2,21,23) € W-(X3). Then o is a
hypersubstitution of type 7 = (3). Then we obtain

olf(z2, @1, fas, 22,21))] = o(f)(@lxe], o[21],5[f (23, 22, 21)])
)(G[z2],Glz1], T[f (3, 22, 21)])
= [, w1, 23)(w2, w1,0(f)(@xs], 5lx2], T[z1]))
)(z2, z1, f(x2, 21, 23) (T3, T2, 71))
)( I

)-

= f(x2, 71,23

= f$2,x1,$3 T2, X1, xg,.’I,'g,fBl))

(
(
(
— f (@2, T1; 23
(
(

= f(z1, 22, f(v2, 23,71)

By using the induced maps @, a binary operation oj, can be defined on the set
Hyp(7). For any hypersubstitutions o1,09 € Hyp(T), 01 op 02 := 01 0 03 where o denotes
the usual composition of mappings.

Let 0;4 be the hypersubstitution which maps each n;-ary operation symbol f; to the
term fi(x1,...,oy,). It turns out that Hyp(r) = (Hyp(7), o, 0ia) is a monoid where oyq
is the identity element.

Let M be a submonoid of the monoid of all hypersubstitutions of type 7 and let V'
be a variety of type 7. We called an identity s ~t € IdV is M—hyperidentity if

Vo € M(V = aols| = at]).
We called the variety V' is M —solid variety if
Vs~ te IdV,Yo € M(o[s| = o[t] € IdV).

If M is the monoid of all hypersubstitutions of type 7, then we called M —hyperidentity
and M —solid variety is hyperidentity and solid variety, repectively.

2.4 The Monoid of all Generalized Hypersubstitutions

In 2000, S. Leeratanavalee and K. Denecke generalized the concepts of a hyper-

substitution and a hyperidentity to the concepts of a generalized hypersubstitution and
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a strong hyperidentity, respectively [16]. The set of all generalized hypersubstitutions
together with a binary operation and the identity hypersubstitution forms a monoid.
Let 7 = (n;)ier be a type with the sequence of operation symbols (f;)icr. A gen-
eralized hypersubstitution of type 7 is a mapping o : {fili € I} — W;(X) which does
not necessarily preserve the arity. We denote the set of all generalized hypersubstitutions
of type 7 by Hypa(7). To define a binary operation on this set, we need the concept
of generalized superposition of terms S™ : W, (X)™+! — W, (X) which is defined by the

following steps:
(i) ft=a;, 1 <j <m, then S™(t,t1,...,tm) = " (xj, t1, ..., tm) = 1;.
(ii) If t = a5, m < j €N, then S™(t,t1,....,tm) = S™(zj, t1, ..., tm) = ;.

(iii) If t = fi(s1, 52, ..., Sn,), then
STt b1, ey tim) = Fi(S™ (51,15 ooy tm)s ooy S ( Sy sty ooy tm))-

Every generalized hypersubstitution o can be extended to a mapping o : W, (X) —
W-(X) defined as follows:

(i) olz] =z € X,

(i) o[fi(ti,ta,...,tn,)] := S™ (o (fi),O[t1], ..., O[tn,]), for any n;-ary operation symbol f;
and supposed that 7[t;], 1 < j < n; are already defined.

Example 2.4.1. Let 7 = (2), i.e. there is only one binary operation symbol, say f. Let
o € Hypg(2) where o(f) = f(x2, f(x3,22)). Then

Flf (f(z1,25),33)] = S*(a(f), B[S (@1,5)), 5[xs])
= S(f(x2, f(x3,20)),5%(o(f), Olan], Flas]), 23)
= S%(f(wa, f(x3,22)), S°(f (w2, f(3,22)), 21, 25), 3)
= S%(f(wa, f(x3,22)), f (x5, f (23, 25)), 23)

= f(=3, f(x3,73)).

Example 2.4.2. Let 7 = (2, 3), i.e. we have one binary operation symbol and one ternary
operation symbol, say f and g, respectively. Let o : {f,g} — W(93)(X) where o(f) =

f(x1,9(x3,21,22)) and o(g) = f(x4,21). Then o is a generalized hypersubstitution of
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type 7 = (2, 3) which is not a hypersubstitution of type 7 = (2,3). Then we have

lf(g(xs, a2, 21),25)] = S*(o(f),lg(x3, 22, 21)],5w5))
= S*(f(x1, g(as, 21, 22)), 8%(0(9), F[w3], 5[x2], 5[a1]), 5)
= S%(f(z1, 9w, 21, 22)), S*(f (24, 21), 23, 2, 1), 25)
= S*(f(w1,9(x3, 21, 22)), f (24, 23), 75)
= [(f(z4,23),9(x3, f(24,23), 75))-

We define a binary operation o on Hypg(T) by 010G 02 := &1 002 where o denotes

the usual composition of mappings.

Example 2.4.3. Let 7 = (3) be a type with an operation symbol f. Let o, p € Hypg(3)
where o(f) = f(x3, f(x2,24,25),21) and p(f) = f(f(z4,22,25),21,22). Then

(0oap)(f) = @op)/f)
(

= S*(o(f),5f(v4, 22, 75)],5[21],5[x2])
— S3 o f’ 2 U(f),&[x;d,&[Ig],8[$5}),$1,1‘2)

= f(.’L'g,f($1,$4,$5),f(x5,f(x2,l'4,x5),x4))

and

(poco)(f) = (poo)(f)
= plf (w3, f(w2, w4, 25), w1)]
S*(p(f), Plas), pLS (w2, 24, 35)], plaea])
= S%(p(f),x3,5%(p(f), Plwa], Plal, plas]), 1)
= S%(p(f), w3, S*(f(f(wa, w2, w5), @1, @2), w9, T4, T5), 1)
= S%p(f), x5, [(f (24,24, 25), 22, 24), 1)
(f(S(

= S3 f f 1'4,1'2,1'5) :Blal‘2) 1’3,f(f($4,l‘4,$5),$2,334),1}1)

= f(f(za, f(f(w4,24,25), 02, 24), 5), x3, f(f (T4, T4, T5), T2, 74)).

We see that o og p # p og 0, so o does not satisfy commutative law.
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Let 0;4 be the hypersubstitution which maps each n;-ary operation symbol f; to the

term fi(z1,x2, ..., Tn,). In [16], S. Leeratanavalee and K. Denecke proved that:

Theorem 2.4.4 ([16]). For arbitrary terms t,t1,...,t, € W-(X) and for arbitrary gen-

eralized hypersubstitutions o,o01, 02,
(i) S™(a[t],a[t1],...,atn]) = T[S™(t, t1,...stn)],
(ZZ) (81 (¢] 0‘2)/\: 31 @) 6'\2.

Theorem 2.4.5 ([16]). Hypa(t) = (Hypa(T),0G,0:4) is a monoid and the set of all
hypersubstitutions of type T forms a submonoid of Hypa(T).

Next, for more convenience we will write Hypg(7) instead of the monoid Hypg(7).
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